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ADVERTISEMENT. 



Th£ following pages contain a collection of Pro- 
blems, which are for the most part an easy application of 
the Elements of Euclid. They are arranged in what 
seemed to be the most natural order: The 1st section 
comprises such as contain the properties of straight lines 
and angles ; the 2nd straight lines and circles : the 3rd 
straight lines and triangles ; and the 4th parallelograms, 
squares and polygons. The 5th section contains those 
which require lines to he drawn in certain directions, but 
which involve properties of rectangles or squares^ or such 
others as were excluded from the three first. The 6th 
comprises those by which figures are described, and also 
inscribed in or circumscribed about each other. The 
7th comprehends such as contain the properties of tri^ 
angles described in or about circles ; the 8th those which 
contain the squares or rectangles of lines connected with 
circles ; and the 9th the construction of triangles. To \ 
these is added an Appendix, intended to contain so much 
of the Elements of Plane Trigonometry, as is necessary 
for understanding those parts of Natural Philosophy 
which are the common subjects of Lectures in the Uni- 
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versity. The Reader who wishes for farther information, 
is referred to Mr. Woodhouse^s treatise, or that of 
Cagnoli, to the latter of which are appended extensive 
Tables of trigonometrical formulae. 

From this performance the only credit expected is 
that of having endeavoured to place principles in a clear 
light, and to render a service to the younger students by 
setting before them a series of Problems, on the solution 
of which they are recommended to exercise their own 
ingenuity ; for which purpose a table of Contents has 
been prefixed. 

To the Syndics of the University Press, who from 
the funds which are placed at their disposal, with great 
readiness agreed to bear a considerable part of the ex- 
pence of printing, most sincere thanks are due ; and this 
opportunity is taken of gratefully acknowledging the 
obligation. 
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SECTION I. Page 1. 

1. From a given point to draw the shortest line possible to a 
given straight line, ^L 

2. If a perpendicular be drawn bisecting a given straight line, 
any point in this perpendicular is at equal distances, and any point 
without the perpendicular b at unequal distances, from the extre- 
mities of the line. :3. 

3. Through a given point, to draw a straight line which shall 
make equal angles with two straight lines given in position. 

4. From two given points, to draw two equal straight lines, 
which shall meet in the same point of a line given in position. 

5. From two given points on the same side of a line given in 
position, to draw two lines which shall meet in that line, and make 
equal angles with it. 

6^ From two given points on the same side of a line given in 
position, to draw two lines which shall meet in a point in this Knc^ 
so that their sum shall be less than the sum of any two lines drawn 
from the same points and terminated at any other point in the same 
line. 

7. Of all straight lines which can be drawn firom a given point 
to an indefinite straight line, that which is nearer to the perpendi- 
cular is less than the more remote. And from the same point there 
cannot be drawn more than two straight lines equal to each other, 
viz. one on each side of the perpendicular. '^ • 

8. Through a given point, to draw a straight line so that the 
parts of it intercepted between that point and perpendiculars drawn 
from two other given points may have a given xatio. 

a 
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9* From a given point between two indefinite straight lines given 
' in position, to draw a line which shall be terminated by the given 
lines, and bisected in the given point. 

10. From a given point without two indefinite straight lines 
given in position, to draw a line such that the parts intercepted bj 
the point and the lines may have a given ratio. 

1 1. From a given point to draw a straight line which shall cut 
off from lines containing a given angle, segments that shall have a 
given ratio. 

12. If from a given point any number of straight lines be drawn 
to a straiglit line given in position ; to determine the locus of the 
points of section, which divide them in a given ratio. 

Id. A straight line being drawn parallel to one of the lines con- 
taining a given angle, and produced to meet the other ; through a 
given point within the angle to draw a line cutting the other three, 
so that the part intercepted between the two parallel lines may have 
H given ratio to the part intercepted between the given point and 
the other Imet 

14. Two parallel lines being given in position ; to draw a third 
snch, that if from any point in it lines be drawn at given angks to 
the parallel lines, the intercepted parts may have a given ratio. 

15. If three straight lines drawn from the same point and in the 
same direction be in continued proportion, and from that point also 
a line equal to the mean proportional be inclined at any angle ; the 
lines joining the extremity of this line and of the proportionals will 
contain equal angles. 

16. To trisect a right angle. «' ^. 

17* To trisect a given finite straight line. ^ • * 

18. To divide a given straight line Into any number of equal 
parts. 

Cor. To divide a straight line into any number of parts having 
a given ratio. 

19* To divide a given finite straight line harmonically. 

20. If a given finite straight line be harmonically divided, and 
from its extremities and the points of division lines be drawn to meet 
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IN any point, so that those from the extremities of the second pro- 
portional may be perpendicular to each other; the line drawn from 
the extremity of this proportional will bisect the angle formed by the 
lines drawn from the extremities of the other two. 

21. If a straight line be drawn through any point in the line 
bisecting a given angle, and produced to cut the sides containing 
that angle, as also a fine drawn from the angle perpendicular to the 
bisecting Kne ; it will be harmonically divided. 

22. If from a given point there be drawn three straight Imes 
.forming angles less than right angles, and from another given point 

without them a line be drawn intersecting |he others, so as to be 
harmonically divided; then wilt all lines drawn from that point 
meeting the three lines be harmonically divided. 

23. If a straight line be divided into two equal and also into 
two unequal parts, and be produced, so that the part produced may 
have to the whole line so produced, the same ratio that the unequal 
segments of the line have to each other ; then shall the distances of 
the. point of unequal section from one extremity of the given lioe> 
from its middle point, from the extremity of the part produced, and 
from the other extremity of the given line, be proportionals. 

24. Three points being given; to determine another, through 
which if any straight line be drawn, perpendiculars upon it frooi two 
of the former shall together be equal to the perpendicular from the 
third. 

25. From a given point in one of two straight lines given in 
position, to draw a line to cut the other, so that if from the point 
of intersection a perpendicular be let fall upon the former, the seg- 
ment intercepted . between it and the given pointlogether with th^ 
first drawn line may be equal to a given line. 

26. One of the lines which contain a given angle is also given.. 
To determine a point in it such that if from thence to the indefinite 
line there be drawn a line having a givep ratio to that segment of it 
which is adjacent to the given angle ; the line so drawn and the 
other segment of the given line may together be equal to another 
given line. 

27* Two straight lines and a point in each are given in position ; 
to determine the position of another point in each, so that the straight 
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line joining \\itse latter points may be equal to a given line, and their 
respective distances from the former points in a given ratio. 

28. If a straight line be divided into any tv^o parts and pro- 
duced, so that the segments may have the same ratio that the whole 
line produced lias to the part produced, and from the extremities of 
the given line perpendiculars be erected ; then any line drawn through 
the point of section, meeting these perpendiculars, \vill be divided at 
that point into parts which have the same ratio, that tliosa^lines have 
which are drawn from the extremity of the produced line to the 
points of intersection with the perpendicular. 

29* From two giv^ n points to draw two straight lines which 
shall contain a given angle, and me^t two lines given in position, so 
that the parts intercepted between those points and the lines may 
have a given ratio. ' 

30. The length of one of two lines. which contain a given angle 
being given ; to draw, from a given point without them, a straight 
line ^hich shall cut the given line produced, so that the part pro- 
duced may be in a given ratio to the part cut off from the indefinite 
line« 

31. From two given straight lines to cut off two parts which 
may have a given ratio ; so that the ratio of the remaining parts may 
also be equal to the ratio of two other given lines. 

32. Three lines being given in position ; to determine a point in 
one of them, from which if two lines' be drawn at given angles to the 
other two, the two lines so drawn may together be equal to a given 
line. 

33. If from a given point two straight lines be drawn including 
a given angle and having a given ratio, and one of them be always 
terminated by a straight line given in position ; to determine the 
locus of the extremity of the other. 

34. If from two given points straight lines be drawn containing 
a given angle, and from each of them segqpents be cut off having 
a given ratio ; and the extremities of the segments of the lines drawn 
from one of the points be in a straight line given in position ; to deter- 
mine the locus of the extremities of the segments of lines drawn from 
the other. 
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SECTION II. Page 24. 

1. If a straight line be drawn to touch a%ircle, and be parallel 
to a chord ; the point of contact will be the middle point of the arc 
cut off by that chord. 

Cor. 1. Parallel lines placed in a circle cut off equal parts of the 
circumference. 

Cor. 2. The two straight lines in a circle which join the ex- 
tremities of two parallel chords are equal to each other. 

2. If from a point without a circle two straight lioes be drawn 
a to the concave part of the circumference/ making equal angles with 

the line joining the same point and the centre, the parts of these linek 
which are intercepted within the circle are equal. 

3. Of all straight lines which can be drawn from two given points 
to meet on the convex circumference of a given circle ; the sum of 
those two will be the least, which make equal angles with the tangent 
at the point of concourse. 

4. if a circle be described on the radius of another circle; any 
straight line drawn from the point where they meet to the outer cir- 
cumference, is bfsected by the interior one. 

5. If two circles cut each other,- and from either poiqt of inter- 
section diameters be drawn ; the extremities of these diameters and 
the other point of intersection shall be in the same straight line. 

6. If two circles cut each other, the straight line joining their 
two pc^ts of intersection is bisected at right angles by the straight 
line joining their centres. 

7. To draw a straight line which shall touch two given circles. 

8. If a line touching two circles cut another line joining their 
centres, the segments of the latter will be to each other, as the diar 
meters of the circles. 

9. If a straight line touch the interior of two concentric circles, 
and be placed in the outer; it will be bisected at the point of 
contact.. 

10. If any number of equal straight lines be placed in a circle; 
to determine the locus of their points of bisection. 
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11. If from a point id the circumference of a circle any number 
of chords be drawn ; the locus of their points of bisection will be a 
circle. 

12. If on the radius of a given semicirck» another semicircle be 
described, and from the extremity of the diameters any lines be 
drawn cutting the circumferences, and produced, so that the part 
produced may always have a given ratio to the part intercepted 
between the two circumferences ; to determine the locus of the ex- 
tremities of these lines. 

13. If from a given point without a given circle straight lines be 
drawn and terminated by the circumference ; to determine the locus 
of the points which divide them in a given ratio. 

14. Having given the radfus of a circle-; to determine its centre 
when the circle touches two given lines which are not parallel. 

15. Through three given points which are not in the same 
straight line, a circle may be described ; but no other circle can pass 
through the same points. 

16. From two given points on the same side of a line given 
in position, to draw two straight lines which shall contain a given 
angle, and be terminated in that line. 

17. If from the extremitite of any chord in a ^circle perpendi- 
culars be drawn, meeting a diameter; the points of intersection are 
equally distant from the centre. 

1 8. If from the extremities of the diameter of a semicircle per- 
pendiculars be let fall on any line cutting the semicircle ; the parts 
intercepted between those perpendiculars and the circumference are 
equal. 

19* In a given circle to place a straight line parallel to a given 
straight line, and having a given ratio to it. 

20. Through a given point, either within or without a given 
circle, to draw a straight line, the part of which intercepted by the 
circle shall be equal to a given line, not greater than the diameter of 
the circle. 

21. From a given point in the diameter of a semicircle produced, 
to draw a line cutting the semicircle, so that lines drawn from the 



I 



CONTENTS. VII 

points of iotersecHon to the extremities of the diameter, cutting each 
other, may have a given ratio, 

22. From the circumference of a given circle, to draw to a straight 
line given in position, a line which shall be equal and parallel to a 
given straight line. 

23. The bases of two given circular segments being in the same 
straight line ; to determine a point in it such, that a line being drawn 
through it making a given angle, the part intercepted between the 
circumferences of the circles may be equal to a given line. 

24. If two chords of a given circle intersect each other, the 
angle of their inclination is equal to half the angle at the centre 
which stands on an arc equal to the sum or difference of the arcs 
intercepted between them, according as they meet within or withont 
the circle. • 

25. If from a point without two circles which do not meet each 
other, two lines be drawn to their centres, which have the same 
ratio that their radii have* the angle contained by tangents drawn 
from that point towards the same parts will be equal to* the angle 
contained by lines drawn to the centres. . 

26. To determine the Arithmetic, Geometric and Harmonic 
means between two given straight lines. 

27. If on each side of any point in a circle any number of equal 
arcs be taken, and the extremities of each pair joined : the sum of 
the chords so drawn will be equal to the last chord produced to 
meet a line drawn fiN>m the given point through the extremity of .the 
first arc. 

28. If the circumference of a semicircle be divided into an odd 
nomber of equal parts, and through the points which are equally 
distant from the diameter lines be drawn ; the segments of these 
lines intercepted between radii drawn to the extremities of the most 
remote, will tc^ether be equal to a radius of the circle. 

29* If from the extremities and the point of bisection of any arc 
of a circle, lines be drawn to any point in the opposite circumference ; 
the sum of those drawn from the extremities will have to that from 
the point of bisection, the same ratio that the line joining the extre- 
mities has to that joining one of them and the point of bisection. 
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30. If two equal circles cut each other, and from either point 
of intersection t circle be described cutting them ; the points where 
this circle cuts them, and the other point of intersection of the equal 
circles. are in the same straight line. 

31. If two equal circles cut each other, and from either point of 
intersection a line be drawn meeting the circumferences; the part of 
it intercepted between the circumferences will be bisected by the 
circle whose diameter is the common chord of the equal circles. 

32. If two circles touch each other externally or internally; any 
straight line drawn through the point of contact will cut off similar 
segments. 

33. If two circles touch each other externally or internally ; two 
straight lines drawn through the point of contact will intercept arcs, 
the chords of which are paralM. 

94* If two circles touch each other externally or internally ; any 
two straight lines drawn through the point of contact* and terminated 
both ways by the circumference, will be cut proportionally by the 
circumference. 

35. If two circles touch each other externally, and parallel 
diameters be drawn ; the straight line joining the extremities of these 
diameters will pass through the point of contact. 

36. If two circles touch each other and also touch a straight 
line ; the part of the line between the points of contact is a mean 
proportional between the diameters of the circles. 

37. If two circles tou^h each other externally, and tbe line join- 
ing their centres be produced to the circumferences ; and from its 
middle point as a centre with any radius whatever a circle be de- 
scribed, and any line placed in it passing through the point of contfct ; 
the parts of the line intercepted . between the circumference of this 
circle and each of the others will be equal. 

38. If from the point of contact of two circles which touch each 
other internally, any number of lines be drawn ; and through the 
points, where these intersect the circumferences, lines be drawn from 
any other point in each circumference, and. produced to meet; the 
angles formed by these lines will be equal. 

39. If two circles touch each other Internally, and any two per- 
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pendiciilars to their common diameter be produced to cut the cir- 
cumferences ; the lines joining the points of intersection and the 
point of contact are proportional. 

40. If three circles, whose diameters are in continued proportion, 
touch each other internally, and from the extremity of the least 
diaiheter passing through the point of contact a perpendicular be 
drawn, meeting the circumferences of the other two circles; this 
diameter and the lines joining the points of intersection and contact 
are in continued proportion. 

41. If a common tangent be drawn to any number of circles 
which touch each other internally, and from any point in this tangent 
as a centre, a circle be described cutting the others, and from this 
centre lines be drawn through the intersections of the circles respec- 
tively ; the segments of them within each circle will be equal. 

42. If from any point in the diameter of a circle produced, a 
tangent be drawn ; a perpendicular from the point of contact to the 
diameter will divide it into segments which have the sakne ratio that 
the distances of the point without the circle from each extremity of 
the diameter, have to each other. 

43. If from the extremity of the diameter of a given semicircle 
a straight line be drawn in it, equal to the radius, and from the centre 
a perpendicular let fall upon it and produced to the circumference ; 
it will be a mean proportional between the lines drawn from the point 
of intersection with the circumference to the extremities of the 
diameter. * 

44. If from the extremity of the diameter of a circle, two Jines 
be drawn, one of which cuts a perpendicular to the diameter, and 
the other is drawn to the point where tiie perpendicular meets the 
circumference ; the latter of these lines b a mean piioportional between 
the cutting line, and that part of it which is intercepted between the 
perpendicular and the extremity of the diatneter. 

45. In the diameter of a circle produced, to determine a point* 
from which a tangent drawn to the circumference, shall be equal to 
the diameter. 

A&4 To determine a point in the perpendi<;ular at the extremity 
of the diameter of a^ semicircle, from which if a line be drawn to the 

b . 
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other extremity of the diameter, the* part ivnthout the clrcTe may be 
eqoal to a given straight line. 

47* Through a given point without a given circle, to draw a 
straight line to cut the circle, so that the two perpendiculars drawn 
from the points of intersection to that diameter which passes through 
the given point, may t<»gether be equal to a given line, not grater 
than the diameter of the circle. 

48. If from each extremity of any number of equal adjacent 
arcs in the circumference of a circle, lines be drawn through two 
given points -in the opposite circumference^ and produced till they 
meet ; the angles fcomed by these lines will be equal. 

49* To determine a point in the circumference of a circle, from 
which lines drawn to two other given points, shall have a given ratio. 

50. If any point be taken in the diameter of a circle, which is 
not the jcentre ; of all the chords which can be drawn through that 
pointy that is the least which is at right angles to tlie diameter. 

51. If from any point without a circle lines be drawn touching 
it ; the angle contained by the tangents is double the angle contained 
by the line joining the points of contact and the diameter drawn 
through one of them. 

52. .If from the extremities of the diameter of a circle tangents 
be drawn» and produced to intersect a tangent to any point of the 
circumference ; the straight lines joining the points of intersection 
and the centre of the circle form a right angle. 

53. If from the extremities of the diameter of a circle tangents 
be ^rawn ; any other tangent to the circle, terminated by them, is 
so divided at the point of contact, that the radius of the circle is a 
mean proportional between its segments. 

54. Two circles being given in magnitude and position ; to find 
a point in the circumference of one of them, to which if a tangent be 
drawn cutting the circumference of the other, the part of it inter- 
cepted between the two circumferences may be equal to a given line. 

55. To draw a straight line cutting two concentric circles, so 
that the part of it which is intercepted by the circumference of the 
greater may be double the part intercepted by the circumference of 
the less. 
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56. If two circles intersect each othec» the centre bf the one 
being in the circumference of the other, and any line be drawn from 
that centre ; the parts of it which are cut off by the common chor^ 
and the two circumferences will be in continued proporlioo. 

57* If a semicircle be described oh the side of a quadrant, and 
from any point in the quadrantal arc a radius be drawn, tbe part of 
this radius intercepted between the quadrant apd semicircle, is equal 
to thc^ perpendicular let hii from the same poiut on their common 
tangent. 

Cob. Any chord of the semicircle drawn from the centre of the 
quadrant is equal to the perpendicular drawn to the other side, 
from the point in which the chord produced meets the quadrantal arc. 

58. If a semicircle be described on tl|e side of a qjiiadrant, and 
a line be drawn from the centre of the quadrant to a common tan- 
gent ; this line, the parts of it cut off by the circumferences of the 
quadrant, and of the semicircle, and the segment of the diameter of 
the semicircle made by a perpendicular from the point where the 
line meets its circumference, are in continued proportion. 

• 

59' If the chord of a quadrant be made the diameter of a semi- 
circle, and from its extr^ities two straight lines be drawn to any 
point in the circumference of the semicircle ; the segment of the 
greater line intercepted between the two circumferences shall be 
equal to the less of the two lines. 

60. If two circles cut each other, so that the circumference of 
one passes through the centre of the other, and from either point of 
intersection a straight line be drawn cutting both circumferences ; the 
part intercepted between the two circumferences will be equal to the 
chord drawn from the other point oif intersection to the point where 
it meets the inner circumference. 

• 

6l • If from each extremity of the diameter of a circle lines be 
drawn to any two points in the circumference ; the sums of the lines 
so drawn to each point will have to* one another the same ratio that 
the lines have, which Join those points and the opposite extremity 
of a diameter perpendicular to the former. 

62. If from any two points in tbe circumference of a circle there 
be drawn two straight lines to a point in a tangent to that circle ; 
they will make the greatest angle when drawn to the point of contact. 
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63. From a given point within a given circle to draw a straight 
line which shall make with the circumference an angle less than the 
angle made by any other line drawn from that point. 

64. To determine a point in the arc of a quadrant, from which 
if lines be drawn to the centre and the point of bisection of the radius* 
they shall contain the greatest possible angle. 

65. If the radius of a circle be a mean proportional to two dis- 
tances from the centre in the same straight line ; the liiies«drawn 
from their extremities to any point in the circumference will have 
the same ratio that the distances of these points from the circum- 
ference have. 

66. Two circles being given in position and magnitude ; to 
draw a straight line cutting them so that the chords in each circle 
may be equal to a given line, not greater than the diameter of the 
smaller circle. 

67' To determine a pomt in the arc of a quadrant, through 
which if a tangent be drawn meeting the sides of the quadrant pro- 
duced, the intercepted parts may have a given ratio.- 

68. If a tangent be drawn to a circle at the extremity of a chord 
which cuts the diameter at right angles, «nd from any point in it a 
perpendicular be let fall ; the segment of the djpmeter intercepted 
between that perpendicular and chord b to the intercepted part of 
the tangent as the chord is to the diameter. 

6g. If a straight line be placed in a circle, and from its ex- 
tremities perpendiculars be let fall upon any diameter ; these per- 
pendiculars together will have to the part of the diameter intercepted 
between them, the same ratio that a line placed in the circle per- 
pendicular to the former line, has to the former line itself. 

70. In . a circle to place a straight line of given length, so that 
perpendiculars drawn to it fiN>m^two given points in the circum- 
ference may have a given ratio. . 

71. If from any point in the arc of a segment of a circle a line 
be drawn perpendicular to the base ; and from the greater segment 
of the base and arc, parts be cut off respectively equal to the 
less; the remaining part of the base shall be equal to the chord of 
the rcmain^ig arc. 
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72. If from the point of bisection of any arc of ^ circle a per* 
pendicular be drawn to the diameter whith passes through one 
extremity ; it will bisect the-segment of the chord cut off by the line 
joining the point of bisection of the arc and the other extreipity of 
the diameter. 

73. In a given circle to draw a chord parallel fo a straight line 
given in position ; so that the chord and perpendicular drawn to it 
from the centre may together be equal to a given line. 

74. Through a given point within a given circle, to draw a 
straight line such that the parts of it intercepted between that point 
and the circumference may have a given ratio. 

TS. From two given points in the circumference of a given circle, 
to draw two lines to a point in the circumference, which shall cut a 
line given in position, so that the part of it intercepted by them may 
be equal to a given line. 

'^6. If a chord and diameter of a circle intenect each other at 
any angle, and a perpendicular to the chord be drawn from either 
extremity of it, meeting the circumference and diameter produced ; 
the whole perpendicular has to the part of it without the circle, the 
same ratio that the greater segment of the chord has to the less. 

77* If from the extremities of any chord of a circle, perpen- 
diculars to it be drawn and produced to cut a diameter ; and from 
the points of intersection with the diameter lines be drawn to a 
point in the chord so as to make equal angles with it \ these lines 
together will be equal to the diameter of the circle. 

78. If from a point without a circle two straight lines be drawn, 
one of which touches and the other cuts the circle ; a line drawn 
from the same pc4nt in any direction, equal to the tangent, will 
be parallel to the chord of the arc intercepted by two lines drawn 
from its other extremity to the former intersections of the circle. 

' 7^, If from a point without a circle two straight lines be drawn 
touching it, and from one point of contact a perpendicular be drawn 
to that diametef which passes through the other; this perpendicular 
will be bisected by the line joining the point without the circle aud 
the other extremity of the diameter. 
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90. If any chord iu a circle be bisected by anotber, and produced 
to meet the tangents drawn from the .extremities of the bisecting line ; 
the parts intercepted between the tangents and the circumferences 
are equal. 

81. If one chord in a circle bisect another* and tangents drawn 
from the extremities of each be produced to meet ; the line joining 
their points of intersection will be parallel to the bisected chord. 

82. If from a point without a circle two lines be drawn touching 
the circles, and from the extremities, of any diameter lines be drawn 
to the points of contact, cutting each other within the circle ; the 
line produced, which joins their intersection and the point without 
the circle, will be perpendicular to the diameter. 

83. If on opposite sides of the same extremity of the diameter of 
a circle equal arcs be taken, anid from the extremities of these arcs 
lines be drawn to any point in the circumference, one of which cuts 
the diameter, and the other the diameter produced ; the distances 
of the points of intersection from the extremities of the diameter 
ate proportional to each other. 

84. If from the extremities of any chord in a circle, perpen- 
diculars be drawn to a diameter, and from either extremity of that 
diameter a perpendicular be drawn to the chord ; it will divide it 
into segments, which are respectively mean proportionals between 
the segments of the diameter cut off by the perpendiculars. 

85. If from any point in the diameter of a semicircle, a per- 
pendicular be drawn, meeting the circumference, and on it as a 
diameter a circle be described, to the centre of which a line is 
drawn from the farther extremity of the diameter of the semicircle, 
cutting its circumference; and through tlie point of intersection 
anotber line be drawn from the extremity of 4be perpendicular, 
meeting the diameter of the semicircle ; this diameter will be divided 
into three segments which are in continued proportion. 

86. If from a point without a given circle, any two lines be 
drawn cutting the circle; to determine a point in the circumference, 
such that the sum of the perpendiculars from it upon these Unes may 
be equal to a given line. 

87* If two circles cut each other, and any two points be taken 
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tQ the circumference 6f one of them, through which lines are drawn 
from the points of intersection and produced to the circumference of 
the other ; the straight lines joining the extremities of *those which 
are drawn through the same point, are equal. 

88. If two circles cut each other; the greatest line that can be 
drawn through the point of intersection is that which is parallel to 
the line joining their centres. 

89* Having given the radii of two circles which cut each other, 
and the distance of their centres ; to draw a straight line of given 
length through their point of intersection, so as to terminate in their 
circumferencie. 

90. If two circles cut each other ; to draw from one of the points 
of inteiaection a straight line meeting the circles, so that the part of 
it ii|t^req>ted between the circumferences may be equal to a given 
line. 

91. If two circles cut each other ; to draw from the point bf 
intersection two lines, the parts of which intercepted between the 
circumferences may have a given ratio. 

92. If a semicircle be described on the common chord of two 
intersecting circles, and a line drawn from one extremity of the 
chord, cutting the two circles ; the part intercepted between the two 
shall be divided by the semicircle into segments proportional to 
perpendiculars drawn in those circles from the other extremity of 
the chord. 

93. Two circles being given, the circumference of one of which 
passes through the centre of the other; to draw a chord from that 
centre, such that a perpendicular let fall upon it from a given point, 
may bisect that part of it which is intercepted between the cir- 
cumferences. 

• 

94. If any number of circles cut each other in the same points, 
and fit>m one of these points any number of lines be drawn ; the parts 
of them which are intercepted between the several circumferences 
have the same ratio. 

95. In a given circle to place a straight line cutting two radii 
which are perpendicular to each other, in such a manner that the 
line itself may be trisected. 
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96. If a straight line be divided into any two parts, and upon 
the whole line and one of the parts, as diameters, semicircles be 
described ; to determine a point in the less diameter, from which if 
a perpendicular be drawn cutting the circumferences, and the points 
of intersection and the extremities of the respective diameters be 
joined, and these lines produced to meet ; the parts of them without 
the semicircle may have a given ratio. 

97 • If a straight line be divided into any two parts, and from the 
point of section a perpendicular be erected, which b a mean pro- 
portional between one of the parts and the whole line, and a circle 
described through the extremities of the line and the pffpendicular ; 
the whole line, the perpendicular, the aforesaid part, and a per- 
pendicular drawn from its extremity to the circumference will be in 
continued proportion. 

98. If the tangents drawn to every two of three unequal circles 
be produced till they meet, the points of intersection will be in a 
straight line. 

99* If from the extremities of the diameter of a circle any number 
of chords be drawn, two ^nd two intersecting each other in a per- 
pendicular to that diameter; the lines joining the extremities of 
every corresponding two will meet the diameter produced in the 
same point. 

100. If from a given point in the diameter of a semicircle pro- 
duced, three straight lines be drawn, one of which is inclined at a 
given angle to the diameter, another touches the semicircle, and the 
third cuts it, in such a manner, that the distance of the given point 
from the nearer extremity of the diameter, and the perpendiculars 
drawn from that extremity on the three aforesaid lines may be 
proportional ; thcp will the lines, which join the extremtties of the 
diameter and of that part of the cutting line which is within the 
circle, intersect each other in an angle equal to the given angle. 
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SECTION in. Page 92. 

1. Ant side of a triangle is greater than the difference between v 
the other two sides. 

2. In any right-angled triangle, the straight line joining the right 
angle and the bisection of the hypothenuse is equal to half the 
hypothenuse. 



3. If from^any point within an equilateral triangle perpendiculars 
be drawn to the sides ; they are together equal to a perpendicular 
drawn from any of the angles to the opposite side. 

4. If the points of bisection of the sides of a given triangle be 
joined ; .the triangle so formed will be one fourth of the given triangle. 

5» Hie difference of the angles at the base of any triangle is 
double the angle contained by a line drawn from the vertex per- 
pendicular to the base, and another bisecting the angle at the vertex. 

&• If from one of the equal angles of an isosceles triangle any 
line be drawn to the opposite side, and from the same point a line be 
drawn to the opposite side produced, so that the part intercepted 
between them may be equal to the former ; the angle contained by 
the side of the triangle and the first drawn line is double the angle 
contained by the base ^nd the latter. 

7. If from the extremity of the base of an isosceles triangle, a 
line equal to one of the sides be drawn to meet the opposite side; 
the angle formed by this hne and the base produced is equal to 
three times either of the equtfl angles of the triangle. 

8. The sum of the sides of an isosceles triangle is less than the 
sum of the sides of any other triangle on the same base and between 
the same parallels. 

9. If from one of the equal angles of an isosceles triangle, a per- 
pendicular be drawn to the opposite side ; the part of it intercepted 
by a perpendicular from the vertex will have to one of the equal sides, 
the same ratio that the segment of the base has to the perpendicular 
upon the base. 

10. If from any point in the base of an isosceles triangle lines be 

• • •- 
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drawn to the opposite sides, making equal angles with the base ; the 
triangles formed by these lines, the segments of the base, and the 
lines joining the intersections of the sides and the angles opposite, 
will be equal. 

11. If from any point in the base of an isosceles triangle per- 
pendicalars be drawn to the sides ; these together shall be equal to 
a perpendicular drawn from either extremity of the base to the 
opposite side. 

12. Of all triangles having the same vertical angle, and whose 
bases pass through a given point, the least is that whose base is 
bisected in the given point. 

13. If from the angles at the base of a triangle, perpendiculars 
be let fall on a line which bisects the vertical angle ; the part .of this 
line intercepted between these perpendiculars will be bisected by a 
perpendicular from the middle of the base. 

14. If from one of the angles at the base of a triangle a line be 
drawn parallel to the opposite side and from any point in it lines be 
drawn making any angles with the sides ^produced, if necessary) ; 
they will have the same ratio that lines have which are drawn 
parallel to them from the other angles, and terminated by the same 
-sides. 

15. To bisect a given triangle by a line draw from one of its 
angles. 

16. To bisect a giveu triangle by a line drawn from a given point 
in one of its sides. 

17. To determine a point within a given triangle, from which 
lines drawn to the several angles, will divide the triangle into three 
equal parts. 

18. To trisect a given triangle from a given point within it. 

19. From a given point in the side of a triangle, to draw lines 
which will divide the triangle into any number of parts which shall 
have a given ratio. 

20. If two exterior angles of a triangle be bisected, and from 
the point of intersection of the bisecting lines, a line be drawn to the 
opposite angle of the triangle; it will bisect that angle. . 



CONTENTS. XIX 

21. If in two triangles, the vertical angle of the one be equal to 
Uiat of the other, ami one other angle of the former be equal to the 
exterior angle •! the base of the latter ; the sides about the third 
angle of the former shall be proportional lo those about the interior 
angle at the base of the latter. 

• • 

22. In a given triangle tq draw a line parallel to one of the 
sides, so that it may be a mean proportional between the segments of 
the base. 

23. To draw a line parallel to the common base of two triauglet 
which have different altitudes, so that the parts of it intercepted by 
the sides may have a given ratio. 

24. If the base of a triangle be produced so that the whole may 
be to ^ part produced in the duplicate ratio of the sides ; the line 
joining the vertex, and the extremity of the part produced will be a 
mean proportional between the whole line produced and the part 
produced. 

25. To determine a point within a given triangle, which will 
divide a line parallel to the base into two segments, such that the 
excess of each segment above the perpendicular distance between 
the parallel lines may be to each other in the duplicate ratio of the 
respective segments. 

26. If perpendiculars be drawn to two sides of a triangle from 
any two points therein ; the distance of their concourse from that of 
the two sides will be to the distance between the two points as either 
side is to the perpendicular drawn from its extremity upoa the other. 

27- If the three sides of a triangle be bisected, the perpendiculars 
drawn to the sides at the three points of bisection, will meet in the 
same point. 

28. If from the three angles of a triangle lines be drawn to the 
points of bisection of the opposite side^, these lines intersect each 
other in the same point. • 

29. The three straight lines which bisect the three angles of a 
triangle, meet in the same point. 

30. If the three angles of a triangle be bisected, and one of the 
bisecting lines be produced to the opposite- side ; the angle contained 
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by this line produced, and one of the others is equal to the angle 
contained by the third and a perpendicular drawn from the common 
point of intersection of the three lines, to the aforesaM side. 

« 

31. In a right-angled triangle, if a straight line be drawn parallel 
to the hypothenuse, and cutting the perpendicular drawn from the 
right angle ; and through the point of intersection a line be drawn 
from one of the acute angles fo the opposite side, and the extremity 
of this line and of the perpendicular be joined ; the locus of its 
intersection with the line parallel to the hypothenuse will be a straight 
line. 

32. If from the angles of a triangle, lines, each equal to a given 
line, be drawn to the opposite sides (produced if necessary); and 
from any point within, lines be drawn parallel to these, and meeting 
the sides of the triangle; these lines will together be equal to the 
given line, 

S3, If the sides of a triangle be cut proportionally, and lines be 
drawn from the points of section to the opposite angles ; the inter- 
sections of these lines will be in the same line, viz. that drawn from 
the vertex to the middle of the base. 

34. If from any point in on^ side of a triangle, two lines be drawn, 
one to the oppotsite angle, and the other parallel to the base, and the 
former intersect a line drawn from the vertex bisecting the base ; 
this point of intersection, that of the line parallel to the base and the 
third side, and the third angular point are in the same straight line. 

35. If one side of a triangle be divided into any two parts, and 
from the point of section two straight lines be drawn parallel to, and 
terminating at the other sides, and the points of termination be 
joined ; and any other line- be drawn parallel to either of the two 
former liqe^, so as to intersect the other, and to terminate in the 
sides of the triangle ; then the two extreme parts of the three seg- 
ments into which the line so drawn is divided, will always be in the 
ratio of the segments of the first divided line. 

36. If through the point of bisection of the base of a triangle, 
any line be drawn intersecting one side of the triangle and the other 
produced, and meeting a parallel to the base from the vertex ; this 
line will be cut harmonically. 
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37. If from either angle of a triangle^ a line be drawn inter- 
secting that which joins the vertex and the bisection of the base, the 
opposite side, and the line from the vertex parallel to the base ; it 
will be cut harmonically. ^ 

38. To draw a line from one of the angles at the base of a tri- 
angle, so that the part of it cut off by a line drawn from the vertex 
parallel to the base, nay have a given ratio to the part cat off by the 
opposite side. 

39. To determine that point in the base produced of a rights 
angled triangle, from which the line drawn to the angle opposite to 
the .base shall have the same fatio to the base produced, which the 
perpendicular has to the base itself. 

• 

40. If the base of any triangle be divided into two* parts by a 
line which, is a mean proportional between them, and which being 
drawn parallel to the second side is terminated in the third ; any 
line parallel to the basie will be divided by the mean proportional 
(produced if necessary) into segments which will be to each other 
inversjely as the whole mean proportional to that. segment which it 
teirminated in the third side of the triangle. 

41. If from the extremities of the base of any triangle, two 
straight lines be drawn intersecting each other in the perpendicular, 
and terminating in the opposite sides ; straight lines drawn from 
thence to the intersection of the perpendicular with the base, will 
make equal angles with the base. 

43. In any triangle, the intersection of the perpendiculars dnwn 
from the angles to the opposite sides, the intersection of the lines 
from the angles to the middle of the opposite sides, and the inter*^ 
section of the perpendiculars from the middle of the sides, are all in 
the same straight line. And the distances of those points from one 
another are in a given ratio. * 

43. If straight lines be drawn frt>m the angles of a triangle 
through any point, either within or without the triangle, to meet the 
sides, and the lines joining these points of intersection and the sides 
of the triangle be produced to meet; the three points of concourse 
will be in the same straight line. 
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SECTION IV. Page 120. 

1. XHE diameters of a rhombi|s bisect each other at right 
angles. 

2. If the opposite sides or opposite angles of a quadrilateral 
figure be equal ; the figure will be a parallelogram. 

3. To bisect a parallelogram by a line drawn from a point in one 
of its sides. 

4. If from any point in the diameter (or diameter produced) of 
a parallelogram straight lines be drawii to the opposite angles ; they 
will cut off equal triangles. 

.5. From one of the angles of a parallelogram to draw a line to 
the opposite side, which shall be equal to that side together with the 
segment of it which is intercepted between the line and the opposite 
angle. 

6. If from one of the angles of a parallelogram a straight line be 
drawn, cutting the diameter, a side and a side produced-^ the seg- 
ment intercepted between the angle and the diameter is a mean 
proportional between the segments intercepted between the diameter 
and the sides. 

7. The two triangles, formed by drawing straight lines from any 
point within a parallelogram to the extremities of two opposite sides, 
are together half of the parallelogram. 

%. If a straight line be drawn parallel to one of the sides of a 
parallelogram, and onfe extremity of this line be joined to the opposite 
one of the parallel side, by a line which also cuts the diameter ; the 
segments of the diameter made by this line will be reciprocally pro- 
portional to the segments of that part of it which is intercepted 
between the side and the parallel line. 

9. If two lines be drawn parallel and equal to the adjacent sides 
of a parallelogram ; the lines joining their extremities, if produced, 
will meet the diameter in the same point. 

10. If in the sides of a square, at equal distances from the four 
angles, four other points be taken, one in each side ;* the figure con- 
tained by the straight lines which join them shall also be a square. 



CONTKNTS. XXIU 

1 1 . The sum of the diagonals of a trapezium is less than the sum 
of any four lines which can be drawn to the four angles from any 
point within the figure, except ironi the intersection of the diagonals. 

12. Every trapezium is divided by its diagonals into four trr- 
angles proportional to each other. 

13. If two opposite Angles of a trapezium be right angles; the 
angles subtended by either side at the two opposite angular points 
shall be equal. 

14. To determine the figure formed by joining the points of 
bisection of the sides of a trapezium ; and its ratio to the trapezium. 

L5. To determine the figure formed by joining the points where 
the diagonals of the trapezium cut the parallelogram (in the last 
problem) ; and its ratio to the trapezium. 

16. If two sides of a trapezium be parallel; its area is equal to 
half that of a parallelogram whose base is the sum of those two sides, 
and altitude the perpendicular distance between them. 

17. If from any angle of a rectangular parallelogram a line be 
tirawn to the opposite side, and from the adjacent angle of the tra- 
pezium thus formed another be drawn perpendicular to the former; 
the rectangle contained by these two lines is equal to the given 
parallelogram. 

18. To divide a j>arallelogram into tW6 parts which shall have a 
^iven ratio, by a line drawn parallel to a given line. 

19- To bisect a trapezium by a line drawn from one of its angles. 

20.' To bisect a trapezium by a line drawn from a given point in 
one of its sides. 

21 . If two sides of a trapezium be parallel ; the triangle contained 
by either of the other sides, and the two straight lines drawn from its 
extremities to the bisection of the opposite side, is half the trapezium. 

29. To divide a given trapezium, whose opposite sides are pa- 
rallel, in a given ratio, by a line drawn through a given point, and 

terminated by the two parallel sides. 

I. 

23. If a trapezium, which has two of its adjacent angles right 
angles, be bisected by a line drawn from the middle of one of those 
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sides which are not parallel ; the sum of the parallel sides will have 
to one of them the same ratio, that the side which is not bisected has 
to that segment of it which is adjacent to the other. 

24. If the sides of an equilateral and equiangular pentagon be 
produced to meet; the angles formed by these lines are together 
equal to two right angles. «• 

25. If the sides of an equilateral and equiangular hexagon be pro- 
duced to meet ; the angles formed by these lines are together equal 
to four right angles. 

26. The area of any two parallelograms described on the two 
sides of a triangle is equal to that of a parallelogram on the base, 
whose' side is equal and parallel to the line drawn from the vertex of 
the triangle to the intersection of the two sides of the former parallel- 
ograms produced to meet. 

27- The perimeter of an isosceles triangle is greater than 'the 
perimeter of a rectangular parallelogram, which is of the same alti- 
tude with, and equal to the given triangle. 

• 

28. If .from one of the acute angles of a right-angled triangle, a 
line be drawn to the opposite side ; the squares of that side and the 
line so drawn are together equal to the squares of the segment ad- 
jacent to the right angle and of the hypothenuse. 

29* Id any triangle, ff a line be drawn from the vertex at right 
angles to the base ; the difference of the squares of the sides is equal 
to the dilference of the squares of the segments of the base. 

30. In any triangle, if a line be drawn from the vertex bisecting 
the base ; the sum of the squares of the two sides of the triangle is 
double the sum of the squares of the bisecting line and of half the 
base. 

31. If from the three angles of a triangle lines be drawn to the 
points of bisection of the opposite sides; the squares of the distances 
between the angles and the common intersection are together one 
third of the squares of the sides of the triangle. 

32. If from any point within or without any rectilineal figure, 
perpendiculars be let (all on every side; the sum of the squares of 
the alternate segments made by them will be equal. * 
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33. If from any point within a rectangular parallelogram lines bt 
drawn to the angular points; the sums of tha^uares of those which 
are drairn to the opposite angles are equal* 

34. The squares of the diagonals of a parallelogram are together 
equal to the squiires of the four sides. 

35. If two sides of a trapezium be parallel to each other ; the 
squares of its diagonals are together equal to the squares of its two 

sides which are not parallel, and twice the rectangle contained by 
its parallel sides. 

36. The squares of the diagonals of a trapezium are together 
double the squares of the two lines joining the bisections of the op- 
posite sides. 

37. The squares Qf the diagonals of a trapezium are together 
less than the squares of the four sides, by four times the square of 
the line joining the points of bisection of the diagonals. 

38. In any trapezium, if two opposite sides be bisected ; the 
sum of the squares of the two other sides, together with the squares 
of the diagonals, is equal to the sum of the squares of the bisected 
sides, together with four times the ^uare of the line joining those 
points of bisection. 

39. If squares be described on the sides of a right-angled 
triangle ; each of the lines joining the acute angles and the opposite 
angle of the square, will cut off from the triangle an obtuse-angled 
triangle, which will be equal to that cut off from the square by a 
line drawn from the intersection with the side to that angle of the 
square which is opposite to it. 

40. If squares be described on the two sides of a right-angled 
triangle ; the lines joining each of the acute angles of the triangle 
and the opposite angle of the square will meet the perpendicular 
drawn from the right angle upon the hypothenuse, in the same point. 

41. If squares be described on the three sides of a right-angled 
triangle, and the extremities of the adjacent sides be joined ; the 
triangles so ibrmed are equal to the given triangle and to each othet. 

42. If the sides of the square described on the hypothenuse of 
a right-angled triangle be produced to meet the sides (produced if 

d 



XXVI CONTENTS* 

necessary) of the squares described upon the legs ; they w31 cut off 
triangles equiangular and equal to the given triangle. 

43. If from the angular points of the squares described upon the 
sides of a right-angled triangle perpendiculars be let fall upon the 
hypothenuse produced ; they will cut off equal segments ; and the 
perpendiculars will together be equal to the hypothenuse. 

44. If on the two sides of a right-angled triangle squares be 
described ; the lines joining the acute angles of the triangle and the 
opposite angles of the squares will cut off equal segments from the 
sides : and each of these equal segments will be a mean proportional 
between the remaining segments.. 

45. If squares be described on the hypothenuse and sides of a 
right-angled triangle, and the extremities of the sides of the former 
and the adjacent sides of the others be joined ; the sum of the 
squares of the lines joining them will be equal to five times the 
square of the hypothenuse. 

• 46. If a line be drawn parallel to the base of a triangle, and 
terminated in the sides ; to draw a line cutting it, and terminated 
also by the sides, so that the rectangle contained by their segments 
may be equal. 

47. If the sides, or sides produced, of a triangle be cut by any 
line ; the solids formed by the segments which have not a common 
extremity are equal. 

48. If through any point within a triangle, three lines be drawn 
parallel to the sides ; the solids formed by the alternate segments of 
these lines are equal. 

49. if through any point within a triangle lines be drawn from 
the angles to cut the opposite sides ; the segments of any one side 
will be to each other in. the ratio compounded of the ratios of the 
segments of the other sides. 

• * 

50. If irom each of the angles of any triangle, a line J[)e drawn 
through any point within the triangle to the opposite side ; the solid 
formed by the segments thereof, intercepted between the angles and 
the point, will have to the solid formed by the three remaining 
segments, the same ratio that the solid formed by the three sides 
^f the triangle has to either of the (equal) solids formed by the 
alternate segments of the sides. 
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SECTION V. Page 153. 

1« A STRAIGHT line of given length, being drawn from the 
centre at right angles to the plane of a circle ; to determine that 
point in it which is equally distant from the upper end of the line» 
and the circumference of the circle. 

2. To determine a point in a line given in position, to which 
lines drawn from two given points may have the greatest difference 
possible. 

3. A straight line being divided in two given points ; to deter- 
mine a third such that its distances from the extremities may be 
proportional to its distances from the given points. 

4. In a straight line given in position, to determine a point, at 
which two straight lines drawn from given points on the same side, 
will contain the greatest angle. 

5. To determine the position of a pcMnt, at which lines drawn 
from three given points shall make with each other angles equal to 
given angles. 

6. To divide a straight line into two parts such that the rectangle 
contained by them may be equal to the^uare of their difference. 

7. If a straight line be divided into any two parts ; Ho produce it 
so that the rectangle contained by the whole line so produced and th^. 
part produced, may be equal to the rectangle contained by the given 
line and one segment. 

Cor. \. To produce the line, so that the rectangle contained by- 
the whole line and the part produced may be equal to the rectangle 
contained by two given lines. 

Cor. 2. To produce the line, so that the rectangle contained by 
the whole line produced and the part produced may be equal to a 
given square. 

8. To determine two lines such that the sum of their squares 
may be equal to a given square, and their rectangle equal to a given 
rectangle. 

9. To divide a straight line into two parts, so that the rectangle 
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contained by the whole and one of the parts may be equal to the 
square of a given h'ne, which is less than the line to be divided. 

10. To divide a given line into two such parts, that the rectangle 
contained by the whole line, and one of the parts may be (sn) times 
the sqnare of the other part ; (m) being whole or fractional. 

11. To divide a given line into two such parts, that the square 
of the one shall be equal to the rectangle contained by the other and 
a given line. 

l!2. A straight line being given in magnitude and position ; to 
draw to it, from a given point, two lines, whose rectangle shall be 
equal to a given rectangle, and which shall cut off equal segments 
from the given line. 

Id. To draw a straight line which shall touch a given circle, and 
make with a given line, an angle equal to a given angle. 

14. Through a given point to draw a line terminating in two 
lines given in position, so that the rectangle contained by the two 
parts may be equal to a given rectangle. 

15. From a given point to draw a line cutting two given parallel 
lines, so that the difference of its segments may be equal to a given 
line. 

1 6. From a given point Vithout a circle, to draw a straight line 
cutting the ctrcle, so that the rectangle contained by the part of it 
without, and the part within the circle shall be equal to a given 
square. 

17. From a given point in the circumference of a semicircle, to 
draw a straight line meeting the diameter, so that the difference 
between the squares of this line and a perpendicular to the diameter 
from the point of intersection may be equal to a given rectangle. 

18. From a given point to draw two lines to a third given in 
position, so tliat the rectangle contained by those lines may be equal 
to a given rectangle, and the difference of the angles which they 
make with that part of the third which is intercepted between them 
may be equal to a given angle. 

19. Two points being given without a given circle ; to determine 
a point in the circumference, from which lines drawn to the two 
given points shall contain th^ greatest possible angle. 
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' 30. jProm the bisection of a given arc of a circle, to drafi 
straight line such that the f»rt of it intercepted between the chord 
that and the opposite circumference shall be equal to a given straig 
line. 

21. To draw a straight line through a given point, so that t 
sum of the perpendiculars to -it from two other given points may 
equal to a given line. 

22. To draw a straight line through one of three points given 
position, so that the rectan^e contained by the perpendicuhurs 
foil upon it from the other two, may be equal to a given square. 

23. A given straight line being divided into two parts; to cut 
a part which shall be a mean proportional between the two remain! 
segments. 

24. To draw a straight line making a given angle with one of t 
sides of a given triangle, so that the triangle cut off may be to t 
whole in a given ratio. 

25. Between two given straight lines containing a given angle, 
place a straight line of given length, and subtending that angle, so tl 
the segment of the oue of them adjacent to the angle may be to t 
segment of the other which is not adjacent, in the ratio of two giv 
lines. 

26. From two given points to draw two lines to a point in a thii 
such that the difference of their squares may be equal to a giv 
square. 

27- To divide a given straight line into two such parts, that I 
square of one may be to the excess of a given rectangle above 1 
square of the other, in a given ratio. 

28. From any angle of a triangle, not isosceles about the an§ 
to draw a line without the triangle to the opposite side product 
which shall be a mean proportional between the segments of the si 

29. From the o}>tuse angle of any triangle, to draw a line witi 
the triangle to the opposite side, which shall be a mean proportioi 
between the segments of the side. 

3(kf,iiFrom the common extremity of the diameters of two sei 
circles, given in magnitude and position ; to draw a line meeting 
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circumfereuces so that the rectangle contained by the two chords 
may be equal to a given square* 

31. To draw a line parallel to a given line, which shall be termi- 
nated by two others given in position, so as to form with them a 
triangle equal to a given rectilineal figure. 

33. To bisect a triangle by a line drawn parallel to one of its 
sides. 

33. To divide a given triangle into any number of parts, having 
a given ratio to each other, by lines drawn parallel to one of the 
sides of the triangle. 

34. To divide a given triangle into any number of equal parts, 
by lines drawn parallel to a given line. 

35. To divide a trapezium, which has two sides parallel, into 
any number of equal parts, by lines drawn parallel to those sides. 

36. From one of the angular points of a given square, to draw 
a line meeting one of the opposite sides and the other produced, in 
such a manner, that the exterior triangle formed thereby may have 
a given ratio to the square. 

37* From a given point in the side produced of a given rectangu- 
lar parallelogram, to draw a line which shall cut the perpendicular 
sides and the other side produced, so that the trapezium cut off, 
which stands on the aforesaid side, may be to the triangle which 
stands upon the produced part of the opposite side, in a given ratio. 

38. Through a given point between two straight lines containing 
a given angle, to draw a line which shall cut off a triangle equal to 
a given figure. 

39. Between two lines given in position, to draw a line equal to 
a given line, so that the triangle thus formed may be equal to a 
given rectilineal figure. 

40. From two given lines to cut off two others, so that the re- 
mainder of one may have to the part cut off from the other, a given 
ratio; and the difference of the squares of the other remainder and 
part cut off from the first may be equal to a given square. 

41. From two given lines to cut off two others which shall have 
a given ratio, so that the difference of the squares of the reoMHnders 
may be equal to a given square. 
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42. From two given lines to cat off two others, so that the re- 
nainders may have a given ratio, and the sum of the squares of the 
parts cut off may be equal to the square of a given line. 

43. Two points being given in a given straight line ; to determine 
a third, such that the rectangles contained by its distances fironi each 
extremity and the given point adjacent to that extremity may be 
equal. 

44. Through the point of intersection of two given circles, to 
draw a line in such a manner, that the sum of the respective 
rectangles contained by the parts thereof, which are intercepted 
between the said point and their circumferences, and given lines 
A and B, may be equal to a given square. 

45. Through a given point, to draw an indefinite line such, that 
if lines be drawn from two other given points and forming given 
angles with it, the rectangle contained by the segments intercepted 
between the given point and the two lines so drawn, shall be equal to 
the square of a given line. 

46. Through a given point between two straight lines containing 
a given angle, to draw a line such that a perpendicular upon it from 
the given angle may have a given ratio to a line drawn from one ex- 
tremity* of it, parallel to a line given in position. 

47. Through a given point between two indefinite straight lines, 
not parallel to one another, to draw a line, which shall be terminated 
by them, so that the rectangle contained by its segments shall be less 
than the rectangle contained by the segments of any other line drawn 
through the same point. 



SECTION VI. Page 184. 

1. To describe an isosceles triangle on a given finite straight 
line. 

2. To describe a square which shall be equal to thje difference 
of two squares, whose sides are given. 

Cor. Hence a mean proportional between the sum and difference 
of two given lines may be determined. 
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3. To describe a rectangular paraUelograin, whioli tl|^ be equal 
to a given square, -and have its adjacent sides together equal to a 
given line. 

4. To describe a rectangular parallelogram, which shall be equal 
lo a given square, and have the difference of its adjacent sides equal 
to a given line. 

5. To describe a triangle, which shall be equal to a given equi« 
lateral and equiangular pentagon, and of the same altitude. 

6. To describe an equilateral triangle, equal to a given isosceles 
triangle. 

7. To describe a parallelogram, the area and perimeter of which 
shall be respectively equal to the area and perimeter of a given 
triangle. 

8. To describe a parallelogram, which shall be of given altitude, 
and equiangular and equal to a given parallelogram. 

9. To describe a square which shall be equal to the sum of any 
number of given squares. 

10. Having given the difference between the diameter and side 
of a square ; to describe the square. 

11. To divide a circle into any number of coucentria equal 
annuli. 

Cob. To divide it into annuli which shall have a given ratio. 

12. In any quadrilateral figure circumscribing a circle, the oppo- 
site sides are equal to half the perimeter. 

13. If tlie opposite angles of a quadrilateral figure be equal to 
two right angles, a circle may be described about it. 

14. A quadrilateral figure may have a circle described about it, 
if the rectangles contained by the segments of the diagonals be equal. 

15. If from any point within a regular figure circumscribed about 
a circle, perpendiculars be drawn to the sides ; they will together be 
equal to that multiple of the semi-diameter which is expressed by the 
number of the sides of the figure. 

' l6. If the radius of a circle be cut in extreme and mean ratio ; 

the greater segment will be equal to the side of an equilateral and 
equiangular decagon inscribed in that circle. 
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17. Any segment of a circle being described on the base of a 
triangle ; to describe on the other sides segments similar to that on 
the base. 

18. If an equilateral triangle be inscribed in a circle ; the square 
described on a side thereof is equal to three times the square 
described upon the radius. 

19. To inscribe a square in a given right-angled isosceles triangle. 

20. To inscribe a square In a given quadrant of a circle. 

21. To inscribe a square in a given semicircle. 

• ■ 

22. To inscribe a square in a given segmedt of a circle. 

23. Having given the distance of the centres of two equal circles 
which cut each other; to inscribe a square in the space included 

• between the two circumferences. 

24. In a given segment of a circle to inscribe a rectangular 
parallelogram^ whose sides shall have a given ratio. 

25. In a given circle to inscribe a rectangular parallelogram 
equal to a given rectilineal figure. 

26. In a given segment of a circle to inscribe an isosceles 
triangle, such that its vertex may be in the middle of the chord, and 
the base and perpendicular together equal to a given luie. 

27* In a given triangle, to inscribe a parallelogram similar to a 
given parallelogram. 

28. In a given triangle, to inscribe a triangle similar to a given 
triangle. 

29. In a given equilateral and equiangular pentagon, to inscribe 
a square. 

30. In a given triangle, to inscribe a rhombus, one of whose 
angles shall be in a given point in the side of the triangle. 

31. To inscribe a circle in a given quadrant. 

32. To describe a circle, the circumfei^nce of which shall pass 
through a given point, and touch a given straight line in a given 

. point. 

33. To describe a circle, which shall pass through a given point, 
have a given radius, and touch a given straight line. 

e 
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34. To describe a circle^ which shall pass through two gtvea 
points, and touch a giyen straight line. 

35. To describe a circle, the circumference of which shall pass 
through a given point, and touch a cirde in a given point ; the two 
points not being in a tangent to the given circle. 

36. To describe a circle, the centre of which may be In the per- 
pendicular of a given right-angled triangle, and the circumference 
pass through the right angle and touch the hypothenuse. 

37. To describe a circle, which shall pass through the extremitiea 
of a given line, so th»t if from any point in its circumference a line 
be drawn making a given angle with the given line ; the rectangle 
contained by the segment it cuts off and the given line, may be 
equal to the square of the line drawn from the same point to the 
farther extremity of the given line. 

38. ^o determine a point in the perpendicular let fall from the 
vertical angle of any triangle on the base ; about which as a centre a 
circle may be described touching the longer side, and passing through 
the opposite angular point. 

39* To describe a circle which shall have a given radius, its 
centre iu a given straight line, and shall also touch another given 
straight line inclined at a given angle to the former. 

40. To describe a circle which shall touch a straight line in a 
given point, and also touch a giveu circle. 

41. To describe two circles, each having a given radius, which 
shall touch each other, and the same gi\en straight line on the same 
side of it. 

42. To describe a circle jNissing through two given points, and 
touching a given circle. 

43. To describe a circle which shall pass through a given point, 
and touch a given circle and a given straight line. 

4i. To describe a circle which shaU touch a straight line and 
two circles given in magnitude and position. 

45. To descri)^ a circle which shall touch two given straight 
lines, and pass through a given point between them. 

46. To describe a circle which shall touch two given straight 
lines, and also totieh a given circle. 
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47. To describe a circle which shall touch a circle and straight 
line, both given in positioDy and have its centre also in a given 
straight line. ^ 

48. Through two given points within a given drcle, to descnfoe 
a circle, which shall bisect the circumference of the other. 

49. Through two given points without a given circle, to describe 
a circle which shall cut off from the one, an arc equal to a given arc. 

50. To describe three circles of equal diameters, which shall 
touch each other. 

51. Every thing remaining as in the last proposition ; to describe 
a circle which shall touch the three circles. 

52. To determine how many equal tircles may be described 
round another circle of the same diameter, touching each other and 
the interior circle. 

53» From a given rectangular parallelogram to cut off a gnomon, 
whose breadth shall be every where the same, and. whose area shall 
be to that of the parallelogram in any given ratio. 

54. To describe a triangle equal to a given rectilinear figure, 
having its vertex in a giyen point in a side of the figure, and its base 
in the base '(produced if necessary) of the figure. 

55. On the base of a given triangle to describe a quadrilateral 
figure equal to the triangle, and having two of its sides parallel, one 
of them being the base of the triangle ; and one of its angles being 
an angle at the base, and the other equal to a given angle. 

56. A trapezium being given, two of whose sides are parallel ; 
to describe on one of those sides another trapesium, having its oppo- 
site side also parallel to this, one of the angles at the base the same 
as the former, and the other equal to a given angle. 

57* If with any point in the circumference of a circle as centre, 
and distance from its centre as radius, a circular arc be described ; 
and any two chords be drawn, one fix>m the centre of the circular 
are, and the other through the point where this cuts the arc, and 
parallel to the line joining the centres ; the segments of each chord 
intercepted between the circumferences which are concave to each 
other, will be equal respectively to those of the other between the 
other circumlerences. 
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58. If the diagonals of an equilateral and equiangular pentagon 
be drawn to cut one another, the greater segments will be equal to 
the side of the pentagon ; and the diagonals ottt each other in ex- 
treme and mean ratio. 

59. If the sides of a triangle inscribed in the segment of a circle 
be produced to meet lines drawn from the extremities of the base, 
forming with it angles equal to the angle in the segment; the 
rectangle contained by these lines will be equal to the square de- 
scribed on the base. 

60. If two triangles (one of them right-angled) have the same 
base and altitude, and the hypothenuse intersect a line which is 
drawn bisecting the right angle ; a line passing through this point of 
intersection parallel to the base, and terminated by the sides of the 
other triangle, shall be a side of the square inscribed within it. 

61. If on the side of a rectangular parallelogram, as a diameter, 
a semicircle be described, and from any point in the circumference 
lines be drawn through its extremities to meet the opposite side pro- 
duced ; the altitude of the parallelogram will be a mean proportional 
between the segments cut off. 

62. If on the diameter of a semicircle a rectangular parallelogram 
be described, whose altitude is equal to the chord of half the 
semicircle, and lines drawn from any point in the circumference to 
the extremities of the base intersect the diameter, the squares of the 
distances of each point of section from the farthest extremity of the 
diameter will be together equal to the square of the diameter. 

Cor. The square of the part of the diameter intercepted between 
the two lines drawn from the point in the semioircle is double of the 
rectangle contained by the two extreme segments. 

63. If on the radius drawn from the point of contact of a circle 
and its circumscribed square, another circle be described ; and from 
any point in the outer circumference a line be drawn through its 
centre to the inner circumference, and through the same point 
another line be drawn parallel to the common tangent to the circles, 
and terminated by the side of the square and its diagonal ; these two 
lines are equal. 

64. If two sides^ of a trapezium inscribed in a circle be pro* 
duced, and from the same point in one side produced, a line be 
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drawn parallel to the pther, intersecting the acyacent side of the 
trapesium, and a second line to the extremity of that other inter- 
secting the circumference : the line joining the two points of inter- 
section will pass through the same point. 

65. If the diagonals of a quadrilateral figure inscribed in a circle, 
cut each other at right angles ; the rectangles contained by the oppo- 
site sides are together double of the quadrilateral figure. 

66, If a rectangular parallelogram be inscribed in a right-angled 
triangle, and they have the right angle common ; the rectangle con- 
tained by the segments of the hypothenuse b equal to the sum of the 
rectangles contained by the segments of the sides about the right 
angle. 

67* If on the diameter of a semicircle two equal circles be de- 
scribed, and in the curvilinear space included by the three circum- 
ferences a circle be inscribed ; its diameter will be to that of the 
equal circles in the proportion of two to three. 

68. If through the middle point of any chord of a circle two 
chords be drawn ; the lines joining their extremities will intersect 
the first chord at equal distances from the middle point. 

69- The longest side of a trapezium being given, and made the 
diameter of the circumscribed circle ; also the distance between its 
extremity and the intersection of the opposite side produced to meet 
it, and the angle formed by the intersection of the diagonals : to 
construct the trapezium. 

70. The diagonals of a quadrilateral figure inscribed in a circle 
are to one another as the sums of the rectangles of the sides which 
meet their extremities. 

71. The square described on the side of an equilateral and equi- 
angular pentagon inscribed in a circle, is equal to the sum of the 
squares of the side of a regular hexagon and decagon inscribed in the 
same circle. 

72. If the opposite sides of an irregular hexagon inscribe(l in a 
circle be produced till they meet ; the three points of intersection 
will be in the same straight line. 
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SECTION VIL Page 232. 

1. The vertical angle of an oblique-angled triangle inscribed in 
a circle, is greater or less than a right angle, by the angle contahied 
by the base and the diameter drawn from the extremity of the base. 

2. If from the vertex of an isosceles triangle a circle be described 
with a radius less than one of the equal sides, but greater than the 
perpendicular; the parts of the base cut off by it will be equal. 

3. If a circle be inscribed in a right-angled triangle; the differ* 
ence between the two sides containing the right angle and the 
hypotbenuse, is equal to the diameter of the circle. 

4. If a semicircle be inscribed in a right-angled triangle so as to 
touch the hypothenuse and perpendicular, and from the extremity of 
its diameter a line be drawn through the point of contact, to meet 
the perpendicular produced ; the part produced will be equal to the 
perpendicular. 

5. If the base of any triangle be bisected by the diameter of its 
circumscribing circle* and from the extremity of that diameter a per- 
pendicular be let fiiU upon the longer side; it will divide that side 
into segments, one of which will be equal to half the sum, and the 
other to half the difference of the sides. 

6. The same supposition being made as in the last proposition ; 
if from the point where the perpendicular meets the longer side, 
another perpendicular be let fall on the line bisecting the vertical 
angle; it will pass through the middle of the base. 

7. If a point be taken without a circle, and from it tangents be 
drawn to the circle, and another point be taken in the circumference 
between the two tangents, and a tangent be drawn to it ; the sum of 
the sides of the triangle thus formed is equal to the sum of the two 
tangents. 

8. Of all triangles on the same base and between the same 
parallels, the isosceles has the greatest vertical angle. 

Cor. Of all triangles on the same base, and having the same 
vertical angle, the isosceles is the greatest. 

9. If through the vertex of an equilateral triangle a perpendicular 
be drawn to the side^ meeting a perpendicular to the base drawn 
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from its extremity ; the line intercepted between the vertex and the 
hitter perpendicuhir is equal to the radius of the circnmscribing 
circle. 

10. If a triangle be inscribed in a semicircle, and a perpen- 
dicular drawn from, any point In the diameter meeting one side, the 
drcumference, and the other side produced ; the segments cut off 
will be in contmued proportion. 

11. If a triangle be inscribed in a semicircle, and one side be 
equal to the semidiameter; the other side will be a mean proportional 
between that side and a line equal to that side and the diameter 
together. 

12. If a circle be inscribed in a right-angled triangle; to deter^ 
mine the least angle that can be formed by two lines drawn from the 
extremity of the hypothenuse to the circumference of the circle. 

13. If an equilateral triangle be inscribed in a circle, and through 
the angular points another be circumscribed ; to determine the ratio 
which they bear to each other. 

14. A straight line drawn from the vertex of an equilateral 
triangle inscribed in a circle to any point in the opposite circum- 
ference, is equal to the two lines together, which are drawn from 
the extremities of the base to the same point. 

15. If the base of a triangle be produced both ways, so that each 
part produced may be equal to the a^acent side, and through the 
extremities of the parts produced and the vertex a circle be de- 
scribed ; the line joining its centre and the vertex of the triangle 
will bisect the angle at the vertex. 

16. If an isosceles triangle be inscribed in a circle, and from the 
vertical angle a line be drawn meeting tlie circumference and the 
base ; eidier equal side is a mean proportional between the segments 
of the line thus drawn. 

17. If from the extremities of one of the equal sides of an 
isosceles triangle inscribed in a circle, tangents be drawn to the circle 
and produced to meet ; two lines drawn to any point in the circum- 
ference from the poiqt of concourse and one point of contact, will 
divide the base (produced if necessary) in geometrical proportion. 

1 8. If on the sides of a triangle segments of circles be described 
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similar to a segment on the base, and from the extremities of the 
base tangents be drawn intersecting their circumferences ; the points 
of intersection and the vertex of the triangle will be in the same 
straight line. 

19. The centre of the circle which will touch two semicircles 
described on the ^ides of a right-angled triangle is in the middle 
point of the hypothenuse. 

Cor. Its diameter will be equal to the sides together. 

20. If on the three sides of a right-angled triangle semicircles be 
described, and with the centres of those described on the sides^ 
circles be described touching that described on the base ; they will 
also touch the other semicircles. 

21. If from any point in the circumference of a circle perpen* 
diculars be drawn to the sides of the inscribed triangle ; the three 
points of intersection will be in the same straight line. 

22. The base of a right-angled triangle not being greater than 
the perpendicular; if on any line drawn from the vertex to the base 
a semicircle be described, and a chord equal to the perpendicular 
placed in it, and bisected ; the point of bisection will always fall 
within the triangle. 

23. The straight line bisecting any angle of a triangle inscribed 
in a given circle, cuts the circumference in a point, which is equi- 
distant from the extremities of the side opposite to the bisected 
angle, and from the centre of a circle inscribed in the triangle. 

24. The perpendicular from the vertex on the base of an equi- 
lateral triangle is equal to the side of an equilateral triangle inscribed 

' in a circle whose diameter is the base. 

25. If an equilateral triangle be inscribed in a circle, and the 
adjacent arcs cut off by two of its sides be. bisected ; the line joining 
the points of bisection will be trisected by the sides. 

26. If any triangle be inscribed in a circle, and from the vertex 
a line be drawn parallel to a tangent at .either extremity of the base; 
this line will be a fourth proportional to the base and two sides. 

27* If a triangle be inscribed in a circle, . and from its vertex 
lines be drawn parallel to tangents at the extremities of its base; they 
will cut off similar triangles.. 
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Cor. 1. The rectangle contamed by the segments of the. base 
adjacent to the angles is equal* to the square of either line drawn 
from the vertex. 

Cor. 2. Those segments are abo in the duplicate ratio of the 
adjacent sides. 

28. If one circle be' circumscribed and another inscribed in a 
given triangle, and a line be drawn from the vertical angle to the 
centre of the inner, and produced to the circumference of the outer 
circle ; the whole -line thus produced has to the part produced the 
same ratio that the sum of the sides of the triangle has to the base. 

29- If in a right4ingled' triangle, a perpendicular be drawn from 
the right angle to the hypothenuse, and circles inscribed within the 
triangles on each side of it ; their diameters will be to each other as 
the subtending sides of the right-angled triangle. 

30. To find the locus of the vertex of a triangle, whose base and 
ratio of the other two sides are given. 

31. A given straight line being divided into any three parts; to 
determine a point such, that lines drawn to the points of section and 
to the extremities of the line shall contain three equal angles. 

32. If two equal lines touch two unequal circles* and from the 
extremities of them lines containing equal angles be drawn cutting 

. the circles, and the points of section joined ; the triangles so formed 
will be reciprocally proportional. 

33. If from an angle of a triangle a line be drawn to cut the 
opposite side, so that the rectangle contained by the sides including 
the angle be equal to the rectangle contained by the segments of the 
side together with the square of the line so drawn ; that line bisects 
the angle. 

3i. In any triangle, if perpendiculars be drawn from the angles 
to the opposite sides, they will all meet in a point. 

35. If from the extremities of the base of any triangle, two per- 
pendiculars be let fall on the line bisectuig the vertical angle ; and 
through the points where they meet that line, and the point in the 
base, whereon the perpendicular from the vertical angle falls, a circle 
be described ; that circle will bisect the base of the triangle. 

36. If from one of the angles of a triangle a straight line be 

/ 
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drmwn through the centre of its inscribed circle, and a perpendicular 
be drawn to this line from one of the other angles; the point of 
intersection of the perpendicular, and the two points of contact of 
the inscribed circle which are adjacent to the remaining angle, are in 
the same straight' line. 

37- If from the three angles of any triangle three straight lines 
be drawn to the points where the inscribed circle touches the sides ; 
these lines shall intersect each other in the same point. 

38. If three circles touch each other, two of which are equal ; 
the vertical angle of tlie triangle formed by joining the points of con- 
tact, it equal to either of the angles at the base of the triangle, Which 
is formed by jmnlng theii* centres. 

39. If three equal circles touch each other ; to compare the area 
of the triangle formed by joining their centres with the area of the 
triangle formed by joining the points of contact. 

40. If four straight lines intersect each other, and form four 
triangles; the circles which circumscribe them •will pass through one 
and the same point. 

41. Having given the base and vertical angle of a triangle; to 
determine the locus of the extremity of the line, which always bisects 
the vertical angle, and is equal to half the sum of the sides contain- 
ing that angle. 

42. If from the extremities of the base of a triangle inscribed in 
a circle, perpendiculars be drawn to the opposite sides, intersecting 
a diameter which is perpendicular to the base ; the segments of the 
diameter intercepted between these points and a point in it, whose 
distance from the base is equal to the lesser segment of the diameter 
made by the base, will be to one another in the ratio of the sides of 
the triangle. 

43. If the exterior angle of a triangle be bisected by a straight 
line which cuts the base produced ; the square of the bisecting line 
is equal to the difference of the rectangles of the segments of the base 
and of the sides of the triangle. 
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SECTION VIII. Page 263. 

1. If from the centfb of a circle a line be drawn to any pcSnt hi 
the chord of an arc ; the square of that line together with the rectangle 
contained by the segments <lf the chord will be equal to the sqqare 
descfib^ on the radius. 

2. If two straight lines in a circle cut each other at right angles ; 
the sums of the squares of the two lines joining their extremities will 
be equal. 

3. If two points be taken in the diameter of a circle, equidistant 
from the centre ; the sum of the squares of the two lines drawn from 
these points to any point in the circumference will be always the 
same. 

4. If from any poinl in the diameter of a semicircle there be 
drawn two straight lines to th^ circumference, one to its point of 
bisection, and the other at right angles to the diameter ; the squares 
of these two lines are together double of the square of the ^ni- 
diameter. 

5. If a straight line be drawn at right angles to the .diameter of 
a circle, and be cut by any other line ; the rectangle contacted by the 
•egments of this cutting line, together with the square of that part of 
the perpendicular line which is intercepted between it and the 
diameter, is always of the same magnitude. 

6. A straight line being drawn horn the centre of a quadrant, 
bisecting the arc and meeting a tangent drawn from one extremity : 
if from any point in the bounding radius a line be drawn .parallel to 
4he tangent; the sum of the squares of the segments of it, cut off by 
the aforesaid line and by the circumference will be equal to the 
•quare of the radius. 

7. If from a point without a circle there be drawD two straight 
lines, one of which is perpendicular to a diameter, and the other 
cuts the circle; the square of the perpendicular is equal to the 
rectangle contained by the whole cutting line and the part without 
the circle, together with fhe rectangle contained by the segments of 
4he diameter. 

d. If any straight line be drawn perpendicular to the diameter of 
a given circle, and produced to cut any chord ; the rectangle con- 
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tained by the segments of the diameter will be less or greater than 
the rectangle contained by the segments of the chord, by the square 
of the line intercepted between them, according as it is drawn without 
or within the circle. 

9. If a diameter of a circle be pr^uced to bisect a line at right 
angles, the length of which is the double of a mean proportional 
between the whole line through the centre and the part without the 
circle ; and from any point in the double of the mean proportional 
a line be drawn cutting the circle ; th^ sum of the squares of the 
segments of the double mean proportional will be equal to twice the 
rectangle contained by thb cutting line and the .part without the 
circle. 

10. If from a point without a circle two straight lines be drawn, 
one through the centre to the circumference, and the other perpen- 
dicular to it, and on the former a mean proportional be taken 
between the whole line and the paft without the circle ; any other 
line passing through that extremity of the mean proportional which is 
within the circle, and terminated by the drcuinferenoe and perpen- 
dicular, will be similarly divided. 

11. If a chord be drawn parallel to the diameter of a circle, and 
from any point in the diameter lines be drawn to its extremities ; the 
sum of their squares will be equal- to the sum of the squares of the 
segments of the diameter. ^ 

12. If through a point within or without a circle, two straight 
lines be drawn at right angles to each other, and meeting the cir- 
cumference ; the squares of the segments of them are together equal 
to the square of the diameter. 

13. If from a point without a circle there be drawn two straight 
lines, one of which touches the circle and the other cuts it, and 
from the point of contact a perpendicular be drawn to the diameter; 
the square of the line which touches the circle is equal to the square 
of that part of the cutting line which b intercepted by the perpen- 
dicular, together with the rectangle contained by the segments of 
that part of it which is within the circle. 

14. A straight line drawn from the concourse of two tangents to 
the concave circumference of a circle is divided harmonically by the 
convex circumference and the chord which joins 'the points of 
contact. 
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15. If from the extremities of any chord in a circle straight lines 
be drawn to any point in the circumference meeting a diameter per- 
pendicular to the chord ; the rectangle contained by the distances of 
their points of intersection from the centre is equal to the square 
described upon the radius. 

16. If firom any point in the base» or base produced, of the seg- 
ment of a circle, a line be drawn making therewith an angle equal to 
the angle in th# segment^ and from the extremity of the base any line 
be drawn to the former, and cutting the circumference ; the rectangle 
contained by this line and the part of it within the segment is always 
of the same magnitude. 

17. To determine the locus of the extremities of any number of 
straight lines drawn from a given point, so that the rectangle con- 
tained by each and a segment cut off from each by a line given m 
position may be equal to a given rectangle. 

18. If from a given point two straight lines be drawn containing 
a given angl^ and such that their rectangle may be equal to a given 
rectilineal figure, and one of them be terminated by a straight line 
given in position ; to determine the locus of the extremity of the 
other. 

19. If from tlie vertical angle of a triangle two lines' be drawn to 
the base making equal angles with the adjacent sides ; the squares of 
those sides will be proportional to the rectangles contained by the 
adjacent segments of the base. 

20. If a line placed in one circle be made the diameter of a 
second, the circumference of the latter passing through the centre of 
the former, and any chord in the former circle be drawn through this 
diameter perpendicularly ; the rectangle contained by the segments 
made by the circumference of the latter circle will be equal to that 
contained by the whole diameter and a mean proportional between 
its segments. 

21. If semicircles be described on the segments of the base made ^ 
by a perpendicular drawn from the right angle of a triangle ; they 
will cut off from the sides, segments which will be in the triplicate 
ratio of the sides. 

22. If from an^ point in the diameter of a semicircle a perpen- 
dicular be drmvq, and from the extremities of the diameter lines be 
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drawn to any point in the circumference, and meeting the perpen- 
dicular ; the rectangle contained by the segments which they cut off 
from the perpendicular, will be equal to the rectangle contained by 
the segments of the diameter. 

23. If from the point of bisection and any other point in a given 
arc of a circle, two parallel lines be drawn, the former terminated 
by the circumference, the latter by the chord of the arc ; the rect* 
angle contained by these two lines will be equal to that contained by 
the lines which join the latter point with each extremity of the given 
arc. 

24. If two circles cut each other, and from either point of inter- 
section lines be drawn meeting both circumferences ; the rectangles 
contained by the segments of these lines are to one another In the 
ratio of the perpendiculars drawn from their intersection with the 
inner circumferences upon the line joining the intersections of the 
circles. 

25. If on opposite sides of any point in the chord of a circle, two 
lines be taken, one terminating in the chord the other in the chord 
produced, whose rectangle is equal to that contained by the segments 
of the chord ; and the extremities of the lines so taken be joined to 
those of any other chord passing through the same point ; the line 
joining their intersections of the circle will be parallel to the first 
chord. 

26. If from two points without a circle two tangents be drawn, 
the sum of the squares of which is equal to the square of the line 
joining those points ; and from one of them a line be drawn .cutting 
the circle, and two lines from the other point to the intersections with 
the circumference ; the points in which these two lines cut the circle, 
are in the same straight line with the former point. 

27. If from the vertex of a triangle there be drawn a line to any 
point in the base, from which point lines are drawn parall.el to the 
sides ; the sum of the rectangles of each side and its segment adja- 
cent to the vertex will be equal to the square of the line drawn from 
the vertex, together with the rectangle contained by the segments of 
the base. 

28. If on the chord of a quadrantal arc a semicircle be described ; 
the area of the lune so formed will be equal to the area of the triangle 
formed by the chord and terminating radii of the quadhmt. 
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29- If irom the extremities of the side of a square circles be 
described with radii equal, the former to the side and the latter to 
the diagonal of the square; the area of the lune so formed ¥riU be 
equal to the area of the square. 

30. If on the sides of a triangle inscribed in a circle, semicircles 
be described ; the two lunes formed thereby will together be equal 
to the area of the triangle. 

31. If on the two longer sides of a rectangular parallelogram as 
diameters, two semicircles be described towards the same parts ; the 
figure contained by the two remaining sides of the parallelogram and 
the two circumferences shall be equal, to the parallelogram. 

32. If two points be taken at equal distances from the extremities 
of a quadrapt, and perpendiculars be drawn firom these points to the 
radius; the mixtilinear space cut off, shall be equal to the sector 
which stands on the arc between them. 

33. If the arc of a semicircle be trisected, and from the points of 
section fines be drawn to either extremity of the diameter ; , the 
difference of the two segments thus made will be equal to the sector 
which stands on either of the arcs. 

34. If a straight line be placed in a circle, and on the r^ns 
passing through one extremity, as a diameter, another circle be de- 
scribed ; the segments of the two circles cut off by the above straight 
line will be similar, and in the ratio of four to one. 

35. If on any two segments of the diameter of a semicircle semi- 
circles be described ; the area included between the three circum- 
ferences will be equal to the area of a circle whose diameter is a 
mean proportional between the segments. 

36. if die diameter of a semicircle be divided into any number 
of parts, and on them semicircles be described ; their circumferences 
will together be equal to the circumference of the given semicircle. 

37. If two equal circles cut each other, and from either point of 
section a line be drawn meeting the two circumferences ; the area 
cut off by the part of this line between the two circumferences will 
be equal to the area of the triangle contained by that part and lines 
drawn to its extremities from the other point of section^ 

38. If two equal circles touch each other externally, and through 
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the point of contact another be described with the same radius ; the 
area contained by the convex circumferences cut oflf from the touch- 
ing circles, and the part of the third without them, is equal to the 
area of the quadrilateral ligure formed by lines drawn from the points 
of intersection to the point of contact, and to the point where the 
third circle is cut by a tangent drawn to the point of contact of the 
two circles. 

39. If a straight line be divided into any two parts, and upon 
the whole and the two parts semicircles be described ; and from the 
point of section a perpendicular be drawn, on each side of which 
circles are described touching it and the semicircles ; these circles 
will be equal. 



SECTION IX. Page 29 1. 

1. OivEN one angle, a side adjacent to it, and the difference of 
the other two sides; to construct the triangle. 

2. Given one angle, a side opposite to it, and the difference of 
the qtber two sides ; to construct the triangle. 

3. Given the base, and one of the angles at the base ; to con- 
struct the triangle when the side opposite to the given angle is equal 
to half the sum of the other side and a given Ime. 

4. Given the base of a right-angled triangle, and the sum of the 
hypothenuse and a straight line^ to which the perpendicular has 
a given ratio ; to construct the triangle. 

5. Given the perpendicular drawn from the vertical angle to the 
base, and the difference between each side and the adjacent segment 
of the base made by the perpendicular ; to construct the triangle. 

6*. Given the vertical angle, and the base; to construct the 
triangle when the line drawn from the vertex cutting the base in any 
given ratio, bisects the vertical angle. 

7. Given the vertical angle, and one of the sides containing it; 
to construct the triangle, when the line drawn from the vertex 
making a given angle with the base, bisects the triangle. 



CONTENTS. xlix 

8. Given one angle, a side opposite to it, and the sum of the 
other two sides; to construct the triangle. 

9. Given the vertical angle, the line bisecting the base, and the 
angle which the bisecting line makes with the base ; to construct the 
triangle. 

10. Given the vertical angle, the perpendicular drawn from it to 
the base, and the ratio of the segments of the base made by it ; to 
construct the triangle. 

■ V 

11. Given the vertical angle, the base, and a line drawn from 
either of the angles at the base to cut the opposite side in a giv«n 
ratio ; to construct the triangle. 

12. Given the perpendicular, the line bisecting the vertical angle, 
and the line bisecting the base ; to construct the triangle. 

13. Given the line bisecting the vertical angle, the line bisecting 
the base, and the difference of the angles at the base ; to construct 
the triangle. 

14. Given the vertical angle, and the line drawn to the base 
bisecting the angle, and the difference between the base and the sum 
of the sides ; to construct the triangle. 

15. Given the line bisecting the vertical angle, the perpendicular 
drawn to it from One of the angles at the base, and the other angle at 
the base ; to construct the triangle. 

16. Given the line bisecting the vertical angle, and the perpen< 
diculars drawn to that line from the extremities of the base ; to 
construct the triangle. 

17. Given the vertical angle, the difference of the two sides con- 
taining it, and the difference of the segments of the base made by 
a perpendicular from the vertex; to construct the triangle. 

18. Given the base, and vertical angle ; to construct the triangle, 
when the square of one side is equal to the square of the base, and 
three times the square of the other side. 

19. Given the base and perpendicular; to construct the triangle, 
when the rectangle contained by the sides is equal to twice the 
rectangle contained by the segments of the base made by the line 
bisecting the vertical angle. 

g 
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20. In a right-angled triangle, having given the sum of the base 
and hypothenuse, and the sum of the base and perpendicular; to 
construct the triangle. 

21. Given the perimeter of a right-angled triangle whose sides 
are in geometrical progression ; to construct the triangle. 

22. Given the difference of the angles at the base, the ratio of 
the segments of the base made by the perpendicular, and the sum of 
the sides ; to construct the triangle. 

23. Given the difference of the angles at the base, the ratio of 
the sides, and the length of a third proportional to the difference of 
the segments of the base made by a perpendicular from the vertex 
and the shorter side ; to construct the triangle. 

24. Given the base of a right-angled triangle; to construct it, 
when parts, equal to given lines, being cut off from the hypothenuse 
and perpendicular, the remainders have a given ratio. 

25. Given one angle of a triaugle, and the sums of each of the 
sides containing it and the third side ; to construct the triangle. 

26. Given the vertical angle, and the ratio of .the sides contain- 
ing it, as also the diameter of the circumscribing circle ; to construct 
the triangle. 

27. Given the vertical angle, and the radii of the inscribed and 
circumscribing circles ; to construct the triangle. 

28. Given the vertical angle, the radius of the inscribed circle, 
and the rectangle contained by the straight lines drawn from the 
centre of that circle to the angles at the base ; to construct the 
triangle. 

29' Given the base, one of the angles at the base, and the point 
in which the diameter of the circumscribing circle drawn from the 
vertex meets the base ; to construct the triangle. 

30. Given the vertical angle, the base, and the difference between 
two lines drawn from the centre of the inscribed circle to the angles 
at the base ; to construct the triangle. 

31. Given that segment of the line bisecting the vertical angle 
which is intercepted by perpendiculars let fall upon it from the angles 
at the base ; the ratio of the sides ; and the ratio of the radius of the , 
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inscribed circle to *tlie segment of the base which is intercepted 
between the line bisecting the vertical angle and the point of contact 
of the inscribed circle ; to construct the triangle. 

32. Given the line bisecting the vertical angle, and the differences 
between each side and the adjacent segment of the base made by the 
bisecting line ; to construct the triangle. 

33. Given one of the angles at the base, the side opposite to it, 
and the rectangle contained by the base and that segment of it made 
by the perpendicular which is adjacent to the given angle ; to con- 
struct the triangle. 

34. Given the vertical angle, and the lengths of two lines drawn 
from the extremities of the base to the points of bisection of the 
sides ; to construct the triangle. 

35. Given the lengths of three lines drawn from the angles to the 
points of bisection of the opposite sides ; to construct the triangle. 

36. Given the segments of the base made by the perpendicular, 
and one of the angles at the base triple the other ; to construct the 
triangle. 

37* The area and hypothenuse of a right-angled triangle being 
given ; to construct the triangle. 

38. Given one angle, and a line drawn from one of the others 
bisecting the side opposite to it ; to construct the triangle, when the 
area is also given. 

39. In two similar right-angled triangles, the sum of the base of 
one and perpendicular of the other is given ; to determine the 
triangles such that their hypothenuses may contain the right angle of 
another triangle similar to them, and the sum of the three areas may 
be equal to a given area. 

40. Given the vertical angle, the area, and the distance between 
the centres of the inscribed circle and the circle which touches the 
base and the t|vo sides produced ; to construct the triangle. 

41. Given the area, the line from the vertex dividing the base 
into segments which have a given ratio, and either of the angles at 
the base ; to construct the triangle. 
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42. Given the difference between the segments of the base made 
by the perpendicular, the sum of the squares of the sides, and the 
area ; to construct the triangle. 

43. Given the base, one of the angles at the base/ and the differ- 
ence between the side opposite to it and the perpendicuhir ; to 
construct the triangle. 

44. Given the vertical angle, the difference of the base and one 
side, and the sum of the perpendicular drawn from the angle at the 
base contiguous to that side upon the opposite side and the segment 
cut off by it from that opposite side contiguous to the other angle at 
the base ; to construct the triangle. 

45. Given the base, the difference of the sides, and the segment 
intercepted between the vertex and a perpendicular from one of the 
angles at the base upon the opposite side ; to construct the triangle. 

46. Given the vertical angle, the side of the inscribed square^ 
and the rectangle contained by one side and its segment adjacent to 
the base made by the angular point of the inscribed square; to 
construct the triangle. 
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Sect. I. 

(1.) From a given point, to draw the shortest line 
possible to a given straight line. 

Let A be the given point, and BD 
the given line. From A let fall the 
perpendrcular AC\ this will be less 
than any other line AD drawn from 
A to BD. B — 

For since AC is perpendicular to BD, the angle 
ACD is a right angle^ therefore the angle ADC is less 
than a right angle (EucK i. 32.) and consequently less 
than ACD. But the greater angle is subtended by the 
greater side (Eucl. i. 19.); therefore AD is greater than 
AC. In the same manner every other line drawn from 
A to BD may be shewn to be greater than AC ; there- 
fore AC is the least. 



(2.) If a perpendicular be drawn bi secHnft a\ 
straight Une; any point in this pet] 
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distances, and any point witJiout the perpendicular is at 

unequal distances from th^^xtremities of the line. 

' * '* . 
From C the ppyit of bisection let 

CD be drawn af-itgKt angles to AB\ 

any point A. is M* equal distances from 

A and B.r. 

idin AD, DB. Since AC = CB 
^^i**.CD is common^ and the angle 
JtiSj) = BCD being right angles, AD 
*'^DB. And the same may be proved of lines drawn 
from any other point in CD to A and B. 

But if a point E be taken which is not in CD, join 
EA cutting the perpendicular in D ; join EB, DB. 
Then AD = DB from the first part, and AE is equal to 
ADy DE, that is, to BD, DE, and is therefore greater 
than BE J (Eiucl. i. 20.) ; therefore, &c. 
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(3.) Through a given point to draw a straight line 
which shall make equal angles with two straight lines 
given in position. 

m 

Let P be the given point, and 
BEy CF the lines given in position. 
Produce BE, CF to meet in A, and 
bisect the angle BAG by the line c 
AD. From P let fall the perpendicular PD, and pro- 
duce it botli ways to E and F. It will be the line re- 
quired. 

For the angle EAD is equal to the angle FAD, the 
angles at D right angles, and AD common, therefore 
(Eucl. i. 26.) the angle AED is equal to the angle 
AFD\ therefore, &c. 
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(4.) Fh)m two given points to draw two equal straight 
lines which shall meet in the same point of a line given 
in position. 

Let A and B be the given points, 
and CD the given straight line. Join 
AB^ and bisect it in jF, and from F ^ 
draw FE at right angles to AB meet- 
ing CD in Ey E is the point required. 

Join AE, EB. Since AF^ FB, 
and FE is common^ and the angles at 
JP are right angles^ therefore AE = 
EB. 




E B 



(5.) Fropi two given points on the same side of a 
line given in position^ to draw two lines which shall meet 
in that Une, and make equal angles with it. 

Let A and B be the given points 
and DE the line given in position. 
From A let fall the perpendicular 
AD^ and produce it to C making 
DC = AD. Join CB, AP. AP, 
PB will be the lines required. 

Since ^Z>=: DC and DP is common^ and the angles 
at D are right angles, therefore/ the triangles APD, 
CPD are equal, an JS the angle APD =r CPD = the 
vertically opposite angle BPE. 




I u 
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(6.) Fhnn two given points on the same side i 
Sne given in position, to draw two lines which shall i 
tfi a point in this line, so that their sum shall be 
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than the sum of any two lines dratvn from the same 
points and termindted at any other point in the same line. 

Let A and B be the given 
points, and HE the line given in 
position ; from A and B let fall the 
perpendiculars ADj(BE^nA pro- 
duce AD to C making CD = 
DA. Join BC cutting DE in P. 
Join AP', AP and PB shall be 
less than any other two lines Ap^ pB drawn from A 
and B to any other point p in the line DE. 

For AD=iDC and DP is common and the angles 
at D are right angles, .*. AP= PC- In the same man- 
ner, if pC be joined, it may be shewn that Ap=pC. 
Hence AP and BP together are equal to BC, and Ap, 
pB are equal to Cp, pB. Now (Eucl. i. 20.) BC is less 
than Bpf pC, and therefore AP, PB are less than Ap, 
pB ; therefore, &c. 
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(7.) ()f all straight lines which can be drawn Jrom 
a given point to an indefinite straight line^ that which 
is nearer to the perpendicular is less than the more re-- 
mote. And from the same point there cannot he drawn 
more than two straight lines equal to each other, viz. 
one on each side of the perpendicular. 

Let A b« the given point, 
and BC the given indefinite 
straight line. From A let fall 
the perpendicular AD, and draw 
any other lines AF, AG, AH, 
kc. of which AF is nearer to AD than AG is, ami 
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AG than AH; then AF will be less than AG aRdI AG 
than AH. . 

For since the angle at Z) is a right angle^ the angle 
AFG is greater than a right angle (EucL i. l6.), and 
therefore greater than AGF, hence (Eucl. i. I9.) AG is 
greater than AF. In the same manner it may be shewn 
that AH is greater than AG. 

And from A there can only be drawn to BC two 
straight lines equal to each other, viz. one on each side 
of AD. Make DE == DF and join AE. Then AE = 
AF (i. 2.). And besides AE no other line can be drawn 
equal to AF. For, if possible; let AI^AF. Then be- 
cause AI=AF and AF^AE, therefore Al=^AE^ i. e. 
a line more remote is equal to one nearer the perpendi- 
cular, which is impossible ; therefore AI is not equal to 
AF. In the same manner it may be shewn that no 
other but AE can be equal to AF, therefore, &c. 



(8.) Through a given pointy to draw a straight line, 
so that the parts of it intercepted between that point 
and perpendiculars drawn from two other given points 
may have a given ratio. 

Let A and B be the points from 
which the perpendiculars are to be 
drawn, and C the point through which 
the line is to be drawn. Join AQ and 
produce it to D, making AC : CD in 
the given ratio ; join BD, and through 
C draw ECF perpendicular to BD. 
ECF is the line required. 

Draw AE parallel to BD, and .*• perpendicular to 
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EF. The triangles ACE, DFC, having each a right 

angle, and the angles at C equal, are equiangular, whence 

CE : CF:: AC : CD, i. e. in the given ratio. 



(9.) From a given point between two indefinite right 
lines given in position^ to draw a line which shall he 
terminated by the given lines, and bisected in the given 
point. 

Let ABy AC be the given lines, meet- 
ing in A. From P the given point draw 
PD parallel to AC one of the lines, and 
make DE=:DA. Join EP and produce it 
to F, then will EF be bisected in P.. 

For since DP is parallel to AFy (Eucl. vi. 2.) 
EP : PF :: ED : DA, i. e. in a ratio of equality. 

Cor. If it be required to draw a line through P 
which shall be terminated by the given Unes, and divided 
in any given ratio in P, draw PD parallel to AC and 
take AD : DE in the given ratio and draw EPF, it will 
be the line required. 
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(10.) jFVom a given point without tu)o indefinite 
right lines given in position ; to draw a line such that 
the parts intercepted by the point and the lines may have 
a given^ratio. 

Let AB, AC be the given lines, and 
P the given point. Draw PD parallel to 
AC, and take AD : DE in the given ratio. 
Join PE and produce it to F. Then 
PF : PE will be in the given ratio. 

For the triangles PDE and AEFare 
similar, having the angles at E equal, as 
also the angles PDB, EAF, (Eucl. i. ^9.) 
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.-. FE : EP :: AE : ED 

and comp. PF : PE :: AD : DE, i. e. ia^the given ratio. 
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(11.) F^om a given point to draw a straight line, 
which shaU cut off from lines containing, a given angle, 
segments that shall have a given ratio. 

\jet ABChe the given angle, and P 
the given point, either without or within. 
In BA take any point A^ and take AB : 
BC in the given ratio. Join AC^ and 
from P draw PDE parallel to AC, 
PDE is the line required. 

For since DE is parallel to AC, (Eucl. vi. 2.) DB : 
BE :: AB. : BC, i. e. in the given ratio. 

( 13.) If from a given point any number of straight 
lines he drawn to a straight line given in position, to 
determine the locus of the points of' section which divide 
them in a given ratio. 

Let A be the given point, and BC the 
line given in position. From A draw any line 
AB^ and divide it at E in the given ratio ; 
through E draw EF parallel to BD ; it is 
the locus required. > i h c 

From A draw any other line AD meeting JBFin F; 
then (Eucl. vi. 2.) AF : FD :: AE : EB, i. e. in the 
given ratio. In the same manner any other line drawn 
from A to BD will be divided in the given ratio by EF 
which therefore is the locus required. 
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(13.) A straight line being drawn parallel to one of 
the lines containing a given angle and produced to meet 
the other ; through a given point within the angle, to 
draw a tine cutting the other three, so that the part in- 
tercepted between the two parallel lines may have a given 
ratio to the part intercepted between the given point and 
the other line. 

Let ABC be the given 
angle, DE parallel to AB^ and 
P the given point. 

From P draw PC parallel 
to DE or AB^ and take BE : CF in the given ratio. 
Join FP and produce it to ^; APF is the line required. 

For since DE and CP are parallel to AB, 

AD : EB :: DF : EF :: PF : CF 

.'. alt. AD : PF :: J^B : CF i. e. in the given ratio. 




'^^^■^^^^^^^S^^^^^S^S^ 



(14.) Two parallel lines being given in position; 
to draw a third, such that, if from any point in it lines 
be drawn at given angles to the parallel lines, the in- 
tercepted parts may have a given ratio. 

Let AB, CD be the given parallel 
lines ; in AB take any point E ; and 
draw EF, EG making angles equal 
to the given angles ; produce EF, and 
take EH: EG xn the given ratio; 
produce FE to / so that FI : IE :: HE : EF; through 
/draw jL/ parallel to AB, it is the line required. 

Draw IK parallel to EG ; then the triangles lEK, 
EFG are equiangular, 
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. . IE : IK :: EF : EG 
but FI: IE:: HE: EF; 

,-. ex asqu. FI : IK : : HE : EG, i. e. in the given ratio ; 
and IKE = EGF which is one of the given angles, and 
by construction IFG is equal to the other. Alsojines 
drawn from any point in LI, making with AB and CD 
angles equal to the given angles will be parallel and 
equal to FI, IK, and /. in the given ratio. 



(15.) If three straight lines drawn from the same 
point and in tlie same direction he in continued propor- 
tion, and from that point also a Une equal to the mean 
proportional he inclined at any angle; the lines joining 
the extremity of this line and of the proportionals will 
contain equal angles. 

Let AB : AC :: AC : AD, and 

from A let AE be drawn equal to 
AC, inclined at any angle to AB; 
join EB, EC, ED ; the angle BEC 
is equal to the angle CED. 

For since AB .AC:: AC : AD, and AE=AC\ 

.-. AB : AE :: AE : AD, i. e. the sides about 
the angle A are proportional, and .•. the triangles AEB^ 
AED are similar, and the angle AED is equal to EBA. 
Also since CA=AE, the angle AEC=ECA; but ECA 
is equal to the two BEC, EBC, (Eucl. i. 32.) .-. also 
AEC is equal to the two BEC, EBC; of which DEA 
is equal to EBC; .*. the remainder DEC is equal to the 
remainder BEC. ^ 




«N« ^^^^>»^^»^^#^^^^> 
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(16.) To trisect a right angle. 

Let ACB be a right angle. In CA 
take any point A, and on CA describe an 
equilateral triangle ACD, and bisect the 
angle DC A by the straight line CE; the 
angles BCD, DCE, ECA are equal to 
one another. 

For the angle DCA being one of the angles of an 
equilateral triangle is one third of two right angles, and 
therefore equal to two thirds of a right angle BCA; con- 
sequently BCD is one third of BCA\ and since the 
angle DCA is bisected by CE, the angles DCE, ECA 
are each of them equal to one third of a right angle, and 
are therefore equal to BCD and to each other. 



*«*>»<^^^i»<^i»^»^<S»^^' 




(17.) To trisect a given Jinite straight line. 

Let AB be the given straight 
line. On it describe an equilateral 
triangle ABC; bisect the angles 
CABy CBA by the lines AD, BD 
meeting in D, and draw DEy DF 
parallel to CA^nd CJ5 respectively. 
AB will be trisected in E and jP. 

Because ED is parallel to AC, the angle EDA = 
DAC^DAE and therefore AE^ED. For the same 
reason DF^FB. But DE being parallel to C^ and 
DF to CB, the angle DEP is equal to the angle CAB, 
and DFE to CBA, and therefore EDF^ACB; and 
hence the triangle EDF is equiangular, and conse- 
quently equilateral ; therefore DE = EF = FDy and 
lience AE = EF^ FB, and AB is trisected. 
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(18.) To divide a given finite straight line into anff 
number of equal parts. 

Let AB be the given straight line. 
Let AC be any other indefinite straight 
line making any angle with ABy and in 
it take any point D, and take as many 
lines DEy EFy FC &c. each equal to 
AD as tbe number of parts into which 
AB is to be divided. Join CB^ and 
draw DO, EH, FI &c. parallel to BC; and therefore 
parallel to each other ; and draw DK parallel to AB. 

Then because GD is parallel to HE one of the sides 
of the triangle A HE, AG : GH :: AD : DE% hence 
AG = GH. For the same reason DL = LM. But 
DM being parallel to G/, and DG, LH to MI, the 
figures DH, HM are parallelograms ; therefore DL = GH 
and LM =>ttf.^on8equentIy GH^ HI. In the same 
manner it ^^fPKk^hewn that HI= IB ; and so on^ if 
there be any othef parts ; therefore AG, GH, HI, IB, 
&c. are all equal, and AB is divided as was required. 

CoR. If it be required to divide the line into parts 
which shall have a given ratio; take^D, DE, EF, &c 
in the given ratio, and proceed as in the proposition. 



(19.) To divide a given Jinite straight line harmoni- 
ca Uy. 

Let AB be the given straight 
line. From B draw any stiaight 
line BC, and join AC; and from 
any point. J3 in AC draw ED 
parallel to CB, and make FD =: 
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^-E, join DC cutting AB in G. AB is harmonically 
divided in G and F. 

Since BCis parallel to FD, the angle BCG is equal 
to GD JFand the vertically opposite angles at G are equal ; 
therefore the triangles DGF^ BGC are similar, 

and BC : BG :: FD : FG 
But FE being parallel to BC, 
(Eucl. vi. 2.) AB : BC :: AF : FE = FD. 
.-. ex ccqualiy AB : BG :: ^F : FG 
or ^fi : ^F :: BG : FG. 



>*^^*«»^*^* «>ir^^^«<#^^«<» 



(20.) -^Ta given ^nite straight line be harmonically 
divided, and from its extremities and the points of divi-^ 
gum lines he drawn to meet in any pointy so that those 
from the extremities of the second proj)ortional may he 
perpendicular to each other , the line draum from the 
extremity of this proportional ivill bisect the angle 
formed by the lines drawn fi*om the extremities of the 
other two. 

Let the straight line AB be 
divided harmonically in the points 
G and F, and let the lines AC, 
BC, GCy FC be drawn to any 
point C so that GC may be per- 
pendicular to CAy the angle ^CFwill be bisected by CG. 
Through G draw EGD parallel to CA meeting CF 
in Z), then EG being parallel to AC^ the triangles £Gj&, 
ACB ^re similar; as also the triangles ACFj DFG, 
hence 

AF : AC :: FG : DG 

but AB : AF :: GB : GF, 

/. ex a^quo AB : AC :: BG : GD. 
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But AB : AC :: GB : GE 
.'. (Eucl. V. 15.) BG : GD :: BG : GE, 

and therefor^ GD = GE, and 6rC is common, and the 
angles at G are right angles, therefore the angle DCG 
= GCE, and FCB is bisected by CG. 



' ^ ^^^^^^^^^■^■^^^^^■^^ 



(21.) -/jTa straight line be drawn through any point 
in the line bisecting a given angle, and produced to cut 
the sides containing that angle^ as also a line drawn 
from the angle perpendicular to the bisecting Vnie; it 
mil be harmonically divided. 

Let the angle ABC be bi- 
sected by the line BD, and 
through any point D in this 
line draw GDFE meeting the 
sides in G and F, and BE a 
perpendicular to BD in E; 
then will EG : EF :. GD : 
FD. 

For through D draw AC parallel to BE and therefore 
perpendicular t6 BD, then the angles ADB^ CDB 
being right angles are equal, and ABD = CBD and 
BD is common to the triangles ADB, CDB, /. AD = 
DC. But DC being parallel to EB, 

EG : GD :: EB : DC :: EB . AD :: EF : FD, 

since the triangles EFB and AFD are similar^ 

/. EG : EF. GD : FD. 




(32.) If from a given point there he drawn three 
' straight lines forming angles less than right angles, and 
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from another given point without them a line be drawn 
intersecting the others so as to' be harmonically divided; 
then will all lines drawn from that point meeting the 
three lines be harmonically divided. 

From A let AB, AC, AD 
be drawn making each of the 
angles BAC, CAD less than 
a right angle, and from a 
given point E let EBD be 
drawn so as to be harmoni- 
cally divided in C and B ; then will any other line Ef^ 
be harmonically divided in G and H. 

Through G draw IK parallel to BDy 
then DC : CB :: KG : G// 

But DC : CB :: DE : EB 
.'. (Eucl. V. 15.) DE : EB :: KG : GI 
and alt. DE : KG :: EB : GI 
and since DE is parallel to GKj (Eucl. vi. 2.) 

DE : KG :: EF : FG 
and EB being parallel to 6/, 

.-. EB : GI :: EH : HG, 
whence (Eucl. v. 15.) 

EFiFG V.EH :HG 
and alt. EF: EH :: FG : HG. 



^^^^^^^^• ^ ^^^•i^^^^^^>^ 



(33.) If a straight line be divided into two equal, and 
also into two unequal partSy and be produced, so that the 
part produced may have to the whole line so produced 
the same ratio that the unequal segments of the line 
have to each other , then shall the distances o/^ the point 
of unequal section from one extremity of the given line. 
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Jrom its middle point, Jrom 
produced, and Jrom the other < 
be proportionals. 



Let AB be divided into two equal b b b c a 
parts in C and into two unequal parts in D, and produced 
to £, so that BE : EA :: BD : DA-, then will AD ;. 
DC:: ED I DB. 

For since BE : EA :: BD : D^ 

inv. ^Jg : EB :: AD : DB 

div. AB : BE :: 2CD . DB 

and ^C: 5JS: :: CD : D5 

flf//. AC: CD:: BE^ : BD 

. . comp. AD : DC :: ED : Z)5. 

CoR. The converse may easily be proved to be true. 



(24.) Three points being given ; to determine another, 
through which if any straight line be drawn, perpen- 
diculars upon it from tux) of the former^ shall together 
be equal to the perpendicular Jrom the third. 

Let A, Bj C be the three given 
points. Join AB and bisect it in D. 
Join CD, from which cut off DE 
equal to a third part of it. E is the 
point required. 

Through E, let any line FG be drawn, and let fall 
on it the perpendiculars AI, BG, DH, CF ; then the 
angles at jP and H being right angles^ and the vertical 
angles at E equal, the triangles CFE^ DH^E are equi- 
angular. 
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.-. FC : DH :: CE : ED :: 2 : 1, 
.\ FC=:2DH; but since ^/, BG, DHare parallel, an4 
AD = DB, .-. AI+BG = 2DH=:Fa 



(25.) From a givew />om/ fw owe o/* ^u^o straight 
lines given in position, to draw a line fo cut the other, so 
that if from the point of intersection a perpendicular he 
let fall upon the former^ the segment intercepted between 
it and the given pointy together with the first drawn Une^ 
may be equal to a given line. 

Let AB, BChe the lines given in position, and A the 




given point. Draw AD perpendicular to AB, and meet- 
ing BC in D; draw DE parallel to AB and equal to 
the given line. And draw EF parallel to ADy meeting 
CB in F, Join FA and produce it, and from D draw 
DG=:DE, meeting FG in G, and draw AH parallel to 
DGy and let fall the perpendicular HI; AH and AI 
together are equal to the given line. 

Through /Tdraw KL parallel to DE; then since GD 
18 parallel to AH and HL to DE, 

r. DG : AH :: FD : FH :: DE : HL, 
JbKit DG^DEy .. AH^HLy 

.\ AH+ AI^ KL=:DEz=z the given line. 
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(26.) One of the lines which contain a given angle, 
is also given. To determine a point in it such^ that if 
from thence to th e finite line there he drawn a line ^^^ 
having a given ratio to that segment of it which is adja-- 
cent to the given angle ; the line so drawn, and the other 
segment of the given line, may together be equal to 
another given line. 

Let AB be the given line, and 
BAC the given angle. From B draw 
BD to AC, such that it may be to AB 
in the given ratio*; produce it till 
iB^sthe other given line. Through 
E draw J5C parallel to AB, meeting AC in C. Join BC, 
and draw DF so that it may = />£, and draw BG, GH 
respectively parallel to FD, EB ; H is the poiat required. 

For produce HG to meet CE in K; 

then (Eucl. vi. 2.) ED : KG :: CD : CG :: DF : BG, 

but ED^DF, .'. KG=BG, 
and HG+ GB^HG+GK^BE=the given line, 
and HG : HA :: BD : AB i. e. in the given ratio. 




^■^^i^^ii^^^ 



(27.) Two straight lines and a point in each being 
given in position ; to determine the position of another 
point in each, so that the straight line joining these latter 
points may be equal to a given line, and their respective 
distances from the former points in a given ratio. 

Let A and B be the given points in the lines AC, 
BD which are given in position, and produced to meet 



* That is, the given ratio must be less than that of AB to the per- 
pendicular on AD. 

C 



<" 
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in a Take BD : JC in the 
^ven ratio, and fipom B draw BE 
parallel afdd equal to AC. Join 
DE and produce it to meet CF 
drawn at any angle from C, equal 
to the given Hne ; draw FG parallel to EB, and from G 
draw 6 J7 parallel to FCj G and /Tare the points required. 
For BE being parallel to GF, 

DG : GF.DB: BE, 
or DG I HC :. DB : AC, 
.-. (Eucl. V. 19. Cor.) 

BG : AH :: DB : AC in the given ratio, 
and HG = CF = the given line. 



^»»»i^»^^^i^»^ ^i^t^^ix^^i^^ 



(28.) ijTa straight line be divided into any two partSy 
and produced so that the segments may have the same 
ratio that thewhole Une produced has to the part produced^ 
and from the extremities of the given line perpendiculars 
he erected i then any line drawn through the point of 
section, meeting these perpendiculars, wil^ be divided at 
that point into parts, which have the same ratio that 
those lines have, which are drawn from the extremity of 
the produced Une to the points of intersection with the 
perpendiculars. 

Let AB be divided into any 
two parts in C and produced to 
-Dsothat^C: CB::AD:DB, 
and from A and B let AE, BF 
be drawn perpendiculars to AB, 
and through C let any line ECG 
be drawn meeting them in E and 
G, and join DE, DG; then DE . DG :: CE : CG. 
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I 

For because JC : CB :: JDi DB 
and EA'.BGv.AC: CB, 
(by sim. tri. ACB, BCG) Ai 

.: (Ead. v. 11.) EA : B6:: D^ : DB, 
.'. (Eucl. vi.6.) the triangles ^^D, 6/>£ are equiangular, 
and ED : DG :: AE : BG :: CE : CG. 



• 



(29.) From tuxi given points, to draw ttvo straight 
lines which shall contain a given angle, and meet two 
lines given in position, so that the parts intercepted he- 
tween those points and the lines may have a given ratio. 

« 

Let AB, CD be the lines given in 
position, and E, F the given points. 
From E draw EA perpendicular to 
AB, and make the angle AGF equal 
to the given angle. In GF produced 
take FH such, that the ratio of EA : 
FH may be the same as the given 
ratio. Draw HD perpendicular to 
GH meeting CD in D. Draw DFI 
and BEI to include the given angle. These are the 
lines required. 

For, since the angles FGE^ FIE are equals as also 
FKG, EKl .-. GFK, lEK or their vertically opposite 
angles DFHy AEB are equal, and the angles at H and 
A are right angles, .-. the triangles FDH, AEB are 
equiangular, and 

EB I FD :: EA : FH, i. e. in the given ratio. 




»^i^^^^*»<#^#i»i»^*i 



(90.) The length of one of two lines which contain 
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a given angle being given ; to draw from a given point 
without them a straight line which shall cut the given 
line produced^ so that the part produced may he in a 
given ratio to the part cut ojffrom the indefinite line. 

Let AB be the giyen 
line, and ABC the given 
angle; and D the given 
point. Draw AE, DE 
parallel to 5C, BA respec- 
tively ; and take EF : EA 
in the given ratio. Divide 

DF so that FE : DG :: FG : AB. Join AG; and 
draw DH parallel to AG, and it will be the line cutting 
BC in H and BA produced in /, as was required. 

Join AF; and draw jBjK" parallel to AG cutting AF 
in L ; and draw LM parallel to KE cutting AE in M 
and AG in N. 

Then FE : LM :: GF : {NL =) AB 
and FE : DG :: FG : AB by constructioa ; 
.'. LM=DG:= lAj if therefore ILO be drawn, IL must 
be equal and parallel to AM, and lO to AE (Eucl. i. 33.) 
In the same manner it is evident that HB^IL^=zAM\ 
and by similar triangles AFE, ALM, 

FE : EA :: LM : MA 

:: lA : HB, 
.'. I A : HB in the given ratio. 



(31.) From two given straight lines to cut off two 
parts ^ which^ may have a given ratio ; so that the ratio 
of the remaining parts may also be equal to the ratio iyf 
two other given lines. 
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' Let AB be cite of the given 
lines ; draw BG to make any angle 
with AB, and let BD be equal to 
the other given line. Take AB : 
BE in the given ratio of the re- 
maining parts, and BF 2 BE in 
the given ratio of the parts to be cut off. Join AE, FE, 
and draw DH and BC parallel to EF, and HC parallel 
to DB meeting BC in C, and AB in /. 

Then (Eucl. vi. 2.) Al : IH :: AB : BE in the 
given ratio of the remainders; and the triangles BCI, 
BFE having the angle CB/s the alternate angle BFE, 
and CIB=iFBE, are equiangular^ 

.-. jB/: IC::BF:BE, 

in the ratio of the parts to be cut off; and 

AB, HC ( =s DB) are the given lines. 



^>#>^»^^»^^>^^^^^^^» 



(33.) Three lines being given in position^ to deter^ 
mine a point in one of them ; from which if two lines be 
drawn at given angles to the other two^ the two Unes so 
drawn may together be equal to a given line. 

Let AB, AC, BC be the three lines given in position, 
take AD = the given line and making with AB an angle 
equal to one of the given angles* Through D draw Dba 
parallel to AB, and ' meeting AC and BC in a and b. 
Draw AE to meet CB in E making the angle AEC = 
the given angle to be made by the line to be drawn^ 
with BC. In AE take Ad=AD, and join^ii^ cutting 
BC in F. Draw FG parallel to EA meeting AC in G, 
which is the point required. 
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For through G draw IGH parallel to J^A, then 
the triangles aOI, a AD are similar, and 



D * I 




aA: AD = Ad::aG: GI; 

buta^: Ad:: aG : GF, 

and .-. G/= GF, .-. GH+ GF= GH+ GI= AD=:the 

given line, and the angle GHB = DAB and GFC = 

AEQ .'. GHB, GFC are equal to the given angles. 



i^l*^^^^^^!^^ ^^»^«»^»^^«»^l» 



(33.) Iffmm a given paint tux) straight lines be 
drawn inchiding a given angle, and having a given raiioy 
and one of them be always terminated by a straight Une^ 
given in position, to determine the locus of the extremity 
of the other. 

Let A be the given point, and 
B C the line given in position. From 
A draw any line AD, and make the 
angle J9^J^ equal to the given angle, 
and take AE such that AD : AE 
may be in the given ratio^ and 
through E draw EF making the 
angle AEF=ADB ; EF is the locus required. 
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Draw any other line ABf and make the angle BAF 
^DAE. Then the angle BAD^FAE and ADB^ 
AEFj /. the triangles ABD^ AEF are equiangular, 
whence AB : AF :: AD : AE, in the given ratio. The 
same may be proved of any other lines drawn from A 
and containing an angle equal to the given angle^ and 
one of them terminated in BC. 



(34.) If frtym two given points^ straight lines be 
draumy containing a given angle and from each of them 
segments he cut offy having a given ratio ; and the ex- 
tremities of the segments of the lines drawn from one of 
the points he in a straight line given in position ; to de^ 
termine the locus of the extremities of the segments of 
lines drawn from the other. 

Let A and B be the given 
points, and CD the line given in 
position. From A to CD draw 
any line AE. Make the angle 
EAF =:the given angle, and AE : 
AF in the given ratio, and let FG 
be the locus of the points F (i. 33.) Draw BH equal 
and parallel to AF, and through H draw HI parallel to 
GF. It is the locus required. 

Draw any lines AK, BK containing the angle at K 
ssthe given angle. Make the angle LAM=^ihe given 
angle ; AL : AM in the given ratio, and M is in the 
line GF. And since AF is parallel to BH, and FM to 
HNj and BK to AM (since the angles BKA, LAM arc 
equal) and AF^BH^ .-. the triangles BHN, AFM are 
similar and equal, .*. AMssBN; 
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but j4L : AM is equal to the given ratio^ 

.'• also AL : BNis equal to the given ratio. 
And the same may be proved of any other lines drawii in 
the same manner. 




Sect. IL 

* (1.) If a straight line be drawn to touch a circle, 
and be parallel to a chord; the point of contact will be 
the middle point of the arc cut off by that chord. 

Let CD be drawn touching the cir- 
cle ABE in the point E^ and parallel 
to the chord AB ; E is the middle point 
of the arc AEB. 

Join AE, EB. The angle BAE is 
equal to the alternate angle CEA, and therefore to the 
angle EBA in the alternate segment, whence AE = EB, 
and (Eucl. iii. 28.) the arc AE is equal to the arc EB. 

CoR. 1. Parallel lines placed in a circle cut off equal 
parts of the circumference. 

If FG be parallel to AB; the arc EF:=EG, whence 
AG=BF. 

CoR. 2. The two straight hnes in, a circle, which join 
the extremities of two parallel chords are equal to each 
other. For if AB, FG be parallel, the arcs AG, BF 
are equal, therefore (Eucl. iii. 29.) the straight lines AG, 
BFare also equal. 



,^^•^■^^^0^ •^'^■^^•S^^ 
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(@.) Ifjrom a point imtfumi a tircle, two straight 
linei be drawn to the concave part of the circumference, 
making equal angks with the Une joining the same point 
and t/te centre, the parts i^the lines which are intercepted 
within the circle are equal. 

From the point P without 
the circle ABC let two lines 
PB, PD be drawn making 
equal angles with PO, the line 
joining P and the centre ; AJB 
shall be equal to CD. 

Let fall the perpendiculars OJE, OF; then since the 
an^le at E is equal to the angle at F, and EPO^FPOj 
and the side PO, opposite to one of the equal angles in 
each Is common^ .-. OB=^OF, and consequently (Eud. 
iii. 14.)^^ = Cl>. 




>*^ y ^»^i»'^^'*'^^i»iri»^^ 



(3.) O/* all straight lines which can he dmwnjrom 
two given points to fneet on the convex circun^erence of 
a given circle ; the sum of those two will be the leasts 
which make equal axigles with the tangent at the point 
of concourse. 

Let A and B be two given 
points^ CE a tangent to the circle 
at C, where the lines AC, BC 
make equal angles with it ; and let 
lines ADy BD be drawn from A 
and B to any other point D on the - 
convex circumference; ^Cand CB together are less than 
AD, DB together. 
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Let j4D meet the tangent in E. Join EB, then 
{i.6.} AC and CB together are less than AE and 
EB; hutJE, ^B are less than ^A DB (Eucl.i. 19.), 
.•• a fortiori ACy CB are less than AD^ DB. And the 
same may be proved of lines drawn to every other point 
in the convex circumference. 




(4.) If a circle he described on the radius of another 
circle; any straight line draivnfrom the point where 
they meety to the outer circumference^ is bisected by the 
interior one. 

Let ADB be a circle described 
on the radius AB of the circle ACE. 
Draw any line AC meeting the circle 
ABD in p, AD is equal to DC 

Join DB. Then the angle ADB 
being in a semicircle is a right angle; 
and therefore BD being drawn from the centre B of the 
circle ACE bisects AC (Eucl. iii. 3.). 

1 

(5.) if two circles cut each other, and from either 
point of intersection diameters he drawn ; the extremities 
of these diameters and the other point of intersection 
shall he in the same straight line. 

Let the two circles ABC^ ABD cut 
each other in A and B, draw the diameters 
AC, AD, and join BC, BD ; CB and BD 
are in the same straight line. 

Join AB\ the angles ^BC, ABD 
being angles in semicircles are right angles, 
and therefore (Eucl. i. 13.) CB and BD 
are in the same straight line. 
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> (6.) ^ two circles cut each other, the straight line 
joining their tu>o points of intersection, is bisected at 
right angles hy the straight line joining their centres. 

Let the two circles whose cen- 
tres are C and D cut each other 
in A and 5; join AB, DC. DC 
bisects AB at right angles. 

Join BD, DA, . AC, CB. 
Since AD^DB and DC is common to the triangles 
ADC, BDCmd the base AC^CB, .-. (Eucl. i. 8.) the 
angle ADE = BDE. Hence the two sides AD, DE 
are equal to the two BD, DE and the included angles 
are equal, /. (Eucl. i. 4.) AE = EB, and the angle 
DEA = DEB, and being adjacent, they are right angles, 
i. e. DC bisects AB at right angles. 




(7.) To draw a straight line which shall. touch two 
given circles. 

1 . If the circles be equal. 
Let A and B be the centres, join AB ; and from A 

c . D 




and B draw AC, BD at right angles to it; join CD. 
Then AC being parallel and equal to DB ; CD is parallel 
to AB, •'. CABD is a rectangular parallelogram; and 
the angles at C and D being right angles, CD is a tan- 
gent to both circles (Eucl. iii. l6. Cor.). 
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a. If the cirdes be unequal, and the line be required 
to touch them on the same side of the line joining the 
centres. 

Let A and B be the centres ; join AB ; and with the 

n 




centre B and distance equal to the difierence of the given 
radii^ describe a circle, and from A draw AE touching 
it. Join BE and produce it to Z>, draw AC parallel to 
BD, and join CD. 

Then AC being parallel and equal to DE, CD is 
equal and parallel to AEy /. ACDE is a parallelogram ; 
and the angle AEB being a right angle, AED is also a 
right angle ; hence the angles at C and D are right 
angles, and therefore CD touches both circles. . 

3. If the line be required to touch them on opposite 
sides of the line joining the centres. 

With the centre B and radius equal to the sum of 




the given radii describe a drole, to which irom^ A draw a 
tangent AE. Join BEj and let it cut the given circle 
in D. Draw AC pamllel to BE ; join CD. 
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Then ^C being "equal and parallel to ED, ACDE 
\% a parallelogran), and the angle AED being a right 
angle, the angles at C and D are right angles, and there- 
fore CD touches both circles. 



^■^^^J»l# 0^^<^ ^ ^ « ^ 




(8.) If a line touching two circles cut another line 
joining their centres, the segments of the latter will be 
to each other as the diameters of the circles. 

Let the line AB touch the 
circles, whose centres are C and 
D, in A and JB, and cut CD in 
the point E ; CE will be to 
ED in the ratio of the diameters of the circles. 

Join CA, BD. Then the angles at A and B are 

right angles and the angles at E are vertically opposite^ 

therefore the triangles AEC, BED are equiangular, and 

consequently 

CE : ED :: CA : BD 

:: 2CA : aBD. 



(9.) If a straight line touch the interior of two con- 
centric circles, and be placed in the outer ; it will be 
bisected at the point of contact. 

Let AB touch the interior of two cir- 
cles, whose common centre is O, in the 
point C; AB is bisected in C, 

Join OC; then (Eucl. iii. 18.) the ^^^ 
angles at Care right angles; and OC drawn 
iirom the centre of the circle ADB at right angles to AB, 

cts it (Eucl. iii. 3.). 
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(10.) y any number of equal siraight lines be placed 
in a circle ; to determine the locus of their paints of 
bisection. 

Let there be any number of lines AB^ 
CDy placed in the circle whoa^ centre is O, 
and let them be bisected in E, F; join 
OEj OF; then (EucL iii. 14.) these lines 
are equals and therefore the locus will be a 
circle whose centre is O, and radius equal to the distance 
of the points of bisection from O. 




(11.) If from a point in the circumference of a dr^ 
cky any number of chords be drawn ; the locus of their 
points of bisection will be a circle. 

From the given point A let any 
chord AB be drawn in the circle, 
whose centre is O; bisect it in D. 
Join AO, BO and draw DE parallel 
to BO. 

Then DE being parallel to BO, the triangles ADE^ 
ABO are similar, and BO is equal AO, .*. DE=EA ; 
but AE : AO :: AD : AB (Eucl. vi. 2.), whence AE=^ 
\AO, .-. ED^EA=i AO, and the locus will be a 
circle described on AO as a diameter. 




'»»»<»«»^i»<»^'*^^ ^ ^^^i^^^>»^ 



(13.) If on the radius of a given semicircle, another 
semicircle be described, and from the extremity of the 
diameters any lines be drawn cutting the circumferences, 
and produced so that the part produced may always have 
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a given ratio to the part intercepted between the two 
circumferences ; to determine the locus of the extremities 
of these lines. 

On AB the radius of the semi- 
circle AEC let a setnicircle ADB 
be described; and from A draw 
any line ADE, which produce till 
EF : ED In the giren ratio. 

Produce AC to G, making CG : CB, in the given 
ratio^ and join DB, EC, FG; 

then since FE : ED :< GC : CB, 
.-. FE : GC :: ED: CB :: DA : AB :: EA : CA, 
whence (Eucl. vi. 2.) FG is parallel to CE sndDBj and 
the angTe AFG is a right angle, and is in a semicircle 
whose diameter is AG; hence the locus required is a 
semicircle. 

(IS.) If from a given point without a given circle, 
straight lines be drawn, and terminated by the drcum-- 
ference ; to determine the locus of the points ufhich divide 
them in a given ratio. 

Let A be the given point 
and BCD the given circle. 
Find O its centre and join 
AO^ and divide it in E, so 
that AO : AE in the given ratio, and And a point F, so 
that EF may be to OD in the given ratio, and with the 
centre E and radius EF describe a circle ; it will be the 
locus required. 

Draw any line AGC; join OC, EG. Since AO : 
AE in a given ratio, as also OD : EF; 

.-. OC : EG .: AO z AE, 
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hence OC is parallel to EG, 
and AC : AG :: OC : EG, i. e. in the given ratio. 

In the same manner it may be shewn that erery line 
drawn from A to BCD will be divided by the circum- 
ference of the circle GFH in the same ratio, i. e. GFH 
will be the locus required. 



^^»^^»i»^^>^^^>»«^>i*N<«>^ 



(14.) Having given the radius of a circle; to de^ 
termine its centre, when the circle touches two given lines, 
which are not parallel. 

Let BA, AC be the two lines 
which touch the circle^ whose 
radius is given. 

Bisect the angle BAC by the 
line AE, the centre of the circle 
will be in this line (Eucl. iv. 4.) 

From A draw AD at right angles to AB and make it 
equal to the given radius ; through D draw DO parallel 
to AB meeting AE in O ; then the centre of the circle 
being in this line also, must be at the point of intersec- 
tion O. 




^v^ » ^^^s^ r^ 4 



^ (15.) Through three given points which are not in 
the same straight line, a circle may he described; hut no 
other circle can pass through the same points. 

Let A, Bj C be the three given points. 
Join AB, BC, and bisect them in D and 
E; from which points draw DO, EO 
at right angles to them ; these lines will 
meet in some point O ; for if not, they are 
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parallel^ and therefore AB^BC must be parallel, which is 
contrary to the supposition. Join AO, BO, CO. 

Since AD=^DB^ and DO is common^ and the angles 
at D equal, ^\ AO^BO. In the s%me manner it may- 
be shewn that BO = CO ; and the three lines OAj OB, 
OC being equal, a circle described from the centre O at 
th^ distance of any one of them will pass through the 
extremities of the other two. 

And besides this, no other circle can pass through A, 
B, C: for if it could, its centre would be in DF and EH, 
and •'. in their intersection ; but two right lines cut each 
other only in one point, /. only one circle can be de- 
scribed. 



^^^^»^^^^^^»^>^<r*' #^.»^^^»^<>^< 



y (16.) From two given points on the same side of a line 
given in position, to draw two straight lines which shall 
contain a given angle, and he terminated in that line. 

Let A and B be the given points ^<rx 

and CD the given line. fl ^^^^ 

Join AB and on it describe a segment g — v^^CL^ d 
of a circle containing an angle equal to 
the given angle, and (if the problem be possible) meet- 
ing CD in P; P is the point required. * 

For join PA, PB ; the angle -^P5 being in the seg- 
ment is equal to the given angle. 



(17.) If from the extremities of any chord in a 
c\rcle perpendiculars he drawn, meeting a diameter t the 
points of intersection are equally distant from the centre. 

E 
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At C and D the extremities 
of the chord CD^ let perpendi- 
culars to it be drawn meeting 
a diameter AB in E and F; E 
and F are equally distant from 
the centre O. 

Draw OG perpendicular to CD^ and therefore bisect- 
ing it ; then OG is parallel to DF; 

whence GD : OF:: HG : HO :: HC : HE 
since the triangles HGO, HEC are equiangular ; 
.-. (Eucl. V. 18, 15.) DG : OF:: GC : OE 
but GD^GC, .-. OF^OE, 



*^^*^«#'^'^'#^^*i#x»»'»^»^'»'^^»*<»'^ 



(18.) If from the extremities of the diameter of a 
semicircle perpendiculars be let Jail on any line cutting 
the semicircle ; the parts intercepted between those per- 
pendiculars and the circun^erence are equal. 

From A and B the extremities of 
the diameter AB let AC, BD be drawn 
perpendicular to any line CD cutting 
the semicircle in E and F^; CE is equal 
to FD. 

From O the centre draw OG perpendicular to CD^ 
it will be parallel to AC and BDy 
whence CG : GD ::A0 : OB, i.e. in a ratio of equality. 
But (Eucl. iii. 3.) EG= GF, and .-. CEz^FD. 




(19.) In a given circle to place a straight line 
parallel to a given straight line, and having a given ratia 
to it. 
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Let jIB be the given line in the cir- 
cle jIBC whose centre is O. Draw the 
diameter CD at right angles to AB : and 
taking a line EF which has to AB the 
given ratio (Eucl. vi. 12.), place it in the 
circle ABC; bisect it in O and join OG; 
make OH=:OG, and through H, draw /JT paraUe! to 
AB ; IK is the line required. 

For since OG « OH, .\ (Eucl. iii. 14.) IK =i EF, 
and EFz AB in the given ratio; .-. IK : AB in the 
given ratia 



^^ * »0 m0i m 0>0»^* »^«^ji»*» x 



(20.) Through a given point either without or within 
a given circle, to draw a straight line, the part of which 
intercepted hg the circle, shall be equal to a given line, 
not greater than the diameter of the circle. 

Let P be the given point 
without the circle ABC, whose 
centre is O. In the circle place 
a straight line AB equal to the 
given straight line ; which bisect 
in E ; and join OE. With the 
centre O and radius OE describe a circle ; this will touch 
AB in E, since the angles at E are right angle's (Eucl. 
iii.^.); from P draw PCD touching the circle in F. 
PCD is the line required. 

Join OF. Then OF being equal to OE, CD will 
be equal ioAB (Eucl. iii. 14.), i.e. to the given line. 




^>»i^»^»1»0»^»<^i^^^i»^^^^ 



(21.) Firom a given point in the diameter of a semi- 
circle produced, to draw a line cutting the semtdrcle, so 
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that lines drawn from the points of intersection to the 
extremities of the diameter, cutting each other, may have 
a given ratio. 

I-et C be the given point in 
the diameter BA produced. 
Make BC : CD in the given 
ratio ; and from the points E and 
A in which CD cuts the semicircle, draw EB, AD to 
the extremities of the diameter. CD is the line required. 

Since the angles EDA, EBA in the same segment 
are equal, and the angle at C common to the two triangle^ ,^ 
ACD, CEB, the triangles are equiangular, whence 

BE : AD :: BC : CD, i. e. in the given ratio. 




^^1^1^ ^^^^^^^^■^^^^^^^'^■^^^^^^^^ 




(22.) -from the circumference of a given circle to 
draw to a straight line given in position, a line which 
shall be equal and parallel to a given straight line. 

Let AB be the given cir- 
cle whose centre is O, and DE 
the line given in position. 
From draw OFparallel and 
equal to the given line ; and ' 

with the centre F and radius equal to OB, the radius of 
the given circle describe a circle cutting DE in G : join 
FG, and draw OA parallel to it ; join AG ; AG is the 
line required. 

Since FG=:OB=:OA, and is parallel to it, AG is 
equal and parallel to OF, and .*. equal and parallel to the 
given line. 



^^^ »^^^^r^^^^^'^«^'*»»^^'^»*»***» 



(^.) The bases of two given circular segments being 
in the same straight line ; to determine a point in it 
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y such^ thai a line being drawn through it maMng a given 
angle, the part intercepted between the drcumferences oj 
the circles may be equal to a given line. 

Let AB^ CD, the bases of 
the segments be in the same 
line. Through O the centre 
of the circle ^JB/ draw EOG 
making with AB an angle equal to the given angle, and 
make OE equal to the given line. From E draw EF, to 
the circle CFD, equal to the radius 0B\ draw 0/ pa- 
rallel to EF\ join IF cutting AD in //; H is the point 
required. 

For O/ being equal and parallel to EF, OE is equal 
and parallel to IF,*'. IFis equal to the given line ; and 
IF being parallel to EG, the angle FHC is equal to 
EGB,,i. e. to the given angle. 

If the distance of E fix>m the centre of the circle 
CFD be less than the sum of the radii there are two 
points in the circumference CFD, and two corresponding 
parts in AD which will answer the conditions. 



^«»«^^^»»^>»«^^ii^>^^^ <^»i*«*«»^i»«»>»^»^ 



(24.) If two chords of a given circle intersect each 
other, the angle of their inclination is equal to half the 
angle at the centre which stands on an arc equal to the 
sum or difference of the arcs intercepted between them, 
according as they meet within or without the circle. 

Let AB, CD cut one other in the 
point E ; and first within the circle ABC; 
the angle of inclination is equal to half the 
Ungle at the centre standing on an arc 
equal, to the sum of CA and DB. 
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Through D drew DF parallel to BJ. Find O tbe 
centre of the circle, join CO, FO. Then JB being 
parallel to FA (i"- 1-) ^F ii equal to BD; and the 
angle CEj4 is equal to CDF, ue. to half the angle 
COF, which stands on the arc CF equal to CA and Bi> 
leather. 

3. Next, let AB, CD intersect in B. without tlie 
circle. 

The same construction being ^ p/ ^ 

made, the angle CEA is equal to 
the angle CDF, u e. to half COF, 
1, e. to half the angle standing on 
CF which is the difference between CA and AF or CA 
and BD. 



(25.) If from a point without two circles which db 
twit meet each other, two lines be drawn to their centres, 
which have the same ratio that their radii have; the 
angle contained by tangents drawn from that point 
towards the same parts will be equal to the angle oon~ 
t lines drawn to the centres. 



From the point A let the 
lines AB, AE be drawn to the 
centres of two circles, and let 
them have the same ratio that 
the radii BC, DE, have; 
from A draw the tangents AC^ 
AD; as also AF, AG; each 
of the angles CAD, FAG will be equal to BAE. 

Since AB : BC :: AE : ED and the angles at C 
and D are right angles, .*. the triangles ABC, AD£m 
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equiangular (Eucl. vi. /.), and the angle CAB:=iDAE\ 
to each of these add the angle BAD ; and CAD = BAE. 

In the same manner FAG may be shewn to be equal 
to BAD. 



•'»'^^»i^»>»>»i^»<»>^» " ^»i»*i»«»' ^ ^^^^ 




(26.) To determine the Arithmeticy Geometric and 
Harmonic .means between two given straight lines. 

T 

Let ABy BC be the two given lines. 
Let them be placed in the same straight 
line, and on AC describe a semicircle 
ADC. Through B draw BD at right 
angles to AC, join 0/>, and upon it let fall the perpen- 
dicular BE. Then AO being half of the sum of AB, 
BC is the arithmetic mean ; and since (Eucl. vi. 8.) 
AB : BD :: BD : BC, .\ BD is the geometric mean. 
And DE is the harmonic mean^ for (Eucl. vi. 8.) 
(DOz:z)AO : DB :: DB : DEyi.e. it is a third pro- 
portional to the arithmetic and geometric means, and 
.'. is the harmonic mean. 



^^»»i^ii^»ii#i^^i» mm^m < 0<^^^^>mm^i^0* 



(27.) If on each side of any point in a circle any 
number of equal arcs be taken , and the extremities of each 
pair joined; the sum of the chords so draum, will be 
eqiud to the last chord produced to meet a line drawn 
fi^cm the given point through the extremity of thejirst 
arc. 

Let AB, BC, CD, &c., AE, EF, FG, &c. be equal 
arcs and let their extremities BE, CF, DG be joined ; 
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from ^through Bdraw^Bif meeting the last chord GD 
ID /f ; OH is equal to EB, CF, DG, &c. together. 




Join DF, EC, and produce £C to /. Since AE = 
BC, ABH is parallel to ECL And since the arcs are 
equal, the lines BE, CF, DG are parallel, whence BI 
is a parallelogram and BE = HL In the same maaner 
it may be shewn, that CF=£D, and so on, whatever be 
the number of equal arcs ; hence 6H is equal to the sum 
of BE, CF, DG. 



(38.) If the circumference of a semicircle be divided 
into an odd number of equal parts, and through the 
points which are equally distant Jrom the diameter, lines 
be drawn ,- the segments of these lines intercepted bei- ■ 
tween radii drawn to the extremities of the most remote. 
will together be equal to a radius of the circle. 

Let the circumference of the semi- 
circle ADB be divided into any odd 
number of equal parts, e. g. five, (the 
demonstration being the same for any 
odd number) in the points C, D, E, F. 
Join DE, CF, which are parallel, since 
they intercept equal arcs. Join OD, OE ; DE and 
LM together are equal to the radius of the circle. 
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For complete the circle, and divide the opposite semi- 
circle in the same manner ; join AC, DGj EH whicji 
will be parallel to one another ; CH will also be parallel 
to DI. Hence DE =« OK, and OK is also equal to each 
of the two PM, CL, /. PM^CL, whence LM=iCP 
which is equal to AK, since CF is parallel to AB, 
and DE + LM ^ KO+ AK= AO the radius of 



the circle. 



» • 
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(29.) If Jrom the extremities and the point of hi- 
section of any arc of a circle^ lines be drawn to any 
point in the opposite circumference ; the sum of those 
drawn Jrom the extremities will have to that Jrom the 
point of bisection^ the same ratio that the line joining the 
extremities^ has to that joining one of them and the point 
of bisection. 

Let the arc AB be bisected in C, and 
AB, AC joined ; to any point D in the 
circumference draw AD, BD, CD ; then 
AD + DB . DC :: AB : AC. 

Draw AE parallel to CD, and let it 
meet BD produced in E. The angle 
EAD = ADC = CAB (Eucl. iii. 27.) ; 
to each of these add DAB, and EAB =r 
CAD; also ABD = ACD, .\ the triangles EAB, ACD 
are equiangular, whence BE : CD :: BA : AC. But 
since CDB is equal to each of the angles AED, DAEj 
they are equal to one another, /. DA = DE^ 
and AD + DB : DC :: AB : AC. 
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(30.) If two equal circles cut each other^ andjrom 
either point of intersection a circle be described cutting 
them; the points where this circle cuts them and the 
other point of intersection of the equal circles are in the 
same straight line. 

Let the two equal circles cut each 
other in A and 5, and with the centre A 
and any distance AC^ c^scribe a circle 
FCD cutting their circumferences in C 
and/>; C,Z),Bwill be in a straight line. 

Join CBy and let it meet the cir- 
cumference ADB in E. Join AE, 
AC. Since the angle ABC is an angle 
in each of the two equal circles, the circumference AC 
is equal to the circumference AE (Eucl. iii. ^.), /. the 
line AC is equal to the line AE ; and .*. £ is a point 
in the circle FDC^ and being by construction in the 
circumference ADB, it must coincide with Z>; /. CB 
passes through D^ or C, Dy B are in a straight line. 




(31.) If two equal dixies cut each other , and from 
either point of intersection a line be drawn meeting the 
circumferences ; the part of it intercepted between the 
circumferences will be bisected by the circle whose 
diameter is the common chord of the equal circles. 

Let the two equal circles ADB, 
ACB cut each other in A and B ; 
join ABy and on it as a diameter let 
a circle AEB be described, and 
from A draw any line ADC meet- " ^ 

ing the circumferences in D and C; DC is bisected in E. 
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Join BD, BE, BC. Since the angle CAB is in 
each of the two equal circles, the circumferences BD, 
BC on which it stands are equal, and /. the straight lines 
BD, BC are equal, and consequently the angle BDE is 
equal to the angle BCE ; and the angle BED in a semi- 
circle is a right angle, and .*• equal to BEC, and BE is 
common to the two triangles BED, BEC, .'. DE=^EC. 



^^«i»«^^^^>»»#^»»i»<*^^»«0^^«^i^^»»^'*»^ 




(32.) If two circles touch each other externally or 
internally ; any straight line drawn through the point 
of contact, will cut off similar segments. 

Let the circles ADC, BCE a, 
touch each other in the point C, and d| 
let any line ACB be drawn through 
the poii^ of contact ; it will cut off 
similar segments. 

For draw the diameters CD, CE, and join AD, BE. 
Then DCE being a straight Hne (Eucl. iii. 12.), the 
angle ACD is equal to BCE, and DAC=: CBE each 
being in a semicircle, and .*. a right angle, whence the 
angles ADC, CEB are equal, and the segngents ADC, 
CEB similar; and .*. the segments AC and CB are 
also similar. 



^I**^^^'^!^ i»^^>»»^^»»<»»»^^»#»^l^<»^»»l^ 



(33.) If two circles touch each other externally or 
internally ; two straight lines drawn through the point 
of contact will intercept arcs, the chords of which are 
parallel. 
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Let the two circles ACD, ECB touch 
each other in C, and let ABC, DEC be 
any two Hnes drawn through the j)oint of 
contact.- Draw the tangent FCGy and 
join AD, EB. 

Then (Eucl. iii. 32.) the angle ADC 
= {FCA = ) BEC, whence (Eucl. i. 28.) AD \% pa- 
rallel to BE, 




^^^ ^ ^^■^■i 



(34.) If two circles touch each other internally or 

externally, any two straight lines drawn through the 

point of contact and terminated both ways by the circum* 

ferences will be cut proportionally by the circumference. 

Let the two circles touch each other in C, (see last 
Fig.) and let ACB, DCE be any two lines, drawn 
through the point of contact ; then it may be shewn (as 
in the last prop.), that AD is parallel to BE, \nd the 
triangles ACD, BCE are similar^ 

.-. AC : CB :: DC : CE. 



(35.) If two circles touch each other externally, and 
parallel diameters be drawn, the straight line joining 
the extremities if these cUameters, will pass through 
the point of contacts 

Let ABG, DGE be two circles 
touching each other externally in the 
point G I and let AB, DE be parallel 
diameters, join AE; AE will pass 
through G. 
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Join O, C the centres of the circles, OC will pass 
through O : let it meet AE in F. The vertically oppo- 
site angles at F being equals and also the alternate angles 
OAF, FECy the triangles AOF, FCE are equiangular, 

..AOiCE:: OF . FC, 
comp. A0+ CE :CE::OF+ FC: FC, 
But OC^AO+ CE, and /. FC=CE =: CG, and con- 
sequently F and G coincide, or AE intersects OC in 
the point G, i. e. it passes through the point of con- 
tact. 



>|*^<^«^^<»<^»<^^l»«»^«^^■^|»^ ^ 



(36.) If turn circles touch each other, and also touch 
a straight line ; the part of the line between the points 
of contact y is a mean proportional between the diameters 
of the circles* 

Let ABB, CED be two circles 
touching each other in E, and a 
straight line AC in A and C; draw the 
diameters AB, CD; AC is a mean 
proportional between AB and CD. 

Join ADy BC; these lines (ii. 35.), pass through the 
point of contact C. And since CA touches the circle in 
Ay from which AE is drawn, the angle CAD is equal to 
the angle in the alternate segment ABE ; also the angle 
ACD being a right angle is equal to the angle CABy 
.'. the triangles ACD, ABC are equiangular, and 

BA: AC:: AC: CD. 




^^^^X^O»i#»^»«^«^^»^i»^i»i»^ ^i^^»^ 



(37.) If two circles touch each other externally ^ and 
the line joining their centres be produced to their cir'^ 
cumferences ; and from ^ pfiddle point as a centre u^th 
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any radius whatever a circle he described^ and any line 
placed in it passing through the point of contact ; the 
parts of the line intercepted between the circumference 
of this circle and each of the others will be equal. ^ 

Let ABC, DCE be two circles 
which touch each other externally in 
C, and let AFE be the line joining 
their centres and produced to the 
circumferences in A and E. Bisect 
AE in F, and with the centre F and 
any radius^ let a circle GHK be de- 
scribed, and in it any line GCH drawn through C meet- 
ing the circumferences of the circles in B and D ; then 
mWGB^DH. 

Join A By VE, and draw FI parallel to A 6 ; it will 
be perpendicular to GH since ABC is an angle in a 
semicircle, and .*. GH is bisected in /. And since IP 
is parallel to AB, 

(Eucl. vi. 2.) AF : BI :: FC : IQ 
also the triangles ICFy ECD being similar, 

FC : CI:: EF : ID, 
.-. (Eucl. V. 15.) AF : BI :: EF : ID. 
But AF = FE, .'. BI^ ID,,^ 
and it has been shewn that G/= IH, whence GB = DH. 



^^^i»i^»»^»»^»^«»i»^^»»^»»<»»»i»^«^^i»^ 



(38.) If from the point of contact of two circles 
which touch each other internally any number of lines he 
drawn; and through the points^ where these intersect 
the circumferences i lines be drawn from any other point 
in each circumference^ and produced to meet ; the angles 
formed by these lines will he equal. 
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Let the. two circles JBC, DEC 
touch each other internally in C, 
from which let any lines CA, CB be 
drawn ; and taking any two pointe 
G and F, through E and B draw 
GBI, FBI, and through D and J 
draw GDH, FAH; if those lines 
meet, the angle at /will be equal to the angle at H. 

For the angles CBF, CAF standing on the same 
circumference CF, are equal, .'. the angle IBE is equal 
to HAD. Also the angles CEG, CDG, standing on 
the same circumference CG, are equal, and .■. the angle 
lEB is equal to the angle HDA; .-. the triangles lEB, 
HDA have two angles in each equal, and consequentljr 
the remaining angles are equal, t. e. EIB=DHA. 



(39.) If two circles touch each other internally, and 
amy two perpendiculars to their common diameter be pro- 
duced to cut the circumferencet; the lines joining the 
points of intersection and the point of contact are pro- 
portionals. 

Let the two circles ACB, AEI 
touch each odier internally in the 
point A, from which let the com- 
mon diameter AIB be drawn, and 
from any two points G, H let per- 
pendiculars GC, HD meet the circumferences in C, D, E, 
F; join AC, AD, AE, AF; these lines are proportional. 

For since AB : AD :: AD : AH, 
AB : AH in the duplicate ratio of AB : AD. 
For the same reason, 

AG : AB in the duplicate ratio of AC : A3, 
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.-. AG : AH in the duplicate ratio of AC : AD. 
In the same manner it may be shewn that 

AG : AH in the duplicate ratio of AE : AF, 
.-. (Eucl. V. 15.) the duplicate ratio of AC : AD, 
is the same with the duplicate ratio ofAE : AF^ 
and .'. AC : AD :: AE : AF. 



y-»»»»i^^»»«»^i^i# »<^i^^^M»»»^^»<»i^»i»<i 



(40.) If three circles, whose diameters are in con- 
tinued proportion touch each other internally, and from 
the extremity of the least diameter passing through the 
point of contact, a perpendicular be drawn, meeting the 
circumferences of the other two circles ; this diameter 
and the lines joining the points of intersection and con-^ 
• tcu:t are in continued proportion. 

Let ABy AC, AD the diameters of 
three circles touching each other in A, ^^^^^ 

be in continued proportion, viz. AB : p'^^y )l 

AC :: AC : AD, and from B the per- ^ ^^^ 
pendicular BF meet the circumferences in E and F ; 
join AE, AF; then AB : AE :: AE : AF. 

For (Eucl. vi. 8.) AB : AF :: AF : AD. * 
But by the hypothesis AC : AB :: AD : AC, 

.. AC: AF:: AF : AC, 
whence AF = AC. 

And (Eucl. vi. 8.) AB : AE :: AE : AC, 

.-. AB : AE :: AE : AF. 



H 



(41.) j^a common tangent be drawn to any number 
of circles which touch each other internally ; andjrom 
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ifl^ poinf ifl this tangent as a centre, a circle be described 
cutHng Hfi others J, and Jram this centre lines be drawn 
through the intersections of the circles respectively ; the 
segments of them withii^ each circle will be equal. 

Let the circles touch each other in 
the point B, to which let a tangent BA 
be drawn, and from any point A in it 
as a centre with any radius^ let a circle 
EFG be described. Draw the lines 
ABD, AFH, A6I; then will the parts 
D£, ^F, IG be equal. 

For since AB touches the circle, (End. iii. 36.) 

DA : AB :: AB : AE, 
For the same reason, AB : AH :: AF : AB^ 
.•• ex asquo DA : AH :: AF : AE, 
but AF= AE, r.DAzz AHvLnd consequently DE = HF. 
In the same manner it may be proved, that IG^HF 
or DE. 




«<^»»^^^^»#«»<>*<#i»# *^^0 »»*i»*^i»»* 



(42.) If from any point in the diamter of a circle 
produced, a tangent be drawn ; a perpendicular from the 
point of comlact to the diameter will divide it into seg- 
ments which have the same ratio that the distances of the 
point without the circle from each extremity qf the 
diameter, have to each other. 

From any point C in the dia- 
meter BA produced^ let a tangent 
CD be drawn^ and from D, draw ^ 
f)P perpendicular to AB ; AE : 
m :: AC : CF^. 

6 
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Take O the centre of the circle^ join DO ; then 
(Eucl. iii. 18.) the angle CDO is a right angle, and •*. 
(EucL vi, 8.) 

CO : OD :: OD : OE^ 

or CO : OA :: OA : OE, 

/• div. and comp. AC : CB :: AE : EB. 

CoR. The converse may easily be proved. 



(43.) If from the extremity of the diameter of a 
given semicircle a straight line he drawn in it, equal to 
the radius, and from the centre a perpendicular let Jail 
upon it and produced to the circumference ; it will be a 
mean proportional between the lines drawn from the 
point of intersection with the circumference to the cx- 
tremities of the diameter. 

From B the extremity of the diameter 
^0 let a line JBC be drawn, equal to the ^ 
radius JBO; and on it let fell a perpen* b o 
dicular OD meeting the circumference 
in D ; join DB, DA ; DO is a mean proportional be- 
tween DA and DB. 

Join DC. Then the angles BAD, BCD on the 
same base are equal. Also since OD bisects BC, it bi- 
sects the BTC BDC, .'.also the straight line BDss.DC 
^nd the angle DBC=DCB, but ODA^OAD, /. the 
triangles ODA, DBC are similar^ .•• AD : DO :: 
(fiC=) DO : DB. 




«^#i#i» i*#«»<M<»i^#^^^»»i»i^»»^^»#M ^rf 



(44.) If from the extremity of the diameter of a 
)le, two lines be drawn, one of which cuts a perpen- 
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diadar to the diameter, and the other is drawn to the 
point where the perpendicular meets the circumference ; 
the latter of these tines is a mean proportional between 
the cutting line, and that part of it which is intercepted be- 
tween the perpendicular and the extremity of the diameter. 

Let CE be at right angles to the dia- f 
meter AB of the circle ABCy and from 
A let AD, AC be drawn^ of which AD 
cuts CE in F, then will 

AD : AC :: AC : AR 

For since the circumference AE is equal to the cir- 
cumference AC, (Eucl. iii. 27.) the angle ECA is equal 
to the angle ADC, and the angle at A is common to the 
two triangles ADC, ACF, /. the triangles are similar^ 
and 

AD : AC ;: AC : AF. 

But if the point of intersection y* be without the cir- 
cle^ draw dH parallel to CG, then, as before, the angle 
HdA is oqual^ ACd, and the angle at A common to 
the triangles AHd, ACd, 

.'. Ad : AC :: AH ; Ad :: AC : Af. 




^^»^<0>^^i**^0> ^^^ *^'^^ < * >#^>»i»<»i»«»'i» 



(45.) In the diameter of a circle produced, to deter^ 
mine a point, from which a tangent draum to the dr- 
cwnference shall be e^ual to the diameter. 

From A the extremity of the dia- 
meter AB, draw AD at right angles 
and equal to AB. Find the centre O, 
join OD cutting the circle in C; and 
llirough C draw CE at right angles to 
OD meeting BA produced in E. 





82 GEotfkrttiCAL pRokdsite. [fer. e. 

Then because the angle OAD is equal fo X)CE, ttdh 
being a right angle, and the angle at O ft tddmteiMi lb 
the Wo trikngles OAD, OCE, and OA^OC, .-. ^I>=i 
dB. iBut AD was made equal to AB, .\ CS^ifS; 
and £ is the point required. 



■»»»^>#»*>*^^[»<i^^^»^^^i»i»i»»^i#ii#^^ 




(46.) To determine a point in the perpeniicuhar at 
the extremity of the diameter of a semicifcle^Jrotn ivMHh 
if a line he drawn to the other extremity oftHe diameter^ 
the part without the circle nidy he eqUdl to a given 
straight line. 

From B the extremity of the dia- 
meter of the semicircle ADBy let a per- 
pendicular £C be drawn ;^ in which 
take BE equal to the given line ; and 
on it as a diameter describe a circle; through the centre 
of which draw ASFy and <vith A as centre and radius 
AF describe a circle cutting JBC'in C. Join ACi CD 
is equal to the given litie. 

Join BD. Then BD being perpendicular to AC, 
(Eucl. vi. 8. Cor.) AC : AB :: AB : AD, 
and (Eucl. iii. 36.) AB : AF :: AG : A$, 
.•. ex asquOy AC : AF :: AG : AD, 
whence AG = AD, and /• DC=^ GF^BE. 



^^»*i^>^i*>^i»i»i^»'»i^^»^^ ^Oi<^^ ^ ^t^^ 



(47.) Through a given point without a given circle, 
to draw a straight line to cut the circle^ so ihat^ the ^K6o 
perpendiculars drawn from the points of intersect^im to 
that diameter which passes through the' given' point, mdnf 
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together be equal to a given KnCj not greater than fto 
diameter of the circle. 

l»et P be the given point with- 
out the circle ABCj whose centre 
is O; AB the diameter which 
passes through P. On PO de- 
scribe a semicircle. From P dravir 
PD at right angles to PB and equal to half the given 
line ; through D draw DE parallel to PB meeting the 
semicircle in E ; join PE ; and produce it to C ; PC 
is the line required. 

For, draw FG, EH, C/ perpendiculars to AB. Join 
OE ; then the angle PEO is a right angle, and .*• (Eud. 
iii. 3.) EF=^EC; whence FG and CI together arc 
equal to 2 EH=2PD=: the given line. 



(48.) If from each extremity of any number of equal 

adftwent arcs in the circufnference of a circle, lines be 

drawn through two given points in the opposite circum^ 

ferenccy and produced till they meet ; the angles formed 

by these lines will be equal. 

Let AB, BC, be equal arcs, and 
JP, E two points in the opposite cir- 
cilihference, through which let the 
lities AFI, BBI; BPH, CEH be 
drawn, so as to meet ; the angles at / and if, will be 
equal. 

From E dnwEK, EL, respectively parallel to FA, 




M 
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From A snd B the extremities of the 
diameter AB let Ungents AD, BE be 
drawn, meeting a tangent to any other point 
C of the circumference, in D and E ; and 
let O be the centre ; join DO, EO ; the 
angle DOE is a right angle. 

Join CO. Then since CE=^EB, CO=OB, and 
^e angles at C and B, being right angles, are equal, 
.*. the angle CEO=: OEB and CEB is bisected by EO. 
In the same manner it may be shewn that the angle 
ADC is bisected by DO, And since the angles CEB^ 
CDA are equal to two right angles, .-. CDO and CEO 
are equal to one right angle, and /. (Eud. i. 33.) DOE 
is a right angle. 



(53.) If from the extremities of the diameter of a 
drcle tangents be drmon ; any other tangent to the cir' 
cle, terminated by them, is so divided t^t the point of 
contact, that the radius of the circle is a mean propor- 
tional between its segments. 

Let AD, BE be two lines touching the circle ABC, 
(see the last Fig.) at A and B the extremities of its dia- 
meter, and meeting DCE any other tangent to the cir- 
cle ; take O the centre, and join CO ; then will DC : 
CO :: CO : CE. 

Join DO, EO ; then as in the last proposition, it 
may be shewn that DOE is a right angle ; and since from 
the right angle OC is drawn perpendicular to the base, 
.'. (Eud. vi. 8.) it is a mean proportional between the 
segments of the base, or 

DC : CO :: CO : CE. 



!.«.] 
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(54.) Tun drcles being given in tnagnihtde and pofv- 
turn; tojutdapoint iHthecircunifisrenceofoneqffhemf 
io which ^ a tangent be drawn cutting the eircuTnference 
of the other, the part of it intercepted between the ttuo 
circta^erences may be equal to a given line. 

Let O and C be the centres of the 
two given circles. To any point A in 
the circumference of one of them let a 
tangent AB be drawn, and make AB 
equal to the ^ven line. With the 
centre C and distance CB describe a circle DBD cutting 
the other in the pdnt D, and from D draw DE touch- 
ing the foroaer given eircl« ; E will be the point required. 

iomCA,CB,CD,CE. Since C^=CE and CS= 
CDj and the angles at A and E are right angles, .'. DS 
is equal to BA, i. «. to Uie ^ven line. 

If the circle DBD neither cuts nor touches DDy it 
is evident the problem will be impossible. 




(55.) 7b dram a straight Une cutting two concentric 
circles so that the part of it which is interested by the 
circumference of the greater may be Amble the part in- 
tercepted by the circumferenoe of the less. 

Let O be the centre of the two circles. 
Draw any radius OA of the lesser circle 
and produce it to B, making AB=AO. 
On AB describe a semicircle ACB cutting 
the greater circumference in C; join AC, 
and produce it to E; CE is the line required. 

Join CB; and let &I1 the perpendicular 0Z>. Thq^ 
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the angle ADO being a right angle is equal to llie angle 
ACB, and the vertically opposite angles at A are equal, 
and the side OA^AS, .-. AC=AD, and DC=2ADi 
but DC is half of EC and AD half of AF, .: EC is 
double of ^F. 

Cor. The same construction will apply whatever be 
the relation required between the two chords. Take 
OS : OA in the required ratio, and proceed as in the 
proposition. 



(56.) ^ two circles intersect each other, the centre 
of the one being in the circumference of the other, and 
an^ line be drawn from that centre ; the parts t^ it 
which are cut off" by the common chord, and the two cir- 
cun^erences uill be in continued proportion. 

From any point A in the circumference 
of the circle ABG, as a centre and with 
any radius, let a circle BI^C be described, 
cutting the former in B and C Join BC, 
and from A draw any line AFE, AF r^ 
AD :: AD : AE, 

From A draw the diameter AG, it will cut BC at 
right angles in 7. Join GB, AC. The right angle 
AIF being equal to the right angle AEG, and the angle 
at A common, the triangles AIF, AEG are similac, 

.-. AF : AI :: AG : AE. 

But (Eucl. vi. 8. Cor.) Al : AC :: AC : AG, 

.'. ex atquo, AF : AC :: AC : AE, 

or AF: AD : AD : AE. 
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(57.) 7/* a semicircle he described on the side of a 
quadrant, and Jrom any point in the quadrantal arc 
a radius he drawn, the part of this radius intercepted 
between the quadrant and semicircle, is equal to the per- 
pendicular let Jail Jrom the same point on their common 
tangait. 

On AB the side of a quadrant let the 
lemicircle AEB be described, and from any 
point C draw the radius CB, and CD per- 
pendicular to AD a tangent at A; EC= CD. 

Join AEy AC; then the angle AEB being in a semi- 
circle, its adjacent angle AEC is a right angle and .*. 
equal Va ADC; and BCA=BAC=ACD the alternate 
angle ; .*. the two triangles ABC, ACD have two angles 
in each equal, and one side AC common, .'. EC= CD. 

Cor. Any chord of the semicircle drawn from the 
centre of the quadrant, is equal to the perpendicular 
drawn to the other side irom the point in which the chord 
produced meets the quadraotal arc. 

Produce DC to F; then CE being equal to CD, 
the remainder BE is equal to the remainder CF. 



(58.) If a semicircle be described on the side of a 
quadrant, and a line be drawn from the centre of the 
quadrant to a common tangent ; this line, the parts of 
it cat off by the circumferences of the quadrant, and of 
the semicircle, and the segment of the diameter of the 
semicircle made by a perpendicular from the point where 
the line meets its circumference, are in continued propor- 
Hon. 
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On the radius AB of the quadrant 
AGB let the semicircle AEB be de- 
scribed^ and at A draw the tangent AD. 
From B draw any line BECD meeting 
the tangent in 2>, and the circumferences 
in C^ E; from E let fall the perpendicular EF; then 
BDj BC, BE, BFdLve in continued proportion. 

Since FE is perpendicular to BA, it is parallel to AI), 

/. BF : BE :: (B^=) jBC : BD, 

But (Eucl. vi. 8.) BF: BE :: jB^ : {BA=) BQ 
.\ (Eucl. V. 15.) also BE : BC :: BC : BD, 

and jBF: BE :: J5JE : 2?C :: BC : BZ>. 



^i^>^ ^^r ^ ' ^ ^^^i^ *■* ^■^ ^1^* ^<y»^^»i^i» 



(59.) If the chord of a quadrant he ntade the dia^ 
meter of a semicircle, and from its extremities two 
straight lines he drawn to any point in the circumference 
of the semicircle ; the segment of the greater line inter^ 
cepted between the two circumferences shall be equal to 
the less of the two lines. 

Let O be the centre of the quadrant 
ADBy join AB and on it let a semicircle 
ACB be described ; from any point C in 
which let lines CA, CB be drawn to A and 
B, of which CB is the greater ; CD = CA. 

Join AD^ and complete the circle ABE ; take auy 
ppint E and join EA, EB. Since ADBE is a quadri* 
lateral figure inscribed in a circle, the angles AEB^ 
Al)B are equal to two right angles^ and .*. equal to 
JDB,ADC; whence AEB=^ADC; h\it AEB is half 
^AOB which is a right angle^ .*. ^Z>C is half a right 

I. . 




angle, and ^CD being a right angle (Eucl. it. 31.), CAD 
is half a right angle, and /. equal to CDA, ix>n8eqaently 
CA^CD. 



^i»i»^^*^i^^(<»^^l^*i^l#^»»»*^^^#i#^H»'' 



(60.) If two circles cut each other so that the cir- 
cumference of one passes through the centre o^the other ^ 
and from either point of intersection a straight line be 
drawn cutting both circumferences ; the part intercepted 
between the two circumferences will be equal to the chord 
drawn from the other point of intersection to the poini 
where it meets the inner circumference. 

Through O the centre of the circle 
ABQ let t^ circle AOB be described, 
Cutting AB&^n A and B. If any line 
A ED be drawn from Ay and BE joined ; 
DE will be equal to EB. 

Draw the diameter AOC; join BC^ MB. Then 
since the angle AOB is equal to AEB, .*. the* angle 
COB is equal to DEB. Also the angles OCB, EDB, 
being in the same segment, are equal to one another, 
.*. the triangles OCB^ EDB are equiangular, and .*• 
since OB=^OC, the angle OCB is equal to the angle 
OBC, whence EDB = EBD, and /. ED ^ EB. 




« 



(61.) If from each extremity of ^ dianfeter of a 
circle lines be drawn to any two potnti in the dfcUmfe" 
rence ; the sums of the lines so drawn to each point will 
have to one another the same ratio that the lines ^have, 
which join those points and the opposite extremity of a 
diameter perpendicular to thejbnner. 
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From A and C the extremities of AC the diameter of 
the circle ABC, let lines AE, EC, AF, FC be drawn 
to any points E and F in the cir- 
cumference, and draw the diameter 
BD perpendicular- to AC; join ED, 
FDi then 
AE + EC: AF+FC:: ED : FD, 

Join AB; and with the centre B 
and distance BA describe a circle 
AGC; produce AB, AE, AF to the circumference. 
Join GH, HI, BE, EF, GI, BF. Then since AG and 
BD are diameters of the circles, the angles AHG, AIO 
are equal to DEB, DFB ; but BAE, EAF are equal to 
BDE, EDF, and the angle HIG beings UAG = BDE 
= BFE, .-. the angle HIA =: EFD unld the triaogles 
GAH, HAI are similar to BDE, EDF, and 

.-. AH : AI :: ED : FD, 

But (ii. 60.) EH=EC, and FI=FC, 

.'. AE+EC: AF+ FC :: ED : F/>. 



^^^^^^^^i^^^^'I^^^I^^^^^ ^ ^^V^^t^^^ 



(63.) If from any two points in the circumference of 
a circle there be drawn two straight lines to a point in 
a tangent to that circle ; they will make the greatest 
angle when drawn to the point of contact. 

Let A and B he the two points, and 
CD the tangent «tC; join ^C, CB; the 
angle ACB is greater than any other angle 
ADB formed by lines drawn to any other 
point JD. 

Join BE. Then the angles ACBy AEB in the same 




&Cf. d.] GEOMETEICAL P|lOBLfiM8. 6$ 

segment are equal ; but ADB is less than the exterior 
angle AEB^ and /. is less than ACB. 

Cor. If two circles touch each other in C, it might 
be shewn in a similar manner, that the angle formed by 
two straight lines drawn from A and B to C the point of 
contact; will be greater than the angle formed by lines 
drawn from the same point? to any point in the exterior 
circle. 



(63.) From a given point within a given circle to 
draw a straight line which shall make with the circum' 
Jerence an angle less than the angle made by any other 
line drawn from that point. 

Let P be tlf$ given point within the 
circle ABC. 

Find O the centre, join OP and 
produce it to the circumference. From 
P draw PB at right angles to OA; it is 
the line required. 

Join OBj and on it as a diameter describe a circle 
OPJB, which will touch the circle ABC in J5* Then 
OBP is the greatest angle that can be included between 
lines drawn from O and P to the circumference ABC 
(ii. 63. Cor.), .•. the angle contained by PB and the cir- ^l 
cumference AB will be the least. 




^^^^<S^»»^»^^S»i»i^^^>l»^^>^^»^^^^ 



(64.) To determine a point in the arc of a quadrant^ 
from which if lines he drawn to the centre and the point 
of bisection of the radius, they shall contain the greatest 
possible angle. 
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Let BChe the arch of a quadrant whose centre i$ A 
and let the radius AC be bisected in D. On 
AD describe an equilateral triangle ADE, 
and produce AE to F; F is the point re- 
quired. 

Join FD. Then AF^AC, and AD= 
AE, but AD is half of AQ and /. ^£ is half 
of AF, and /. equal to EF; and EA, ED, EF are 
equal ; whence a circle described from the centre E at 
the distance of any one of them will pass through the 
extremities of the other two, and touch the arc BC in 
F, because their centres are in the same straight line ; 
and AFD (ii. 63. Cor.) is greater than any other angle 
formed by lines drawn from any point in BC to A and D. 



^^^^^^^^i»^^^^i»^^»^>^<^«»o^^^^>» 



(65.) If the radius of a circle he a mean proportional 
to two distances from the centre in the same straight Une; 
the lines drawn from their extremities to any point in 
the circumferetice will have the same ratio thai the 
tances of these points from the circumference have. 

LfCt A and B be the two points^ 
such that AO : CO :: CO.: BO, and 
from A and B let lines AD, BD be 
drawn to any point D in the circum- 
ference ; these have always- the same ratio^ viz. AD : 
BD :: AC : BC. 

Join OD. Then since OD^OC, OA : OD :: OD : 
OC, i. e, the sides about the common angle AOD of the 
triangles AOD, BOD are proportional^ and .*. the tri- 
angles are similar, consequently 

DA : DB :: OA : {OD^) OC. 
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But since AO : CO :: CO : BO, 

4w. AO: AC:: CO : CB, 

aU. AO : CO. :: AC : CJJ, 

.-. (Eucl. V. 15.) DA : DB :: AC : CB. 



>^»^^^^^^n»»# rf K*^#*i»>i»w 



(6tf .) Ttoo ctrcfef ftetnig given in pasiiwn and ffmg^ 
nitude ; to draw a straight line cutting them so that 
the chords in each circle may he equal to a given Uncj 
not greater than the diameter of the snudler circle. 



Let ABQ BFG be the given circles whose centres 
are O and M. In each place a line AB, EP, eqiial to 




the given line ; and from the centres draw the perpen« 
diculars O/, MK ; and with these distances and centees 
O and / describe circles which will touch ABy EF in / 
and K\ draw CDGH (ii. 7*) which shall touch these 
circles in L and N; each of the chords CD and GH 
will be equal to the given line. 

Join OL^ MN\ these lines are perpendicular to CD 
and G/f, and being respectively equal to OI and MK^ 
CD^AB (Eucl. iii. 14.) and GH^EFx but AB and 
EF are each equal to the given linci .*. CDzndGH 
am also each equal ta the given lin^. 

CoR\ If the ifitercepttd- parts are required to hav6 
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a given ratio^ take AB and EF in that ratio, and make 
the same construction as in the proposition. 



^^^<»^»»^»#i<«»i»^^i»i»i»^^^^i»i»i»»i»^ 




(67.) To determine a point in the arc of a quadrant, 
through which if a tangent be drawn meeting the sides 
of the quadrant produced, the intercepted parts majf 
have a given ratio. 

Let OA, OB be the sides of a quad-> 
rant produced ; and take M and N two 
right lines which are in the given ratioj 
and let OC be a mean proportional be- 
tween the radius of the quadrant and M, 
and OD a mean proportional between the radius and iVl 
Join CD, and draw the radius OE cutting it at right 
angles ; E is the point required. 

Through E draw the tangent AEB, which being per- 
pendicular to OE (Eucl. iii. 18.), will be parallel to CD, 

.-. AO : OB :: CO : OD, 
and since OC and OD are mean proportionals between* 
ifif and the radius, and N and the radius respectively, 
jM : iV in the duplicate ratio of OC : OD, 
t. e. in the duplicate ratio of AO : OB. 
But (Eucl. vi. 8. Cor.) 

AE : EB in the duplicate ratio of ^0 : OB, 
/. AE : EB :: M : N, i. e. in the given ratio. 



^^^»<»^>i^#X»»>*>»»»«^r#«»^'*»»«*<*i^i» 



(68.) ^ a tangent be drawn to a circle at the extre^ 
mity of a chord which cuts the diameter at right angles^ 
and from ang point in it a perpendicuiar be let fall; the 
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Segment of the diameter intercepted between that per* 
pendicular and chard is to the intercepted part of the 
tangent^ as the chord is to the diameter. 

Let the chord CD be perpendicular to 
the diameter AB^ and let CE touch the 
circle at C; from any points in which 
let EF be drawn perpendicular to AB ; 
FG : CE :: CD : JB. 
Draw the diameter CH; join HD and draw CI per- 
pendicular to EF. Since EC touches the circle, the 
angle ECH (End. iii. 18.) is a right angle and /. equal 
to ICD; whence, taking away from each ICH, the 
angle ECI=HCD, and EIC, HDC are right angles, 
/• the triangles ECI, HDC are equiangular, 
whence IC : CE :: DC : CH, 
or GF : CE :: CD : AB. 



^^>^»»S»^^'^»l»l#«»»»*l#»*>#«^^^<»»<«^ < 



(69.) If a straight line he placed in a circle , and 

from its extremities perpendiculars he let fall upon any^ 

diameter ; these perpendiculars together will have to the 

part of the diameter intercepted between them, the same 

ratio that a line placed in the circle perpendicular to the 

former line, has to the former line itself. 

Let the line CD be placed in the cir- 
cle ABC, and from its extremities let 
CE, DF be drawn perpendicular to a di- 
ameter AB. From Z> let Z>6 be drawn 
perpendicular to DC ; then will 

CE+DF : EF :: GD : DC. 

Join CGf which is therefore a diameter of the circle ;^ 
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mud produce CE to /: join DIj and draw DH perpen- 
dicular to CE. Since CI is perpendicoktr to AB^ CBm, 
EI, but HE = DF. r. HI^ CE^DF. Now (Eud. 
iii. 21.) the angle at G is equal to the angle at /, and 
CBG^ DHI are right angles, /. the triangles COD^ 
HID are equiangular, 

and HI.HD.iDG.DC, 
or CE+DF: EF :: DG : 



►*«»»*»*>^<»»^^^ ^^ ^^ 




(70.) In a circle to place a straight tine of given 

kngth, so that perpendiculars drawn to it from two given 

points in the circumference may have a given ratio. 

« 
Let A and B be the given 

points in the circumference cf the 
circle whose centre is O. Join 
BA and produce it, and take AC : 
CB in the given ratio. In the 
circle place a straight line equal to the given straight line^ 
and from the centre O let fall a perpendicular upon it. 
With O as centre, and distance, equal to this perpendi- 
cular describe a circle D6, and from C draw CEDF a 
tangent to it ; then HF is the tine required. 

For (Eucl. iii. 14.) it is equal to the given straight 
line. And if from A and Jt, AE, BI be drawn perpen- 
dicular to CFf they are parallel to each other^ and the 
triangles CAE, CBI are similar, 

/. AE : BI :: CA : CB, t. e. in the given ratio. 



^>##»»^^i^»i#>»i#»»«^»»^i^*^r^>^»«^»i»'» 



(71.) Ifjrom any point in the arc of a segment of 
a circfe a line be drawn perpendicular to the base^ and 



Sed. <k] GBOMSTfUCAL FEOBLSM8. 69 

Jram the; greater Jegmint cf the hcucy and arc^ parts be 
cut off' respectwefy eqiial to the less; the remaining 
pmrt of the hue ^stadl ^be eqaal to the chord of the te- 
maining arc.- 

From any point B in the arc ABC, let 
BD be drawn perpendicular to AC ; make 

J?F=» BC, tod DE^DCi join AF; AF 

will be equal to AE. ^ *^^ 

Join FE, EB, FB, BC. Since the arc BC=the arc 
BF, the straight Wne^ BC^BF; and DE being equal to 
DC, and DB commoo, and at right angles to EC, .'. 
BEzzBC^BF, and the angle BFE it equal to the 
angle BEF. Now since AFJ^C h a quadrilateral figure 
inscribed in a circle^ the angles AFBy ACB are equal to 
two right angles, and .-. equal to ABB, CEB^ of which 
ACB = CEB, /. AFB = ABB ; but BFE = BEF, 
conaequently AFE^AEF; ^whence AFssAE. 




^^^*^»>#'^»^»^^»»^^«^^«^^^'^^»'»i» 



(73.) If from the point of bisection of any arc of 
a circle a perpendicular he drawn to the diameter^ 
which passes through one extremity ; it will bisect the 
segment of the chord cut off* by the Kne joining the 
point of bisection of the arc and the other extremity of 
the diameter. 

Let AC be the arc bisected in D. Join 
^C, and from D draw DE perpendicular 
to the diameter AB and meeting AC in 6; 
joinB/>; AG^GF. 

Because AC is bisected in D, the angle CAD is 
equal to the angle DBA, i. t. to the angle EDA (Eucl. 
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vi. 8.), .*. the right-angled triangle ADF is equiangular 
to the two triangles BED, DBA .*. «he angle OFDsi 
ODF, and consequently OD^OF; also OAD^ GDA^ 
^.AG= GD, whence AG = GF. 



rf>*^>»»^»»» # ^^^^»*^»^^*^>^#»#i»^ 



(73.) In a given circle to draw a chord parallel ^ 
n straight line given in position ; so that the chord and 
perpendicular draum to it from the centre may together 
be equal to a given line. 

Let O be the centre of the circle, OA the 
straight Itne given in position ; draw OJS per- 
pendicular to it, and equal to the given line. 
Take OA equal half of OB, and join AB cut- 
ting the circle in C; through C draw CD 
parallel to OA ; CD is the chord required. 

Because OA is half of OBy and OA, EC are parallel, 
/. (Eucl. vi. 2.) EC is half of EB, and DC^EBi 
therefore DC and OE together are equal to BE and OJS 
together, i. e. to BO or to the given line. 




(74.) Through a given point within a given circle^ 
to draw a straight Une such that the parts of it inter-' 
cepted between that point and the circumference majf 
have a given ratio. 

Let P be the given point within the cir* 
de ABD. Through P draw the diameter 
APB, and take AP : PC in the given ratio. 
With P as centre, and radius equal to a 
nmn pioportioiial between BP and PC 
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describe a circle cutting ADB in D ; join DP and pro- 
duce it to £ ; DE'i» the chord required. 

Since BP : PD :: PD : PC, 
and (Eucl. iii. 35.) BP : PD :: PE : PJy 

.'. PE : P^ :: PD : PC, 
and alt PE : Pi) :: JP : PC, i. e. in 
the given ratio. 

Cor. Since one circle cuts another in two points^ 
there will be two chords which answer the conditions. 
If C coincides with ^, the ratio is one of equality^ and 
DE will be perpendicular to AB. 



^^i#»^»» #i.»^i» < ^i^^^^«»^»»^^^^^ 



(75.) From two given points in the circumference of 

a given circle, to draw two lines to a point in the circum^ 

ferenccy which shaU cut a line given in position^ so that 

the part of it intercepted hy them,* may he equal to a 

given line. 

Let ^^ JB be the given points in the 
ch-cumference of the circle ABC; DE 
the line given in position. From B 
draw BF parallel to DE, and equal 
to the given line. Join AF, and on 
it describe a segment of a circle AGF containing an 
angle equal to the angle in the segment ACB; and let it 
cut DE in 6. Join AG, and produce it to C, and join 
BC cutting DE in H. AC, BC are the lines required. 
. Join GF. Since the angle AGF = ACB, GF is 
parallel to CB, but FB isjpsLtalleX to GH, whence FGHB 
is a parallelogram^ and GffzzFB. 




^^^»^^#N^ri^^»#^»»'^*#»»»^^«» 
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(76.) If a chord and diameier of a circle inierseet 
each other at any angle^ and a perpe$uBcular to the chard 
be drawn from either extremity of ii^ meeting the ctr- 
cumference and diameter produced; the whole perpen^ 
dicular has to the part of U without the circle^ the same 
ratio that the greater segment of the chord has to the 
less. 

Let the diameter 'j4B and chord DE intersect each 
other at C; and from D draw DG perpendicular to DE, 




meeting j4B produced in 6 ; 

then DO : GF :: DC :: CE. 

Through Fdraw'F/ parallel to Z>£, and meeting the 
diameter in /. Join FEj cutting the diameter in O. Since 
the angle FDE is a right angle, FE is a diameter and O 
is the centre. And since the angle IFO is equal to the 
alternate angle OEC, and the angles at O are equal, and 
FO=^0Ey .\ the triangles OFI, OEC are eq«al, and 
CE = Fl. And since FI is parallel to DC, 

(Eucl. vi. 2.) GD : GF ::DC: (F/=x) CE. 

In a similar manner it may be shewn that gH: 
gE:.DC:CE. 



(77.) If from the extremities of any chord of a dr^ 
ckf perpendiculars to it be drawn and produced to cut 
a diameter ; and from the points of intersection with the 
diameter lines he drawn to a point, m the chords so as t^ 
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make equal angles with U ; these Unes together mil he 
equal to the diametet of ihe circle. 

Let jIB be my chord of the circle 
ABC; draw j4E and BF perpendicular to 
it, meeting the diameter CD in E and F ; 
from which let the lines EH^ FHy be drawn 
making equal angles with AB ; EH and HF together 
are equal to CD. 

Take O the centre, and join BOy and produce it ; it 
will meet AE produced in G. Produce EH, FB to 
meet in /• Then since the angle IHB=JHE=FHB, 
and HB is perpendicular to FI, the triangles FHBj 
HBI are equal, and FH=HI. And since EG is pa- 
rallel to FB, the angle JEGO = OJ5F, and the vertical 
angles at O are equal, and GO^OB, .\ EG=^FB=:BI; 
whence J5/= GB, and /. EH, ifF together are equal to 
EI i. e. to GB or CD the diameter of the circle. 



C^S.) If from a point without a circle two straight lines 
be drawn, one of which touches and the other cuts the 
circle ; a line drawnfrom the same point in any direction^ 
equal to the tangent^ will be parallel to the chord of the 
arc intercepted by two lines drawn from its other ex- 
tremity to the former intersections of the circle. 

JProm the point A ht'AB, AD be 
drawn, of which AB touches the circle 
BCD, and AD cuts it^ and draw AE^ 
AB, in any direction; join CE, DE, 
catting the circle in jF and O ; the chord 
2^ will be pardlel to ^^. ^ 

K 




r 
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Because (Eud. iii. 36.) DA : AB :: AB : AC, 
and AE^AB, .\ DAi AE :: AE : AC, 
i. e. the sides about the angle A of the triangles ADB, 
ACE are proportional, /. (Eucl. vi. 6.) the triangles are 
equiangular^ and the angle AEC is equal to the angle 
ADE. But since CDOF is a quadrilateral figure in the 
circle, the angles CDO^ CFG are equal to two right 
angles, t. e. to EFG, CFG, /. CDG = ^FG, whence 
AEFzzEFG, and FG is therefore parallel to AE. 



#<»i»^^^^»^>^^«»^^i*«i»^w^»i^»#^>#i^^ 



(79.) If from a point without a circle, tU)o straight 
lines he drawn touching it, and from one point of contact 
a perpendicular be drawn to that diameter which passes 
through the other ; this perpendicular will be bisected hy 
the line joining the point without the circle and the other 
extremity of the diameter. 

Let DAj DB be drawn from a point 2> 
without the circle ABC, touching it in A 
and B, and from B let BE be drawn per- 
pendicular to AC the diameter passing 
through A\ join CD\ BE is bisected by 
CD in the point F. 

For produce AD and CB to G\ join AB. Then 
since DA^DB, the angle DAB is equal to the angle 
DBA. Now the angle ABG, being a right angle, is 
equal to BAG, BG^, of which ABD^BAG, .-. DBG 
= DGB, and DG=:DB—DA; and since AG is ptt- 
lallel to EB, 

BF : GD :: CF : CD :: EF : AD, 
and GD^DA, ..BF^FE. 




^»»»^»»##'#i#0##i<'»i»#^»^»»* 
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(80.) If ony dwrd in a circle he bisected by another^ 
mid produced to .meet the tangents drawn from the 
extremities of the bisecting line ; the parts intercepted 
between the tangents and the circumferences are equals 

Let AB be bisected in E hy CD\ 
and to C and D let tangents be drawn^ 
meeting AB produced in F and 6; 
AF is equal to BO. 

Find O the centre; join OC^ ODj 
OEf OF, OG. Since OE is drawn from the centre to 
the point of bisection of AB (Eucl. iii. 3.). the angle 
OEF is a right angle ; and the angle OCF is a right 
angle (Eucl. iii. 18.) ; •'• a circle may be described about 
OEFC. Also since ODO and OEO are right angles 
a circle may be described about OEDO ; and the angle 
DOO is equal to the angle DEO in the same segment ; 
but DEO is equal to FEC, i. e. to FOC, .\ DOO = 
FOC ; and ODO, OCF are equal being right angles^ 
and OC=ODy .. OF=OOj and consequently fI; =;: 
EO. But AE^EB, :. FA = BO. 



^I»|J»»»<»0»»^<»»>#»*»»^»<'*|»»>^»* *i< 



(81.) If one chord in a circle bisect another, and 
tangents drawn from the extremities ffeach be produced 
to meet; the Une joining their points of intersection will 
be parallel to the bisected chord. 

Let AB be bisected by the line 
CD in E, and let the tangents AF, 
BF meet each other in F, and DO, 
CO in O. Join OF; OF is pa- 
rallel to AB. 

Join AG, CO, OO, FO; then 
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GO bisects CD in //, and OHE is a right angle ; for 
the same reason FO passes through E, and AEO is a 
right angle. And since FAO is a right angle (Eud. 
iii. 18.), and from A^ AE is drawn perpendicular to the 
base^ 

(Eucl. vi. 8. Cor.) FO : OA :: OA : OE, 

for the same reason^ 

{OC^) OA : OG :: OH-. (OC=)OA, 

.-. ex asquo per. FO : OG ;: OH : OE, 
/• the sides of the triangles FOG, OHE about the com* 
mon angle O are proportional, and consequently the 
triangles are equiangular, and the angle GFO equal to 
EHO, and .'. a right angle, and equal to the alternate 
angle FEB, .-. AB is parallel to GF. 



►»^^i#«^^>^^^^> 



(82.) If froth a point without a circle ttvo lines be 
draum touching the circle, and from the extremities o^ 
any diameter lines he dratJbh to the points of contact, 
cutting each other within the circle ; the line produced, 
which joins their intersection and the point without the 
circle, will he perpendicular to the diameter. 

From the point P without the circle 
ABC let there be drawn two tangents 
PC, PD. From A and B the extremi- 
ties of a diameter, draw AD, BC to the 
points of contact, intersecting each other 
in -E ; join PE, and produce it to F ; PF is perpendicular 
to AB. 

Take O the centre ; .join CO, DO, CD, DB. Since 
CPD, COD, are togethet equal to two right angles. 
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CPD is equal to AOQ BOD together, i.e. to twice 
ADC, BCD together, .*. CPD is equal to the angle at 
the centre of a cirete passing through C, Ej and D ; and 
since PC^PD, P is the centre itself; .\ PE=:PD, 
and the angle PED is equal to the angle PDE. But 
the angle DBA=^PDE=PED=AEF, and the angle 
at A is common^ /. AFE:^ADBj and (Eucl. iii. 31.) is 
.'. a right angle. 



^i*^^^*»»i»^#^^«#«*»^»i*»»<^^^^»»^i» 



(83.) TjT on opposite sides of the same extremity of 
the diameter of a circle equal arcs he taken, and from the 
extremities of these arcs lines he drawn to any point in 
the circumference, one of which cuts the diameter, and 
the other the diameter produced ; the distances of the 
points of intersection from the extremities of the diameter 
are proportional to each other. 

On opposite sides of the point A in AB 
the diameter of the circle ABC let equal 
arcs AC, AD be taken ; from C and D let 
CEy DE be drawn to any point E in the 
circumference, of which CE cuts AB pro- 
duced in F, and DE cuts AB in G ; then 
will AF:FB:.AG: OB. 

Join AE^ BE, and through B draw 
HBI parallel to AE. Since AEB is a right 
angle, ' CEA and BEI are together equal to a right angle, 
and .-. equal to AED, DEB; and since AC^AD, 
CEA = AED, .\ BEI— BED. Again since AE is 
parallel to IH, the angle EIB is equal to CEA^AED^ 
the alternate angle EHB^ .*. the two triangles EIB, 
EHB having two angles in each equals and one side EB 
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commoD are equal, wad BI=sBH. And from the riroilar 
triangles AGE, BGH, 

AG : AE :: BG : {BH^)BI, 
aU. AG:GBi:AE:BIi:AF:BF, 
mux the triangles JEF, FIB are similar. 




(84.) Iffn/m the extremities of any chardin a eirck, 
perpendiculars be drawn to a diameter, andjrom aiher 
extremity of that diameter a perpendicular be (frvuni to 
ilie chord i it will divide it into segments, which are 
respective^ mean proportionals between the segmetUs of 
the diameter m ade by the perpendiculars. 

Let AB be any chord, and dD a 
diameter of the circle ./tfBC; AE, BF 
perpendiculars from A and B to the 
diameter, and DG perpendicular from 
D to AB ; the segment GB is a mean 
proportional between DF and CE; 
and AG a mean proportional between 
DE and CF. 

Join AC, AD, BC, BD. Then the angle DBA 
being equal to DCA and the angles DGB, DAC, ABC 
being right angles, the triangles DGB, DAC, ACB are 
similar; also the triangles DBF, DBC are similar; 
whence 

DF: DB :: DB : DC :: BG : AC 
but DB : BG :: AC : CE, 
.: ex asquo DF: BG :: BG : CE. 
And in the same manner it may be proved that. 
DE : AG :: AG : CF 
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(85.) If from any point in the diameter of a semi-' 
circle, a perpendicular be drawn, meeting the drcum- 
Jerence, and on it as a diameter a circle be described, to 
the centre of which a line is drawn from the farther 
extremity of the diameter of the semicircle, cutting its 
circumference; and through the point of intersection 
another line be drawn from the extremity of the perpen^ 
dicular, meeting the diameter of the semicircle; this 
diatneter will be divided into three segments which are 
in continued proportion. 

From any point D in the diameter 
AC of the semicircle ABC, let a per- 
pendicular DB be drawn, on which 
describe a circle DBG. Find its cen- 
tre H, join HC cutting the circumference in O ; join 
BG and produce it to E; AD : DE :: DE : EC. 

Join BC, and draw EF parallel to BD ; join DG, 
GF, AB. Since EF is parallel to DB, and DB is bi- 
sected in H, .*• EF is bisected in L Also the angle 
HBG is equal to the alternate angle GEI and BHG^ 
GIE, .\ the triangles BHG, GIE are equiangular, 

and BHiHGi.EIilG, 
or HD.HG.I FI : IG, 

i.e. the sides about the equal angles are proportional, 
.\ the triangle FGI is equiangular to HDG, and the 
angle FGI is equal to HGD; whence HI being a 
straight line, FGD is also. Again the angle GDE is 
equid to the angle in the alternate segment DBG, 
whence the triangles BDE, FDE are similar, 

.-. BD : DE :: DE : EF, 
but AD : DB :: EF : EC, since the tri- 
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angles ADB, EFC are similar, 

.'. AD : DE :: DE : EC. * 



(86.) If from a point without a given circle^ amf 
two lines he drawn cutting the circle ; to determine a 
point in the circumference^ such that the sum oftheper-^ 
pendiculars from it upon these lines may he equal to a 
given Une, 

From the point A without the circle 
BDC\et AB, AC be drawn cutting the 
circle ; draw AF perpendicular to AB^ 
and equal to the given line ; FG parallel 
to ABy and meeting AC produced in 
G; from G draw GH bisecting the angle AGF^ ^nd 
(if the problem be possible) meeting the circle in H\ JJ[ 
is the point required. 

Through H draw KL perpendicular to ABy and HI 
perpendicular to AC\ then the angle KGH being equal 
to HGIy and the angle at K to the angle at /, and the 
side HGj opposite to one of the equal angles in each 
common, HK^HI\ whence HI and HL together are 
equal to HK and HL together, t. e. to AFy i. e. to -the 
given line. 

If GH cuts the circle, there are two points whidi 
answer the conditions. 




► ^^^^^^0»^^«#>^'^>^<' 



(87.) If two circles cut each other ^ and any two 
points he taken in the circumference of one of them^ 
through which lines are drawn from the points of inter' 
section and produced to the circumference of the other'; 
the straight lines joining the extremities of those which 
are drawn through the same point, are equal. 
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Let (be two eirctes ACB, ABB 
etit ciBieh otheir in A and B, and in 
ACB letan^ ttro points C and /> 
be taken, through which draw 
ACG, BCE, ADH, BDF; and 
join EG, FH; EG^FH. 

For the angles CAD, CBD being on the sante cir- 
cumference CD are equal to one another, .•. the t*m:uin- 
ference £F is equal to the circumference GH. Add to 
each FG, and the circumference JSFG is equal to FGH, 
,\ (Eucl. iii. 39.), the straight tine EG = Fti. 





(88.) if two circles exit each xtthety the greatest line 
that can be drawn through th« point f^ int^Mcthn is 
that which ispartdlel to the Une joining their centres. ■ 

Let the two circles AB^, AFD 
cut each other in A. Join O, C 
their centres, and through A let 
BAD be drawn parallel to OC; 
SAD is greater than any other line 
EAF which can he drawn through A. 

Draw OG, CM, perpendicular to Bt), and 01, CK 
perpendicular to £F. Then AG being hatf of AB, aiid 
AH of AD, GH is half of il&. For the same reason 
iK is half of EF. Dnw CL parallel to EF and there- 
fore at right angles to OI, and eqaai to IK. Then since 
the angle CLO is a right angle, it is greater than COL, 
.-. the Kide CO is greater thin CL, and QH than JK, 
consequently BD ia greater than EF. In the same way 
BD may be shewn to be greater than any other line 
d'rawQ through A. 
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(89.) Having given the radii of two circles whkk 
cut each other ^ and the distance of their centres ; io 
draw a straight line of given length through their point 
of intersection, so as to terminate in their drcuwferences. 

Let the two circles AFD, BGD 
cut each other in D; on OC the 
line joining their centres O and C, 
describe a semicircle CEO; and in it, from C place CE 
equal to half the given line, and through D draw FDG 
parallel to it ; FG will he the line required. 

Through E draw OEH, which (Eucl. iii. 31.) will 
be perpendicular to FG ; and draw CI parallel to OH^ 
and /. perpendicular to DG ; then (Eucl. iii. 3.) FD 
and DG are bisected in H and I, and .\ FG is double of 
HI; but HECI being a parallelogram, HI ^ EC\ 
/. FG is double of EC, and consequently equal to the 
given line. 



^^^^i^^>»^»i^^«»>»<^<»»^^^»i» ^^»«» 



(90.) If two circles cut each other ; to drawjrom one 
of the points of intersection a straight line meeting the 
circles, so that the part of it intercepted between the 
circumferences may he equal to a given line. 

Let the two circles ABC, ADB cut each 
other in A and B. Join AB, and draw BC 
touching the circle ABD. Join AC; and 
take AF a fourth proportional to BC, BA 
and the given line ; join BF and produce it 
to E; BFE will be the line required. 

Since the angle AFB together with the angle in the 
segment ADB or (Eucl. iii, 33.) its equal ABC, are 
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equal to two right angles^ t. e. to the angles j4FB, j4FE, 
.\ABC=AFE 9ind JCB=:AEF being in the same 
segment^ /. the triangles ACB, AEF are equiangular, 

and AB : BC :: AF : FE, 
but AB : BC :: AF : the given line, 
whence FE is equal to the given line. 



^^i#«i^»^«^»^»«^^#i»^^<#»^^»^»<i^^> 



(91 .) If two ' circles cut each other ; to draw from 
the point of intersection two lines, the parts of which in- 
tercepted between the cirtumferences may have a given 
ratio. 

Let the two circles ABC, ABD cut 
each other in A and B\ tn the circle 
ABD place BE^ BF which have to each 
other the given ratio ; join AE^ AFy and 
produce AE to G ; EG will have to HF 
the given ratio. 

Draw the diameters AC^ AD\ join 
GB, BHy BC, BD; then ADBE being a quadrilateral 
figure inscribed in a circle^ the angles AEB, ADB are 
equal to two right angles, and .*. equal to BE Ay BEG, 
.'. BEG = BDA = BFA. And since AGBH is a quad- 
rilateral figure inscribed in a circle, AHB, AGB are 
equal to two right angles, i. e. to AHB, BHFy .\ AGB 
zrzBHF; hence the triangles GBE^ FiSff are equi- 
angular, 

/. GE : HF :: BE : BF, i.e. in the given ratio. 




i»<»i>i»»^ »i» ^»i»i»i»i»0^i^>^^^^i»i»'^i^^ 



(93.) . If a semicircle be described on the common 
chard of two intersecting circles, and a line be drawn 
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Jrom one e^trenutp of this chord cifitmg the two etrttef 
the part intercepted between the two shall he dknded hjt 
the semicirole into segments proportional to perpenilieulor» 
drawn in those circles from the other extremity of the 
chord. 

Let the two circles ACBj ADB 
cut each other in A and JB; and on 
AB^ the line joining the points of inter- 
section^ as a diameter describe the 
semicircle AEB, and draw any line 
AFEG cutting the circumferences in 
t] E, Gy and from B draw BC, BD 
perpendiculars to 4B ; then will EF : 
EG :: BD : BC. 

Draw the diameters AC, AD; and 
join FB, EB, GB. Then AFfiD being a quadrilateral 
figure inscribed in a circle, the angles AFBj ADff lire 
equal to two right angles, i. e. to AFB^ BFE, .\ AD^ 
= JBFjE, and the angle FEB in a sepnicircle is eqa^ to 
ABD, whence the triangles FEB, ABD are equiaogidar, 

and .-. FE : EB :: DB : BA. 

Again, because the angle AGB^^ACB^ ^nd BEO is 
a right angle, and .*. equal to ABCy the triangles EJBG, 
ABC Site equiangular, and 

BE : EG :: AB : BC, 

but FE : EB :: DB : BA, 

.\ ex cequo FE : EG :: DB : BC. 




> 0#«i»» ^ ^i^^i^ ^ 



(93.) Two circles being given, the circ%prference of 
one of which passes through the centre if the other ; to 
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draw a chord Jrom thai centra mtchj thai a perpendicular 
htfall upon itfnym a given point , may hkect that part 
of it which is intercepted between the circamferenees. 

Let O and C jbe the centres of the 
two given circles^ the circumference of 
the former passing through C, and let 
D be the given point. Join CO and 
produce it both ways to A and B. 
Join BD^ and produce it to <S> making 
DE^DB. Draw EF touching the circle AF in -F; 
join CF and produce it to & ; and on it let fall the per* 
pendicular DH\ then CG is the chord required, and 
FG is bisected in H. 

Draw £/ parallel to CG, meeting BG produced in /; 
produce DH to K* Then BG being perpendicular to 
CG (Eucl iii. 31.), is parallel to DHK, 

.-. BD : DE :: IK : KE, 
but BD = DE, .-. IK=zKE, whence FH^^HGy and 
••. FG is bisected in //. 

Cor. If it be required to draw CG such, that the 
perpendicular DH may divide FG in an^ given ratio, 
take DE : DB in that ratio, and proceed as in the pro- 
position. 



^^^^«^*i^«»^^«^»^^^>^»i»»#'<N»»^ 



(94.) If any number of circles cut each other in the 
same points^ and from one of these points any number of 
Knes be drawn ; the parts of these which are intercepted 
between the several circumference have the same ratio. 

Let any number of circles ABC, ABEy ABH cut 
each other in the aai^ points ^ and £, and from A draw 
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AGEC, AHFD, meeting the circomfe- 
recces; then HF . GE :: FD : EC. 

Join BG and produce it to A*; 
then (Eucl. iii. 35.) AL: LB :: LG : LH, 

and AL : LB :: IL : LF 

and also :: KL : LZ), 

/. (Eucl. V. 16.) IL : LF:: GL : LH, 

and (Eucl. v. 19.) IG : /TF:: /L : LF. 

For the same reason, IK : F/> :: IL : LF, 

.'. IG : HFv. IK : FD. 
In like manner, GE:GI::GB: GA::GC:KG::EC: IK, 

.-. ex cequo GE : HF:: EC : FD. 



i»^<#^^>^i»«»^i^»o»'i»i»i»^^^ 




(95.) In a given circle to place a straight line cut- 
ting two radii which are perpendicular to each other, in 
such a manner that the line itself may he trisected. 

Let ABC be the given circle, 
AO and OB being two radii at 
right angles to each other ; bisect 
the angle^OB by OCi at C draw 
the tangent CD, and make it equal 
to 3 CO ; produce OB to E ; join 
OA and from Fdraw FGIK parallel to JDC; it will be 
trisected at the points G and /. 

Since the angle at C is a right angle, and COB is 
half a right angle, .'. also CEO is half a right angle, and 
equal to COE\ whence CO =C£. And since HF is 
parallel to CD, 

CE : ED :: HG : GF, 
but ED is double of EC, .\ FG is double of IfG. 
But HGssHI, since HO bisects the angle lOG, and is 
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perpendicalar to IG ; .'. FG = GL Also HK « HF, 

. . /ir= GF; 

whence FG=zGI=IK, and FJT is trisected. 



^#^>^^^^*<»'^^^^^^i»^»**i*^*^ ^ 




(96.) /jT a straight line be divided into anjf two 
parts, and upon the whole line and one of the parts, as 
diameters, semicircles be described: to determine a point 
in the less diameter, from which if a perpendicular be 
drawn cutting the circumferences, and the points of in- 
tersection and the extremities of the respective diameters 
be joined, and these lines produced to meet ; the parts of 
them without the semicircles may have a given ratio. 

Let AB be divided into any two 
parts in the point Q and on AB, AC 
let semicircles be described. Take AG : 
AC the duplicate of the given ratio, 
and make CD : CB :: AG : GB; 
D will be the point required. 

From D draw the perpendicular DFE; join BE, 
CF, and produce them to H; join AE, CI, and from 
K draw KL parallel to EA. 

Since CD : CB :: AG : GB, 
comp. and tut;. DB : CD :: AB : AG, 
and since CI is parallel to BE, and KL to EA, 
BD : CD :: BE : CK :: BA : CL. 

whence (Eucl. v. 16.) AB : AG :: AB : CI, 

r.AG=CL; 
consequently AG : AC :: CL : CA, 
i. e. in the duplicate ratio of CK : CF, 
or (by similar triangles) of HE : HF. 
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But AG : Ac in the ckiplicate of the given ratioy 

/. HE : HF is in the gH^n mtb* 




(97.) If a straight line be divided into ant/ two 
partly mtd from the point ofs^tian a perpendiCithar be 
ereeted, which is et mean proportionat between one of the 
parts and the whale UnCy and a circle described through 
the extremities of the Hne and the perpendicular ; the 
whole line, the perpendicular^ the aforesaid part, and a 
perpendicular drawn from its extremity to the draiifnr 
ference will be in continued proportion. 

Let AB be divided into any two 
parts in C, and from C draw the per- 
pendicular CD equal to a mean pro- 
portional between AB and AC; and 
through A^ B, D let a circle be de- 
scribed, and draw AE perpendicular 16 AS; AS, CD^ 
ACj AE are in continued proportion. 

In AB produced take BPszAC. Join jPjD meeting 
the circumference in G ; join AGy AD, GE. Then 
because BF = AC, .'. CF = AB, and CD is a mean 
proportional between -4C and CF, .*. ADG is a right 
angle, whence (Euel. iii. 21.) AEG is also a right angle, 
and equal to EAC; .*. EG is parallel and equal td 
AB, i. e. to CF; whence (Eucl. i. 33.) EC and GF 
are equal and parallel, and the angle ACE =:CFDs=z 
ADC, and the triangles AEC, ADC, CDF?LTe similar, 
/. {CP=)AB : CD :: CJ> : CA :: CA : AE. 



>#»^#'»^^i»^»^*^»»»» 
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(98.) If the tangents drawn to every two of three 
unequal circles be produced till they meet ; the points of 
intersection will be in a straight line. 

Let A, B, C be the centres of the three circles ; and 
let DEj FGy HI be respectively tangents to each of two 




circles^ meeting the lines joining the centres in the 
points P, Qf R; P, Q, R are the points in which two 
tangents to the circles would intersect. Join PQ, QR; 
they are in the same straight line. 

Join AD, AF, BE, BH, CO. CI, and draw BK 
parallel to PQ. Then BE and AD being perpendicular 
to PD are parallel, 

.'. AD : BE :: AP : HP, 
or AF : BH :: AP : BP :: AQ : QK. 
But (CG^) CI : AF :: CQ : AQ, 

.'. ex cequo CI : BH :: CQ : QK. 
But CI : BH :: CR : BR, 
.-. (Eucl. V. 15.) CR : BR :: CQ : QK, 

and CR : CB :: CQ : CK; 
also the- vertically opposite angles at C are equals .\ the 
triangles CBK, CQR are similar, and the angle CQA 
(Eucl, vi. 6.) is equal to BKC, .-. CQR and CQP are 

M 
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together equal to BKC^ CQP, i. e. (Eucl. i. 39.) to two 
right angles, whence (Eucl. i. 14.) PQ and QR are in 
the same straight line. 



t»^>^^ ^>»^^^i»^i»^^«^^ ^^^^• ^ ^■^ 



(99.) If from the extremities of the diameter of a 
circle any number of chords he draum, two and two m- 
tersecting each other in a perpendicular to that diameter ; 
the lines joining the extremities of every corresponding 
two will meet the diameter produced in the same point. 

From A and B^ the extremities of the diameter AB 
of a semicircle, let AC^ BD be drawn intersecting each 




other in FHy which is perpendicular to AB, Join CD, 
and produce it to meet BA in P ; P is a fixed pointy 
or the line joining th^ extremities of every other two 
chords intersecting each other in FH will pass through P. 
Join BC\ and bisect BG in O; and with the centre 
O, and radius OBy describe a circle HGB, which will cir- 
cumscribe the quadrilateral figure HGCB. Take E the 
centre of the semicircle^ and join HC, EC, The angle 
PCE is equal to PCA, ACE together, 1. e. to DBA, 
CAE together ; and the angle CHE is equal to ACH^ 
CAH together, i.e. to DBA, CAH together, .-. PCE 
=: CHE, and the an^le at E being common, the triangles 
CEH, CPE are equiangular ; 

whence EH : EC :: EC : EP, 
in which proportion the three first terms being invariable, 
EP is also, and the point E being fixed, P is also. 
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* (100.) ^Jrom a given point in the diameter of a 
semcircle produced^ three straight lines be drctwn, one ^ 
which is inclined at a given angle to the diameter, another 
touches the semicircley and the third cuts it, in such a 
manner, that the distance of the given point from the 
nearer extremity of the diameter, and the perpendiculars 
drawn from that extremity on the three aforesaid lines 
may he proportional ; then will the lines, which join the 
extremities of the diameter and of tfiat part of the cut- 
ting line which is within the circle, intersect each other 
in an angle equal to the given angle. 

From . gl.e„ poin. C. in *e dtoeter AB ^^ 
of the semicircle AGB, draw CD inclined at a given 




angle to AC, CG touching, and CIH cutting the circle 
in such a manner that BD, BE, BF being drawn re- 
spectively perpendicular to them, CB may be to BD as 
BE to BF; thea if Al, BH Rejoined, the angle ALH 
or BLI will be equal to BCD. 

Join OH, OG ; and draw OK perpendicular to HI. 
Now the angles at E and F being right angles^ as also 
those at G and K, BE is parallel to OG, and BF to OK; 
/. {OG^) OH : BE :: CO : CB ;: OK : BiF, 
/. OH : OK ::BE : BF :: BC : BD; 
also the angle at D is equal to OKH, /. (Eucl. vi. 7-) the 
triangles OHK, BCD are equiangular, and the angle 
OHK is equal to BCD. Bnt OHB is equd to QBH, 
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i. e. to AIH (Eucl. iii. 21.), /. OHK is equal to AIH, 
LHI together, i. e. to ALH (Eucl. i. 32.) ; wberefore 
ALH is equal to BCD. 



Sect. III. 

(1.) Any side of a triangle is greater than thedijffer' 
ence between the other two sides. 

Let ABC be a triangle ; any of 
its sides is greater than the difierence 
of the other two. 

Let AC be greater than AB; t 
and cut offAD=AB; join BD; then the angle ABD 
is equal to ADB. But the exterior angle BDC is greater 
than DBAf i. e. than BDA, and .*. greater than DBC 
(Eucl. i. l6\) ; . whence BC is greater than DC, i. e. than 
the difference of the sides AC and AB. In the same 
way it may be shewn that AB is greater than the 
difference of AC and BC; and AC greater than the 
difference of AB and BC. 




^^<i»ii#»»»^«^^#>^i»»»i#«»<»*»#>.M^»»* 



(8.) In any right-angled triangle^ the straight Une 

jiAnng the right angle and the bisection of the hypo- 

0miUie is equal to half the hypothenuse. 
« 
^t*^ Xiet ACB be a right-angled triangle, whose bypb- 
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thenuse ^B is bisected in D; join 
DC; DC is equal to the half of AB. 
From D draw DE parallel to JC, 
.-. (Eucl. vi. 3.) BE^EC, and ED 
is common and at right angles to BC^ •*• DCssBD, 
u e. the half of AB. 




i»i»^^i»i^^^»»i^^»^»^^<i^»ii#ii»^^^^>i» 




(30 yjrom any point within an equilateral triangle 
perpendiculars be draum to the sides ; they are together 
equal to a perpendicular draum from any of the armies 
to the opposite side. 

. From any point D within the equi- 
lateral triangle ABC let perpendiculars 
DE, DF, DG be drawn to the sides, 
they are together equal to BH a perpen- 
dicular drawn from B oh the opposite side 
AC. 

Join DAf DBf DC. Since triangles upon the same 
and equal bases are to one another as their altitudes, 

ABC : ADC :: BH : DE, 

also ABC : BDC :: BH : DF, 

and ABC : ADB :: BH : DG; 

whence ABC : ADC+BDC+ADB :: BH : DE + 

DF+ DGy in which proportion the first term being 

equal to the second, /. DE + DF+DG=^BH. 



(4.) If the points tf bisection of the sides of a 
triangle be joined; the triangle sofhrmei uitt Atl 
fourth {f the given triangle. 
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Let the sides of the triangle ABC 
be bisected in the points D, E, F; 
join DE, EFy FD; the triangle 
DEF is one foui:th of the triangle 
ABC. 

Since AB and AC are bisected in D itnd F^ (Eucl. 
vi. 2.) DF is parallel to J3C; and for the same reason 
FE is parallel to AB^ and DFEB is a parallelogram^ 
•\ the triangle DFJ? is equal to DBE. In the same 
way it may be shewn to be equal to FEC and ADF; 
and /. it is one fourth of ABC, 







(50 The difference .of the angles at the base of angf 
triangle is double the angle contained by a line drawn 
from the vertex perpendicular to the base, and another 
bisecting the angle at the vertex. • 

From B the vertex of the triangle 
ABC let BE be drawn perpendicular 
to the base, and BD bisecting the 
angle ABC; the difiei'ence ^f the 
angles BAC, BCA is double the 
angle EBD. 

The angle BAC is equal (Eucl. i. 32.) to the differ- 
ence of the angles BEC and ABE, i. e. of a right angle 
and ABE. Also the angle BCA is equal to the diflfer- 
ence of a right angle and EBC, .'. the difference of the 
angles BAC and BCA is equal to the difference of the 
angles ^jB£ and EBC, i.e. (since ABD^DBC) to 
twice the anglei EBD. 
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(6) ^f^^^^ ^^^ 9f '^^ eqiud angles of an isosceles 
triangle any line be drawn to the opposite side, and from 
the same point, a line be drawn to the opposite side pro^ 
duced, so that the part intercepted between them may be 
equal to the former ; the angle contained by the side of 
the triangle an^L the first drawn line is double of the 
angle contained by the base and the latter. 

Let ABC be an isosceles triangle, 
having the side AB equal to AC. 
From B draw any line BD, and also 
BE cutting off DE equal to DB; 
the angle ABD is double of CBE. 

For the angle DCB is equal to the two DEB, CBE, 
i. e. to the two DBE, CBE, or to DBC and twice 
CBE; but DCB is equal to ABC, /. ABC is equal to 
DBC and twice CBE, and taking away the angle DBC, 
which is common to both, the angle ABD is equal to 
twice CBE. 




(7.) If from the extremity of the base of an isosceles 
triangle, a line equal to one of the sides be draum to 
meet the opposite side ; the angle formed by this line and 
the base produced, is equal to three times either of the 
equal angles of the triangle. 

Let ABC be an isosceles triangle 
having the side AB equal to AC. 
From C to AB (produced if neces- 
sary) draw CD equal to '-^C, and 
let BC be produced ; the angle DC£ 
is equal to three times the angle ABC. 




r 
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ft 

Since CA is equal to CD, the angle Cj4D is equal 
to CDA, .\ CDA and twice ABC are together equal 
to two right angles, and /. are equal to CDA^ CDB; 
whence CDB is douhle of ABC. Now (Eucl. i. 32.) 
the angle DCE is equal to the two angles CDB, CBD 
and consequently is equal to three times the angle ABC. 



»«»»iO»»<»»i»>»^#»»^»»^»»#^^»*^ 




(8.) The sum of the sides of an isosceles triangle is 
less than the sum of the sides of any other triangle on the 
same base and between the same parallels. 

Let ACB be an isosceles triangle, 
and ADB any other triangle on the 
same base, and between the same pa- 
rallels AB, ED; AC and CB to- 
gether will be less than ^Z>and DB. 

Since EC is parallel to AB, the angle ECA is equal 
to CAB; and for the same reason DCB is equal to 
CBA ; but CAB being equal to CBA, ECA is equal 
to DCB; .'. AC and BC drawn from two given points 
A and B on the same side of the line ECD given in 
position make equal angles with tlie line, .*. (i. 6.) they- 
are together less than any other two lines AD^ DB, 
drawn from the same points to that line. 



* ^^^^>^^»^<»<»^<»»»^^^^^i#«»«»^»'i^ 



(9.) If from one of the equal angles of an isosceles 
trifingle a perpendicular be draum to the opposite side ; 
the part of it intercepted by a perpendicular from the 
vertex will have to one of the equal sides, the same ratio 
thai the segment of the base has to the perpendicular 
upon the base. 



Stct. 9-3 
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Ii0t ^AC be an itosoeles triasgfe, 
having the side ^B equal to AC. From 
A and A let fall perpendieulars iBD, AM; 
then will ^F : AC :: 3iS : £i<. 

Since the angles BDA, A EC are » 
right angles, and the angte DAF common to the two 
triangles FAD, EAC, .-. the triangles are similar. But 
the triangle BFE is similar to AFD, and /• to EACi 

whence BF : BE :t AC t ^jB. 
and BF : ^C :: BE ! -Bi<. 



^■»i»*>i^p»»^i#i<»»»Oi»i»l»»#«»»»>#>»i*»rf>»iJ 



(10.) If from amy pmni ui the base xjf an isoscehe 
triangle Unes be drawn to the opposite sidesy nuJdng 
equal angles with the base ; the triangles formed by 
these lines, the Segments of the base^ and the Unes joining 
the intersections of the sides and the angles opposite, 
will be equal. 

From any point D in AC the base ot 
the isosceles triangle ABC let DE, DF be 
drawn making the angles CDE, ADF 
equal to one another; join AE, CF; the 
triangles AED, CDF are equaL 

Since the angle ADF is equal to the angle EDC, 
and FAD^ECD, the triangles JBCD, jP^Dareequi- 
angular, and AD : DC :: FD : DE. Also since the 
angle FDA is equal to EDC, add to each the angle 
FDEy .\ the angle ADE=CDFi hence the sides about 
the equal angles are reciprocally proportional, and /* 
(Eucl vi. 15.) the triangles ADE, FCD are equal. 




J<M<<l^^»<»»<»>^»i*»P^»^»» *■*»»»»•' 
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(IL) . If jrmii any point in the base of an iaoMcdes 
triangk perpendiculars be drawn to the sides; these 
together shall be equal to a perpendicular drawn from 
either extremity of the base to the opposite side. 

Let ABC be an isosceles triangle, from 
?ny point D in the base of which, let 
DE, DF be drawn perpendicular to the 
sides; and from BXeX, EG he drawn per- 
pendicular to AC; BG is equal to DE 
and DF together. 

Since the angle EBD is equal to the angle at C, atid 
the angles at E and jP are right angles, die triangles 
BED, DFC are equiangular, and 

.\ BD : DC ::DE : DF, 

comp. BC : DE + DF :: DC : DF. 

But BG being parallel to DF, DC : DF :: BC : BOy 

whence BC : BG :: BC : DE + DF, 

and ..BG=^DE+DF. 
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( 1 2.) Of cdl triangles having the same vertical angle, 
and whose bases pass through a given point, the least is 
that whose base is bisected in the given point. 

Let BAC be the vertical angle of 
any number of triangles, wbose bases 
pass through a given point P, and let 
BC be bisected in P : ABC is less than 
any other triangle ADE. 

From C draw CF parallel to AB-, It 

then the ^ngle DBP is equal to PCF, and the vertically 
opposite angles Z)P5, CPF are equal, and -BP = PC; 
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.*. the triangle DBP is equal to the triangle PCF, and 
.*• DPB is less than CPE ; add to each the trape^um 
ADPC, and ABC \% less than ADE. In the same 
manner ABC may be proved to be less than any other 
triangle whose base passes through P. 



a#<»»<^^^i»»>^^<io#>^Mi^»»^^»#»#>*><>^ 



(IS.) Iffrwn the angles at the base cf a triangk 

perpendiculars he let fall on a line which bisects the 

vertical angle; the part cf this line intercepted between 

these perpendiculars will be bisected by a perpendicular 

from the middle cf the base. 

From A and B let perpendiculars 
AD, BG be drawn to the line CD 
which bisects the angle at C; the part 
GD will be bisected by a perpendi- 
cular EF from E the middle point of 
the base AB. 

Produce BG, FE to H and /. Then IB being 
parallel to HB, and AE^EB, .\ (Eucl. via.) AI^ IH. 
Also since AD is parallel to HG and IF, 

DF : FG :: AI . IH, 
whence DF^ FG. and DG is bisected in F. 




*^»#^i»^ > »» # ^^»«»#»*i<»»#>»i*»»» ^^0 " * 



(14.) If frcm one of the angles at the base of a tri- 
angle a Une be drawn parallel to the opposite side, and 
from any point in it lines be drawn making any armies 
with the sides (produced, tf necessary); they will have 
the same ratio that Knes have, which are dtenon parallel 
to them from the other angles, and terminated by the 
same 
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From A one of the angles of the tri- 
angle .^J} 6^ let AD be drawn parallel 
to BC the opposite side $ and fW>m any 
pmnt D in it» let DE, DH be drawn 
making any angles with the sides; draw 
BF, CG parallel to them respectively ; 
DE : DH::BF: CG. 

Since DE is parallel to BF, and DA to BC, the 
triangles DEAy BFC are equiangular, 

.-. DE : DA :: BF : BC; 
and ia a similar manner it may be shewn, that 

DA : DH :: BC : CG, 
.\ DE : DH :: BF : CG. 



»*#>»^»»»#»w** »*»i»*<» **»*#» * #» 



(15.) To U^ec^ a given triangle by a tine iramm 
from one of its angles. 

Let ABC be the given triangle, and 
A the angle, fi^m which the bisecting 
line is to be drawn. Bisect the opposite 
side AC in D^ and join AD ; AD bisects 
the triangle. 

For the bases BD, DC being equal, (EucL i. 38.) 
the triangles ABD, ADC are also equal. 




^^^^^»^^^^»»^^^»»»o»»#«»#>»^^^ 



(16.) To bisect a given triangle by a line draw9 
from a given point in one of its sides. 

Let ABC be the given triangle, 
and P the given point. Bisect BC 
in D, join AD^ PD ; and from A 
dmw AE parallel to PD; join PE,, 
bisects the triangle ABC. 




Ji^i 



Sect. S.] GfiOMBtTtlCAL PROBLEMS. 101 

Since AE is parallel tc^' l^Z), the triangle i4PZ> ia 
equal to the triangle EPD ;^froin each of them take 
away the triangle PFD, and AFP t±EFD. Also since 
BD is equal to DC^ the triangle ABB is equal to the 
triangle ADC; parts of which EFD, AFP are equal, 
.-. ABEF is equal to PFDC; whence ^*^Fand AFP 
together, or ABEP will be equal to PFDCVxAFED 
together, t • e. to PEC; and ,\ the triangle ^B€^ is 
bisected hy PE. 



^<»^^>r^*^<^>^i»^^^^^*^^»^^^<>* 




(17.) To determine a paint within a given triangle, 
Jroni which lines drawn to the several armies, will divide . 
the triangle into three equal parts. 

Let ABC be the given triangle ; bisect 
AB, BC, in E, and D; join AD^ CE, 
BF; Fis the point required. 

Since BD- DC, the triangle BAD is 
equal to DAC; and for the same reason the triangle 
BFD is equal to DFC; /. the triangle BFA is equal 
to AFC. Again, since BE = EA, the triangle BEC is 
equal to the triangle AEC; parts of which, the triangles 
BEFj AEF are equal ; /.-tite triangle BFC is equail to 
AFC; and .-. the three BFC, BFA, AFC are equal 
to one another. « 



K .i<.*^IP*l»y <**#*»# *<1»»^»^»#* 



(18.) To trisect a given triangle ^ 
wttfiin it. 

Let ^ABC be the givea 
pokit witliiait. Trisect the 





102 GBOMKTRICAL < PR0BU1CS. [Skci. S^ 

PD^ PE; aDd from A oraw AF, 
AG respectively parallel to them. 
Join PF, PG, 4Pr Those three 
lines will divide the triangle into three 
equal parts. •. 

Join jU>, AE. Since AF is parallel to PD, the 
triangle/^PF is equal to ADF; to each of these add 
j4J3IF). .'. APFB is equal to ADB. In the same man- 
ner APGC is equal to AEC\ and .*. the remainder 
FPG is equal to DAE. Now the triangles ABD^ ADE, 
AEC, being on equal bases and of the same altitude, are 
equal /. APFB, PFG, APGC are also equal ; and the 
triangle ABC is trisected. 



*^<»*ii<M»l>*<M « >^0»»*^»<^>^*^»iO^* 




(19.) From a given point in the side of a tridngk, 
to draw lines, which will divide the triangle into parts 
which shall have a given ratio. 

Let ABC be the given triangle, 
and P the given point in the side 
BC. Divide BC, in the points 
Dy Ej F, into parts which shall 
have the given ratio. Join AD, 
AE, AFy AP •, and draw DG, EH, FI parallel to AP. 
Join PG, PH, PI; they will divide the triangle^ at 
required. 

For the triangles ABD, ADE, AEF, AFC being a» 
their bases will be in the given ratio. And since DG is 
parallel to AP, the triangle^ DGA, DGP are equal, 
•\ DBA, GPB are equal. And since the triangle ADP 
=zAGP, and AEP = AHP, .-. ADE^HPG. Also 
APE^AHP, ^nd APF^zAIP, . . AEFz^AHPI, and 
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AFC:^PTC; .-. the parts PB6, GPH, HPIA.IJPC 
are equal to ABD, ADE, AEF,.AFC, and are /. in the 
given ratio. The same may be proved whatever be the 
number of parts. 



^<*'^i»i#*'^*^>>»^>»^#»^W*i* ^0**^1* 



(do.) If two exterior armies cf a triangle be bisected, 
undfrom the point of intersection of the bisecting lines, 
u line be drawn to the opposite angle of the triangle ; it 
wUl bisect that angle. 

Let the exterior angles EBC, BCFy of the triangle 
ABC, be bisected by the lines BD, 
CD meeting in D. Join DA ; it will 
bisect the angle BAC. 

Let fall the perpendiculars DE, 
DF, DG. Then the angles DBE, 
DBG being equal, and the angles at E and G being 
right angles, and DB common to the triangles DBE^ 
DBG, /. DE^DG. In the same manner DG^DF; 
and /. DE=:DF. Hence in the right-angled triangles 
DAE, DAF, DE is equal to DF and DA is common, 
/. the triangles are equiangular, and the angles DAE 
DAF are equals i. e. BAC is bisected by AD. 




^^^^»*^^*o#^i» * »* * ^i»»r»<»»#i#'<^ 



(3L) J^ in two triangles the vertical angle of the 
0Me be equal to that of the other ^ and one other angle of 
the former be equal to the exterior angle at the base of 
the latter ; the sides about the third angle of the former 
shaU be proportional to those about the interior angle at 
the base of the latter. 




\ 
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Let ABC, DJEiJF be two triangles having the an^ 
BJC equal to EDF, and ABC equal to the exterioi^ 
angle DFG, made by producing the side EF; 

then AC : CB :: JDjB : EF. 

At the point D in the line FD, make the angle FDG 
equal to the angle EDF or ^^C, and meeting EF pro* 





duced in O. Since the angle FDG is equal to the angle 
BAC, and DFG is equal to ABC, .\ the triangles .^IBC^ 
DFG are equiangular^ and 

AC : CB :: DG : GF. 
But since the angle GDE is bisected by DF, .\ (EiicL 
vi. 3.) 

DG : OF :: DJ^ : EF, 
/. AC : CB :: Z)i5 : EF. 



■^<»»>^rf»»#«» » »i»*^^»>#»»i*»*^i^<»<»^«^^ 



(82.) /n a given triangle to draw a line parallel to 
one of the sides, so that it may be a mean proportional 
between the segments of the base. 

Let ABC be the given triangle ; in 
the base of which take a point E, such that 
AE may be to EC in the duplicate ratio 
of AC : CB; draw ED parallel to BC; a i o 

ED is the Hne required. 

Since ED is parallel to BC, AE : ED :: AC : CB. 
But AE : EC in the duplicate ratio of AC : CB, and 
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therefore also in the duplicate ratio of j4E : ED; 
whence from the definition of the duplicate ratio^ 

AE : ED :: ED : EC. 



(^•) To draw a line parallel to the common base 
of ^ivo triangles which have different altitudes, so that 
the parts of it intercepted hy the sides may have a given 
ratio. 

Let ABCj DBC be two triangles on the same base 
BQ the vertex D being in the side AC. Divide BC 
in E, so that BC : CE may be equal to 
the given ratio. Join AE^ cutting BD 
in G; and through G draw FH parallel 
to BCi FH is the lin^ required. 

Since Fff is parallel to BC, FH : 
GH :: BC : CE, i. e. in the given ratio. 

But if the vertex / is not in AC, draw ID parallel to 
BC\ join BD ; divide the base BC, as before ; join AE^ 
and draw FK parallel to BC. Then it is evident that 
GH=LK, and .-. FH : LK in the given ratio. 

Cor. If the triangles be upon equal bases^ but in the 
same straight line, the line may be drawn in a similar 
manner. 




*^»^^«»^|^»^^rl»^«»'«»»^^»»^^ 



(34.) ^ tj^ base of a triangle be producedy so' that 
the whole nujy be to the part produced in the duplicate 
ratio of the sides ; the line joining the vertex and the ea?- 
tremity of the part produced will be a mean proportional 
between the whole line produced and the part produced. 

O 
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Let j4C be produced to Z), so 
that AD may be to DC in the 
duplicate ratio of AB : BC; join 
BD; it will be a mean propor- 
tional between AD and DC. 

Draw CE parallel to AB ; then v^fi : CE .: AD : 
DC, i. e, in the duplicate ratio of AB : BC, whence 
AB i BC :: BC : CE, i. e. the sides about the equal 
angles ABC, BCE are proportional ; therefore the tri- 
angles ABC, BCE are similar, and the angle at A is 
equal to the angle CBD ; .: the triangles ABD, CSD 
are equiangular, and 

AB : BD :: BD t DC. 



(S5.) To determine a point teiihin a given triangle, 
which will divide a tine parallel to the hose into two seg- 
ments, such that the excess of each segment above the 
perpendicular distance between the parallel lines nuof be 
to each other in the duplicate ratio of the respective 
segments. 

Let ABC be the given triangle. 
From C draw CD perpendicular to AB, 
and from D draw DE, DF bisecting the 
angles ADC, BDC. Join BE, cutting 
CD in Pi P is the point required. 

Through Pdraw GHIK parallel to^B; then the 
angle PDH is equal to the angle HDA, i. e. ta the' 
alternate angle PHD; and .-. HP, and in like manner 
PI will each be equal to PD the perpendicular distance 
of GK from AB ; and GH, IK will be equal to the ex- 




oen of each segment above that distance PD. And 
iince GP is parallel to AB, 

GP : PK :: AD : DB :: GH : iHP = )Pl, 
hence (Eucl. v. 19. Cor.) GH : (P/=) Pff :: Pfl : IK, 
and .-. GH : IK in the duplicate ratio of GH : HP, 
i.e.ofGPiPK. 



(36.) If perpendiculars be drawn to two sides of a 
triaifgle from any two points therein ; the distance of 
ibeir concourse Jrom that of the two sides mil be to the 
distance between the two points, as either side is to the 
perpendicular drawn Jrom its extremitjf upon the other. 

From any two points E, F in the 
aides AB, AC of the triangle ABC, let 
perpendiculars ED, FD be drawn^ meet- 
jog in D. Join AD, EF, and from C 
draw CG perpendicular to AB; AD : 
FE :: AC : CG, 

Produce ED to H. And since the angles AED, 
AFD are right angles, a circle described on AD as « 
diameter will pass through Fand E, and .'. the angles 
FAD, FED standing in the same segment are equal ; 
.*. the triangles AHD, HEF are equiangular ; 

and .-. AD 1 FE :: AH : HE :: AC : CG, 

since HE it parallel to CG. 



(27.) ^the three sides of a triangle be bisected, the 
perpendicular^ drawn to the sides at the three points ef 
bisection, will meet in the same point. 
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Let the sides of the triangle ABC be 
bisected in the points D, E, F. Draw 
the perpendiculars EG, FG meeting in 
G. The perpendicular at D also passes 
through G. 

Join GD, GA, GB, GC. Since AF = PC. and 

■ 

FG is common to the triangles AFG^ CFG, and the 
angles at F are right angles, .-. AG=> GC. In the same 
way it maybe shewn that GC^GB\ .\ AGtetGB; 
but AD = DB^ and DG is common to the triangles 
ADG, BDGj .\ the angles at D are equal and /. right 
angles, or the perpendicular at D passes through 6. 

Cor. The point of intersection of the perpendiculars 
is equally distant from the three angles. 



(28.) If from the three angles of a tinangle lines ht 
drawn to the paints of bisection of the opposite sides^ 
these lines intersect each other in the same point. 

Let the sides of the triangle ABC be 
bisected in Z>, E, F. Join Aj^, CD, 
meeting each other in G. Join BG, 
GF; BGF IS a straight line. 

Join EF, meeting CD in H. Then 
(Eucl. vi. 2.) FE is parallel to AB, and .•. the triangles 
DAG, GEH are equiangular, 

••. DA : DG :: HE : HG, 
or DB : DG :: HF : HG, 
i.e. the sides about the equal angles are proportional ; 
/. the triangles BDG, GHF are similar, and the angle 
DGB^HGF; and .\ BG and GJP are in th^ same 
straight line. 




i^»^i»»^^«*>»^^>»i»^^i^^<#^^i#»^i»«^ 
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(89.) The three straight Unes, which bisect the three 
&ngUs of a triangle J meet in the same point. 

Let the angles BACy BCA be bisect- 
ed by the lines AE^ CD, and through G 
their point of intersection draw SGF; 
it bisects the angle at ^. j^ 

For (Eucl. vi. 3.) BC : CF:: BG . GF:: BA : AF, 

.'. BC.BA:: CF i FA, 
or FB bisects the angle ABC. 




^^^»»^»^»^*i>^^>*^^^<»^^«^^K»<^ 



(90.) If the three angles of a triangle he bisected, 
and one of the bisecting lines be produced to the opposite 
side ; the angle contained by this line produced, and one 
of the others is equal to the angle contained by the third, 
and a perpendicular drawn from the common point of in* 
tersection of the three lines to the aforesaid side. 

Let the three angles of the triangle ABC 
be bisected by the lines AD, BD, CD; 
produce BD to E, and from D draw DF 
perpendicular to AC; the angle ADE is 
equal to CDF. 

Since the three .angles of the triangle ABCzre equal 
to two right angles^ .\ the angles DAB, DBA, DCF 
are together equal to one right . angle, i. e. to DCF, and 
CDFi whence the two angles DAB, DBA are together 
equal to the aiigle CDF; but ADE is equal to the same 
two angles, and .\ ADE is equal to CDF. 




■^^i^#«^«*»»^<^^«»^>^^^^^i^^^^<*>^^ 



(31.) In a riglU-angled triangle^ ^ a straight Une. 
be drawn parallel to the h/pothenuse, and cutti^^^ 
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perpendicular draumjram the right angle ; and tkrmtgh 
the point of intersection a line he drawn Jrom one of the 
acute angles to the opposite side^ and the extremity of 
this line and of the perpendicular he joined; the locus cf 
its intersection with the line parallel to the hypothenuse 
will he a straight line. 

Let EF be drawn parallel to AC ' 
the hypothenuse of the right-angled 
triangle ABC; and from the right 
angle B let the perpendicular DB be 
drawn^ meeting EF'in G; through G draw CGH; join 
HD i the locus of I, the intersection of EF and HD is 
a straight line. 

Because EG is parallel to AC the base of the trianglei 
AHQ ABDy AK : KD :: EI : IG :: AD : DC. 
But AD and DC are invariable^ /. the ratios of AK : 
KD, and EI : IG are also. In the same manner if any 
other line be drawn parallel to the hypothenuse, and a 
similar construction be made, the point of intersection 
will divide the part intercepted between AB and BD in 
the ratio of AD : DCj or AK : KD, and will •*. be in 
the line BK, which is the locus required. 



(33.) If from the angles of a triangle, lines^ eadk 
equal to a given line, he drawn to the opposite sides 
{produced if necessary); and Jrom any point unthim, 
lines be drawn parallel to these, and meeting the sides iif 
the triangle ; these lines shall together be equal to the 
given line. 

From the angles of the triangle ABC let the lines 
Aa, Bb, Cche drawn to the opposites sides, each equal 
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to a given \itie L ; and parallel to them respectively draw, 
finom any point P, the lines PD^ PE, PF ; these to- 
gether will be equal to L. 

Join PA, PB, PC. Then since the triangles ABC, 
APC are on the same base ACy they are to one another 




as the perpendiculars from'B and P, i. e. by similar tri- 
angles, as £6 : PEj or as L : PE. In the tame way, 

ABC : ABP :: L : PF, 
and ABC : BPC :: L : PD; 
/. ABC : APC+ABP+BPC :: L : PE + PF+PDi 
and since the first term is equal to the second, the third 
will be equal to the fourth, or L = PD + PE + PF. 



^ #i»^^^^^^^^»»»^ ^«^*i^>^^^'i^^^»^i 



(33.) If the sides of a triangle be cut proportionally, 
and lines he drawn from the points of section to the oppo^ 
site angles ; the intersections of these lines will he in the 
same line, viz. that draumjrom the vertex to the middle 
of the hase. 

Let the sides of the triangle ABC be 
cut proportionally, so that AD : AE : : 
DF : EG :: JF'^ : GL :: HB : LC. 
Join BE, BG, BL, CD, CF, CH; these 
lines will intersect each other in the line 
AK drawn from Ato K the middle of the base B€, 
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Join DE. Then since when any number of mag* 
nitudes are proportional, as one antecedent ii to its ooi^ 
sequent, so are all the antecedents taken together to all 
the consequents together, •*, /ID : AE :: AB : ACy and 
BE is parallel to BQ. Join KO, and let it meet DM 
in /. The triangles BOK, lOE are similar, and there- 
fore, 

BK : KO :: EI : /O, and for the same reason, 
CKiKO:: DI: 10, whence EI= D/, and DE is 
bisected by KO; and it is also bisected by AK, /. AK 
passes through O. In the same manner it may be shewn 
that BG and CFj as also BZ^^ CH intersect each other 
in points which are in the line AK. 



(34.) If from any point in one side of a triangle^ 
two lines he drawn, one to the opposite angte^ and the 
other parallel to the base, and the former intersect a line 
drawn from the vertex bisecting the base ; this point of 
intersection^ that if the line parallel to the base and the 
third side J and the third angular point are in the same 
straight line. 

From any point D in the side AB 
of the triangle ABC, let DE be drawn 
parallel to AC^ and DC joined ; and let 
DC meet BF drawn from B to the 
middle of AC in G ; A, GyE are in 
the same straight line. 

Let DE cut jBFin K. The triangles DGK, CGF 
are equiangular, and 

•% DG : GC :: DK : FC :: DE : AC; 
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hence the triangles DOE, AGC, having one angle in 
each equal, viz. EDG, OCAj and the sides abottt them 
proportional, are therefore similar ; whence the angles 
AQCy DOE are equal; and DGC being a straight line, 
AOE is also. 



^m mmrn * »»» m0>0^i0m^>^>*'*mm>im0i^m>0>m^ 



(35.) If one side of a triangle be divided into any 
two parts, and from the point of section ttoo straight 
lines he drawn parallel to, and terminating at the other 
sides, and the points of termination be Joined ; and any 
other line be drawn parallel to either o/* the two former 
lines, so as to intersect the other, and to terminate in the 
sides of the triangle ; then the two extreme parts of the 
three segments into which the line so drawn is divided 
will always be in the ratio of the segments of thefrst 
divided line. 

L^tAB be divided into any two parts 
in D, from which draw DE, DF paral< 
lel to the other two sides of the triangle ; 
join EF, and draw GH parallel to DE, 
meeting DF and EF in / and K; 
GI : KH :: AD : DB; and if LAf be parallel to DF, 

LK : MN :: AD : DB. 

Since GI is parallel to AF, and NK to DF, 

GI: AF:: (/D = ) NK : FD :: NE : DE :: KH : FC, 

,-. GI : KH:: AF : FC :: AD : DB, since DF is parallel 

to BC. Again since ML is parallel to BQ 

MN : BE :: ND : DE :: KF : FS :: KL : EC, 

r. MN : KL :: BE : EC :: BD : DA. 




>^»»»»»» 
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(36.) If through the point of bisection of the base 
of a triangle any line be drawn, int expecting one die of 
the triangle, and the other produced, and meeting a 
parallel to the ha^e from the vertex ; this line will be 
cut harmonically. 

From the vertex B of the 
triangle ABC, let BE be 
drawn parallel to the base AC, 
and through the middle point 
D let any line EGFbe drawn 
meeting AB, BC, BE, in F, 

G,E; 

EG : DG :: FE : FD. 
Since jiD is parallel to BE, 

FE : FD :: BE : AD, 
hut BE : (DC=) DJ :: EG : GD, 
since the triangles BGE, DGCare equiangular, 

/. (Eucl. V. 16.) EG : Gf) :: FE : FD, 

or the line is divided harn;onica|ly. 




U»^«^^^^^«»^^^^^«'^^^^«^^<^^^^^^> 



(37.) Tffrotn either angle of a triangle a line be 
drawn intersecting tliat which joins the vertex and the 
bisection of the base, the opposite side, and the line from 
the vertex parallel to the base ; it will be cut harmoni- 
colly. 

From the vertex A of the tri- 
angle ABC, let AE be drawn pa- 
rallel to the base BC, and AD U> 
its point of bisection D ; and from 
C draw any line CFGE; then will 

CE : CF :: EG : FG. 




Draw GH paraliel to BC. Since JB and SCaxe 
parallel, (Eucl. vi. 2.) 

BJ : AQ :: CE : EG'. 
and since GH is parallel to BD] 

BA : AG :: ED : GH u DC! : 6H, 

:: CP : F6/ 
since the triangles DFC, GWF are similar; 

.-. CE : EG :: CP : FG, 
arid C^ : CF :: EG : FG: 



^»^^i»<^'^^*^^»^i»»^«^^»»< 



(38.) Ta draw a Itriejrofn onS^ of tJi£ angles at the 
base of a triangle ^ so that the part of it cut off by a line 
drawn from the vei^tex parallel to the base^ may have a 
given ratio to the part cut off by the Opposite side. 

From A let AE be drawn parallel 
to BC. Divide AB in G, so that 
AB : AG in the given ratio ; join 
CG, and produce it to meet AE in 
E. CGE is the line required. 

For the triangles AGE, BGC are equiangular, 
.-. CG : EG :: BG : AG, 

whence (Eucl. v. 18.) CE : EG :: BA : AG, 
i. e. in the given ratio. 




(39.) To determine that point in the base produced 
of a right-angled triangle, frofn u)hiVh the line drawn to 
the angle opposite to the base shall have the same ratio to 
the base produced, which the perpendicular has to the 
base itself. 

LfCt AB be the base^ and CB the perpendieulai' 




M^ 
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a right-angled triangle. Draw CE 
at right angles to jtiC, meeting AB 
produced in E. At the point C 
make the angle ECD^CAB. D is 
the point required. 

From D draw DjP perpendicular to AC, and •*• paraUel 
to CE. Since the angle FDC is equid to the alternate 
angle DCE, i. e. to CAB, and the angles at F and B 
are right angles^ .*. the triangles DCF, ACB are equi- 
angular ; and DAF is also equiangular to ACB^ henoe 

FD : DA :: BC : CA, 

and BC : DF :: AC : AB 

.\ ex cequo per. CD : DA :: CB : BA. 



tf»»^»»»^<^^^#^^<.»»^»^*i»i»rf»^»*^ 



(40.) If the base of any triangle he divided into two 
parts by a line which is a mean proportional between 
them J and which being drawn parallel to the second side 
is terminated in the third ; any line parallel to the base 
will be divided by the mean proportional (produced ff 
necessary) into segments^ which will be to each other m- 
versely as the whole mean proportional to that segment 
which is terminated in the third side of the triangle. 

Let AC the base of the triangle 
ABC be divided into two parts in 
Dy by a line DE which is parallel 
to BCy and a mean proportional 
between AD and DC; then any 
line FG parallel to AC, and meeting 
DE (produced if necessary) in H, will be divided into 
segments FH, HG, which are to each other inversely as 
the lines DE, HE. 
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For uDce FH is parallel to AD, 

FH : AD :: HE : DE, 

but AD iDE :: DE : (DC=)HO, 

.-. FH : DE :: HE : HG. 




(41.) ^from the extremities of the base of any 
triangle, ttvo straight lines be drawn intersecting each 
other in the perpen£cttlar, and terminatiitg in the oppo- 
site sides { straight lines dratcn from thence to the in- 
tersection of the perpendicular with tfte base, will make 
equal angles with the base. 

From A and C, the extremities 
of AC, the base of the triangle 
ABC, let AE, CF be drawn inter- 
secting the perpendicular BD in 
the same point G. Join FD, 
ED; these lines make equal angles 
FDA, EDC with the base. 

Draw EI, FH perpendicular, and KOL parallel to 
the base, then FH is parallel to BD, 

and . . BG : BD :: FM : FH. 

And in the same manner it may be shewn that 

BG : BD :: EN : El; 

whence FM : FH :: EN : EJ-, 

and .-. FM : EN .: FH : EI. 

But FM:EN::FG: GN:: KG : GL :: HD ; DI, 

.'. HD : DI :: HF : EI, 
whence the two triangles DFH, DEI, having the angle 
at H equal to the angle at /, and the sides about the 
equal angles proportional, are equiangular j .*, the an^ 
HDF is equal to EDI. ^ 
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(42.) In every triangle, the intersection of the per- 
pendiculars drawn from the angles to the opposite sides, 
the intersection of the lines fr^wn the angles to the middie 
of the opposiie sides, and the intersectfoit of the perpen- 
diculars frrmt the middle of the sides, are all in the same 
straight line. And the distances of those points frvm 
one another are in a given ratio. 

From the angles^- and B' of 
the triangle ABC, let ADi BE 
be drawn perpendicular to the 
<^poHte sides, HmW be the in- 
tersection of the three perpendi- 
culars (vii. 34.). From A and B 
draw AG, BF to the points of bisection of the opposite 
sides, intersecting in K, which .-. is (iii. 38.) the inter- 
section of the tines drawn from the angles to the middle 
of the opposite sides ; and from F and G draw the per- 
pendiculars FI, G/ meeting in /, which .•. (Hi. 270 '^ '^^ 
intersection of the three perpendiculars. Join HK, Kl\ 
HKI is a straight line. 

Join GF.' (Eucl. vi. 2.) AB is parallel to, and double 
of GF; .-. by similar triangles ABK. KFG, BK is 
double of KF, And AK double of ifG. And the tri- 
angles AHB, FIG are equiangular, .•. AH is double of 
IG, and BH is double olIF; 

and .-. BH : IF :: 3 : 1 :: BK : KF, 
whence the triangles BHK, KIF having the angles at 
B and F equal, and the sides about them proportional, 
are similar, .'. the angle HKB is eqQal to IKF, .-. H, 
K, and /fare in the same 'straight line. 

And since DJTis double of JTi^ HK' is double of JT// 
and .'-. their distances from each other will be in an in- 
variable ratio. 
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(43.) If strmght lines be drawn from the angles of 
a triangle through any point, either within or without 
the triangle, to meet the tides, and the lines joining these 
points of intersection and the sides of the triangle be 
pro4^^ to meet ; the three points o/* concourse wiU be 
in the same straight line. 

Let ABC be a Wangle from the three angles of which 
let lines AF, BE, CI) be drawn through a point P with- 
in the triangle. Join DM» DF, EF, and produce them 




to meet the sides in H, G, I; these three points will be 
in the same straight line. 

i.o\A Gffy SI' 'I^ben the three angles of the tri- 
Siigle DlfCk b^ing eq,ual to two right angles, as abo the 
three EHI, EIH, and (HJSf or) DEF, as also the 
two DFI, GFI; .". the three angles of the triangle 
DHG together with the angles EHI, EIH, DEF, 
DFI, GFI are ecju^l to six righjt angles. Now the 
angles of the triangle^ DEF, FGI are together equal to 
fovr rigl^( and^ whence DH(}, DHI are equal to two 
i^g^t angte^ ; op GR, Hl^re in the sanie straight line. ' 
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Sect. IV. 

(1.) The diameters of a rhombus bisect each other at 
right angles. 

Let ABCD be a rhombus, whose 
diameters are AC^ BD; they bisect 
each other at right angles in E. 

Since AB^AD^ and ^Cis com- 
mon to the two triangles ABC, ADC, 
the two BAf AC are equal to the two 
DA, ACy each to each, and BC=DC, .*. the angle BAC 
IS equal to the angle DAC. Again, since BA, AE are 
equal to DA, AE, each to each, and the included angles 
are equal, .*. BE^ED, and the angles AEB, ABD 
are equal, and .\ are right angles. For the same reason 
AEz^EC; also the angles BEC, D^C are right angles. 




(8.) TjT the opposite sides or opposite angles of a 
quadrilateral ^figure be equal, the ^gure wiU be a parah- 
lelogram. 

Let ABCD be a quadrilateral figure, 
whose opposite sides are equal. Join 
BD. Since AB^DC, and BD is 
common, the two AB^ BD are equal to 
t]ie two CD, DB, each to each, and AD^BC, .\ the 
angle ABD^BDQ whence (Eucl. i. 27.) ^£ is parallel 
to DC; also the angle ADB-DBC, whence AD is 
parallel to BC\ and the figure is a parallelogram. 
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AgaiD, let the opposite angles be equal. Then since 
the four angles of the quadrilateral figure ABCD are 
equal to four right angles, and that BAD, ADC toge- 
ther are equal to DCB, CBA, :. BAD, ADC together 
^ are equal to two right angles; whence ^JS is parallel to 
CD. In the same way it may be shewn that AD is 
fMurallel to BCy and .*. ABCD is a parallelc^ram. 



p^i#>^^ i»* i#^»»< 




(3.) 7 o bisect a parallelogram by a line drawn from 
a point in one of its sides. 

Let ABCD be a parallelogram, 
and P a given point in the side AB. 
Draw the diameter BD, which bi- 
sects the parallelogram. Bisect BD 
in F; join PF, and produce it to E. PE bisects the 
parallelogram. 

Since the angle PBD is equal to the angle BDE, 
and the vertically opposite angles at F are equal, and BF 
^FD, .\ the triangles PBF, DFE are equal. But 
the triangle ABD is equal to BDC, .'. APFD is equal 
to BFEC; and to these equals adding the equal tri- 
angles DFE, PFB, the figure ^PED = P^CjB ; and 
AC is .'. bisected by PE. 

CoR. Any line drawn tfarongh the middle point of 
the diameter of a parallelc^ram is bisected in that point. 



^<^^^^^^^«^^i#>»^»»i^»i»^«*>^^»< 



(4.) If from any point in the diameter (or diameter 
produced) of a parallelogram straight lines be drawn to 
the opposite angles ; they mil cut off* equal triangles. 

Q 
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From any point E, m AC 
the diameter of the parallelo- 
gram ABCD, let lines JEfl, a^^====- ^^ 

ED be drawn ; the triangles ABE^ AED are equal ; as 
also the triangles BEC, CED. 

Draw the diameter BD. The bases BF^ FD being 
equal, the triangles BFA^ DFA (Euch i. 38.), at abo 
the triangles BFEy DFE are equal, hence /. BAEj 
DAE are equal. And ABC being equal to ADC^ the 
triangles BECy DEC are also equal. 



(5.) From one of the angles of a parallelogram to 
draw a line to the opposite side, which shall he equal to 
that side together with the segment of it which is inter- 
cepted between the line and the opposite angle. 

Let ABCD be the paral- 
lelogram, A the angle from 
which the line is to be df%wn. 
Produce DC to E, making 
CE^CD. Join AE, and at 
the point A make the augle 
EAF^AEFi AFx% the line 
required. 

For CE being equal to CD, EF = DC and CF 
together; and the angles FEA, FAE being equal, FAsz 
FE, and .-. AF^DC and CF together. 

Cor. In the same manner if CE = CS, AF^ EF^ 
BC and CF together. 




i»^^<»'^^^»i»^»«»^i^»#^>^^»^^^^»»» 



(6.) If from one of the angles of a parallelogram a 
straight line be drawn cutting the diameter and a skk oi 
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produced; the segment intercepted between the angle 
and the diameter, is a mean proportional between the 
segments intercepted between the diameter and the sides. 

From B, one of the angles 
of the parallelogram ABCD, 
let any line BE be drawn 

cutting the diameter AG in L^ ^^sj ^^v^ -^^ 

F, the opposite side in 6, and 

AD produced in E ; BF is a mean proportional between 

FG^LnAFE. 

Draw DH parallel to BF, and /. equal to it ; /• also 
AH^ FQ and AF= CH. Since HD is parallel to UG, 
FG I DH (:: CF : CH :: AH : AF) :: DH : jF£, 

or FG : BF :: AF : FE. 




^»^*'^^i»^^^^^^<»^»i»^^^^>i»^^^ 



(7.) The two triangles, formed by drawing straight 
lines from any point within a parMelogram to the ex- 
tremities of two opposite sides, are together half of the 
parallelogram. 

Let P be any point with- 
in the parallelogram ABCD, 
from which let lines PA, 
PD. PB, PC be drawn to 
the extremities of the oppo- 
site sides; the triangles PAD, 
PBC are equal to half the parallelogram ; as also the 
triangles APB, DPC. 

Through E draw £PjP parallel to AD or BC; then 
(EucL i. 41.) the triangle APD is half of ^^^FA and 
BPC is half of BEFC, /. APD, BPC are together half 
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of ABCD. In the same manner if a line be drawn 
through P parallel to AB or DC, it may be ahewn that 
APB, DPC together are half of A BCD. 



(8.) If a straight line he drawn parallel to one of 
the sides of a parallelogram, and one extremity qfthis 
line he joined to the opposite one of the parallel side, hy 
a line which also cuts the diameter ; the segments of the 
diameter made hy this line will he reciprocally protpar- 
tional to the segments of that part of it which is inter- 
ested between the side and the parcUlel line. 

Let EFhe drawn parallel to AD 
one of the sides of the parallelogram 
ABCDy cutting the diameter BD in 
G. Join AF, cutting it also in H\ 
then will BH : HD :: HD : HG. 

For the angle ABH being equal to HDF, and AHB 
DHFj the triangles AHB, DHF are equiangular, and 
.-. BH : HD :: AH : HF :: DH : HG, since the 
triangles AHD, FHG are also equiangular. 




«» »i»^^^^ ^^h^ ^- ^^ ^>*«*i^^»i^^ *^^ ^ 



(9.) If two lines he drawn parallel and equal to tie 
adjacent sides of a parallelogram ; the lines joining, their 
extremities, ^produced, will meet the diameter in the 
same point 

Let HI, FG be drawn equal and parallel to the- ad* 
jacent sides AB, BC of the parallelogram ABCD. 
Join HF, Gli these lines produced will meet the <lk« 
meter DB in the same point. 
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Prodnoe AB, CB to K tnd L. 'Then t 
AFH, LBF having the vertically opposite 
equal, and the alternate angles AHF^ MjB 
are equiangalar. 




whence JF : FB :: {HA=) IB : BL» 
and in the same manner it may be shewn that 
{GC=) FB : CI :: BK : BI, 
.: AF : CI :: BK : BL. 
But AF^DG, and CI^DH, ,\ DO i DB :: BK 
and .*. HF, DB, 61 conv^geto the same point 



BL, 



* *^# »^i#^»^»^^»#>#» *»*#^i»^##» 



(10.) If in the sides of a square, at equal disi 
Jram the Jour anghs^Jimr other points be taken^ < 
each side; the ^ure contained hy the straight 
which join them shall also be a square. 

Let E, F, G, H he four points at 
equal distances from tlie angles of the 
square ABCD. Join EF, FG, GH, 
HE ; EFGH is also a square. 

Since AH^EB, and j#£=BF, and 
the angles at A and B are light angles^ 
and the tngle AEH is equal to the angle BFE. la 
the same way it mity bt shewn that MGmAGF ane 




HE^ 
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each of them eqiinl to HE and EF, .\ the figace SUBFO 
19 equilateral. It is also rectangular ; for vnce the ex- 
terior angle FMiA is equal to the interior angles EBJFy 
EFB ; parts of which AEH and EFB are equia ; .\ the 
remaining angle FEH is equal to the remaining angle 
FBE, and .*. is a right angle. In the same manner it 
may be shewn that the angles at F, 6, H are right 
angles, and .*• EFGH being equilateral and rectangular^ 
is a square. 



i»*<»^»»»»^»^^^>#^^ »i#^i#>^»^#^^^ 



(IL) The sum of the diagonals of a trapezium is 
less than the sum of any four lines which can be drawn 
to the four angles from any point within thefgwre, 
except from the intersection of the diagonals. 

Let ,ABCD be a trapezium, whose 
diagonals are AQ BD, cutting each other 
in E ; they are less than the sum of any 
four lines which can be drawn to the _ 
angles from any other point within the 
trapezium. 

Take any point P, and join PJ, PB, PC, PD. 
Then (Eucl. i. 20.) AC is less than AP, PC; and BD 
is less than BP, PD; .-. AC, BD are less than AP^ 
PB, PC, PD. 




*i^^»^»^^^i^^>»»^^»^^^^#^^^i^»^ 



' (13.) Every trapezium is divided by i(s .diagonab 
into four triangles proportional to each other. 

Let A BCD be a trapezium (see last Fig.) divided by 
its diagonals AC, BD into the triangles AEB, BEC, 
AEDj DECi these are proportional to each other* 
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For (Eacl. vi. 1.) ^EB : BBC :: AE : EC, 

Mid AED : DEC :: AE : EC, 

ABB : BEC :: AED : DBC. 



m • 
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(13.) If two opposite angles of a trapezium be right 
angles ; tfie angles subtended by either side at the two 
opposite angular points unll be equal. 

Let the two angles ACB, ADB of the 
trapezium ACBD, be right angles. Join 
JB, CD; the angles ACD, ABD, sub- 
tended by ADy are equal. 

Bisect AB in E. Join CE. ED, and 
produce CE to F. Then (iii. 2.) AE, EB, EC, ED 
are equal to one another. Also the angle AED is equal 
to the two EDB, EBD, i. e. to twice EBD ; and DEF 
is equal to the two DCE, EDC, i. e. to twice DCE ; 
and AEF is equal to twice ACE; /. twice ACE and 
Iwice ECD, or twice ACD will be equal to AED, t. e. 
to tmce EBD, .. ACD zz ABD. 

The same may be proved for the angles standing on 
any of the other sides. 



^^»»»»^^»^«»i#^#»»*ii<^*^>.i*^»<»»»»» 



(14.) To determine the fgure farmed by joining the 
points of bisection of the sides of a trapezium ; and its 
ratio to the trapezium. 

Let ABCD be a trapezitim, whose sides are bisected 
in E, F, G, H. Let the points of bisection be joined ; 
and draw the diagonals AC, BD. 

Since AB, AD are biaocbed ia E and H, (Eucl. yi. 2.) 



128 GSOMXTRICAL PAOBUNIS. [Jhci. 4. 

EH is parallel to BD ; and for the same reaaon FG u 
parallel to BD, and .*. to EH. In the same way it 
may be shewn that EF is parallel to HG, and .*• the 
figure EFGH is a parallelogram. 



Again (Eucl. vi. 19.) the triangle JBBFis to the tri- 
angle ^£C in the duplicate ratio of EB : AB, i. e. in the 
ratio of 1 : 4, .*. EBF is equal to one fourth of ABC; 
for the same reason HDG is one fourth of DAC, whence 
EBF and HDG are together equal to one fourth of the 
trapezium. For the same reason HAE and GFC are 
together equal to one fourth of the trapezium ; therefore 
the four triangles together are equal to half the trapezium ; 
and consequently HEFG is equal to half of ABCD. * 

Cor. 1 . Hence two lines, drawn to bisect the oppo- 
site sides of a trapezium, will also bisect each other. 

Cor. 2. If the sides of a square be bisected and the 
points of bisection joined, the inscribed figure is a square, 
and equal to half the original square. 



^«^^^^<»^^^^^«^^^^^^«^^»^^^>^i^«» 



(15.) To determine the ^gure formed hyj^ning the 
paints where the diagonals of the trapezium cut the pa^ 
raUelogram ; and its ratio to the trapezium. 

Let /, K, Ly jM be the points of intersection ; (see 
last Fig.) join /if, KL, LM, ML And let O be 
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the intersection of the diagonals. Since EK is parallel 
to O/, 

BK : KO :: BE : Ej4j i. e. in a ratio of equality. 
For the same reason AI^ JO. Whence the sides of the 
triangle AOB being cut proportionally, IK is parallel to 
AB. In the same manner it may be shewn that KL^ 
LM, MI are respectively parallel to BC, CD, DA ; 
whence the figure IKLM will be similar to ABCD. 
Also since the triangle MIK is half the parallelogram 
HK, and MLK half of GK, /. the figure IKLM is half 
of HF^ and /. equal to one fourth of the trapezium 
ABCD. 



t 
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(16.) If tfjDO sides of a trapezium be parallel; its 
area is equal to half that of a parallelogramy whose base 
is the Stan of those two sides, and altitude the perpenr 
dicular distance between them. 

Let ABCD be a trapezium , whose 
side AB is parallel to DC. Produce 
DC to E, making CE = AB. Draw 
BF, and CGy EH parallel to AD, 
meeting AB produced. Then AE is a parallelogram of 
the same altitude with the! trapezium, and its base is 
equal to the sum of the sides AB, DC; and ABCD is 
half of ^JE. 

Since DF=^CE, the parallelograms .rfF, GE are 
equal (EucK i. 36.); and the diameter BC bisects the 
parallelogram FG\ whence ABCD=BCEH, and :•. 
the trapezium is half of the parallelogram AE. 



Mi#>«>##<#^^ ^ 
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(17.) Ifjrom any angle of a rectangular paraUdo- 
gram a Kne he drawn to the oppoiite side, andjrom the 
a^acent ongfe of the trapexiam thxis formed another 
he drawn perpendicular to the former ; the rectangle 
contained hy these tteo lines, is equal to the given pa- 
rallelogram. 

From A, one of the angles of the rectio- 
gular parallelc^ram ABCD, let any line AE 
be drawn to the opposite side, cutting off the 
trapezium ABCE; from B let ikll the per- 
pendicular BF^ the rectangle coatained by AE, BF, is 
equal to the parallelogram ABCD. 

For BA being parallel to ED, the angle BAF^ 
AED, and the angles at F and 2> are right angles, .-. 
the triangles BAF, AED are similar ; whence 

BF I BA :: AD : AE, 
Mid the rectangle AE, BF is equal to the rectangle BA, 
AD, i.e. to ABCD. 



(18.) To divide aparaU^igraminto ttoo parts udiich 
shall have a given ratio, h/ a line ^aton parallel to a 
given line. 

Let ABCD be the given pardlelo- » j. ^ 
gram, and EF the line whose direction /V// / 
is given. Divide AD in G in the //V^ ^ 
given latic^ and make QH=AG. Jmn, ^/ 
BH; lusect it in /, and through I 
draw KL parallel to EF-> KL divides, the parallcJlG^pnun 
in the given ratio. 

For (EqcI. vi. 1. and i. 41.) 

ABH : ABCD :: AG : AD. ■ 
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Bat the triangles BIL, KIH are equal, since BI^IH, 
and BL is parallel to KH', .-.ABH^ABLK. and 

ABLK : ABCD :: AO : AD, 
.'. ABLK : LKDC :: AG : GD, i. e. in the given ratio. 



(19.) To Insect a- trapezium bjf a line drawn from 
one of its angles. 

Let ABCD be the given trape- 
zium, and A the angle from which it 
it to be bisected. Draw the diagonals 
AC, BD', and bisect £Z). which is 
opposite to the angle A, in the point E. Join AE, CE; 
and through E draw FE6 parallel to AC. Join AG; 
AG bisects the trapezium. 

Sinc8 DE is equal to £B,the triangles AED. AEB 
are equal ; as also DEC, BEC; .: the figure AECD is 
equal to the figure AECB. Also (Eucl. i. 38.) the tri- 
angles AEG. CEG are equal ; takeaway .'. the common 
part EHG, and AEH^ GHC. To the figure AECD 
add AEH, and take away its equal GHC; 4nd to 
AMCB add GHC, and take away AEH; and the tri- 
angle AGD is equal to the trapezium AGCB, or the 
given trapezium is bisected by AG. 



(20.) To hisect a trapezium hy a line drawn Jrom 
a ^ven paint in one of its sides. 

liet ABCD be the given trapezium, and P the given 
point. 
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Join PA, and from the angle P 
bisect the trapezium APCD{\v. 19.) 
by the line PE. On PE make the 
triangle PEF equal to ABP. Bi- 
sect EF'm G; join PG. PG 
bisects the trapezium. 

Since FG is equal to GE, the triangle PGF is equal 
to the triangle PGE. But PGE is equal to half the 
triangle ABP ; and PEC is half the figure PABC; 
whence PGC is half of the trapezium ABCD; which is 
.•. bisected by PG. 




(21.) If two sides of a trapezium he parallel; the 
tfiangle contained hy either of the other sides, and the 
two straight lines drawn from its extremities to the K- 
section of the opposite side, is half the trapezium. 

Let ABCD be a trapezium^ having 
the side AB parallel to DC. Let 
AD be bisected in E ; join BE, CE; 
the triangle BEC is half of the trape-. 
zium. 

Through E draw FEG parallel to BC, meeting CD 
in Gy and BA produced in F. The alternate angles 
FAE, EDG being equal, as also the angles at E, and 
AE = ED, .'. the triangles AEF, DEG are equal; 
whence the parallelogram BFGC is equal to the trape- 
zium ABCD. But BFGC and the triangle BEC, be- 
ing on the same base BC, and between the same parallels 
BQ FG, the triangle BEC is half of BFGC, and .\ 
also half of ^5CX>. 
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Cor. From the demonstration it appears, that a tra- 
pezium which has two sides parallel, may be reduced to 
a parallelogram equal to it, by drawing through the 
point of bisection of one of the sides, which are not pa- 
rallel, a line parallel to the other of those sides, and meet- 
ing the parallel sides. 



♦#i»i^^i^^^i^>^i»^^«»^^»i»^^^^»»i^ 



(33.) To divide a givers trapezium whose opposite 
sides are parallel, in a given ratio, hy a line drawn 
through a given point, and terminated hy the two pa-' 
rallel sides. 



;rapezium > ¥yF — ^~^ 

lisect AD f — -^Hf — ih-^ 
et to AB, I 



Let ABCD be a trapezi 
whose sides AB, DC are 
and P the given point. Bisect 
in E, and draw EFpa.n\\el 
meeting BC in F. Divide EF in 
G in the given ratio ; and through G and P draw IPH; 
IPH will divide the trapezium in the given ratio. - 

Draw KGL, iUfPiV parallel to AD-, then EA=KG 
^MF, and ED = GL=FNi but AE=ED, .'. KG= 
GL, and MF = FN; whence (iv. 31. Cor.) JDJH = 
AL, and HICB^KN. 

Now AL . KN :. EG : GF, 

. . . ADIH : HICB :: EG : GF. 
i. e. in the given ratio. 



^^»#i^^^#^*^^»0^^^^^»^>»i»^'^^^^ 



(33.) If a trapezium, which has two of its adjacent 
angles right angles, be bisected by a /tne drawn Jrom the 
middle of* one qf those sid^ which are not parallel; the 
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stim ef the parallel sides will have io one of them the 
same ratio, that the side which is not bisected has to' thai 
segment of it which is adjacent to the other. 

Let ABCD be a trapezium, having the 
angles at A and D right angles, and •*• AB^ 
DC parallel ; and let the trapezium be bi- 
sected by EF; if AD be bisected in E^ 
AB + DC : AB :: BC : CF; 
but if BC be bisected in 7^ 

AB+DC : AB :: AD : DE. 

Produce DA, CB to meet in G. Join AF, DF, 
BE, CE, and let fall the perpendiculars AH^ DI. 
Since AE^ED, the triangles AFE, DFE are equal, 
/. the triangles DFC, AFB are equal; .*• the rectan^iBi 
FC, DI and BF, AH are equd, 

and FC : FB :: AH : DI :: AB : CD, 

.\AB + CD : AB :: {FC+FB==) BC : FC. 

But if BC be bisected, the triangles ^' -^ 

EBF^ ECF being equal, the triangles 

AEB, EDC are also equal, 

.\ (Eucl. vi. 15.) AB : CD :: DE : EA, 

and AB + CD : AB :: {DE-^EA^)AD : DB. 

In like manner AB-^DC : DC :: AD : AE. 




(24.) ijT /Ae »*ifef of an equilateral and equiangular 
pentagon be produced to meet ; the angles formed by these 
Rnes are together equal to two right angles. 

Let ABCDE be an equilateral and equiangohr 
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pentagon ; and let the sides be pro- 
duced to meet in F, O, H, I, K; 
the angles at these points are to- 
gether equal to two right angles. 

For since BCG is the exterior 
angle of the triangle FCI^ it is equal 
to the angles at J^ and /. For the 
same reason the angle CBG is equal to the angles at K 
and H; and /. the angles at F, G, H, I, K are equal 
to the three angles of the triangle BCGy %. e. to two right 
angles. 




^#'^«»^i^^«^i»«#'^«^<>«#«»^»»»^^^»»»#V^ 



(35.) Jf the sides of an equilateral and equiangular 
hexagon he produced to meet; the angles Jormed hy 
these lines are together equal to Jour right angles. 

Let ABCDEF be an equilateral 
and equiangular hexagon; and let 
the sides be produced to meet in G, 
Hj /, JT, L, M\ the angles at these 
points are together equal to four right 
angles. 

For GLI being a triangle, the 
angles at G, /, L are equal to two 
right angles ; and for the same reason, the angles at H^ 
K, M are equal to two right angles; /. the six angles 
are equal to four right angles. 




(26.) The area of any two parallelograms described 
on the two sides of a triangle is equal to that of a parol- 
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lehgram an the base, whose side is equal and parallel to 
the line drawn from the vertex of the triangle to the »«- 
tersectian of the two sides of the former parallelograms 
produced to meet. 

Let BE and CG be pa- 
rallelograms described on the 
sides AB, BC of the triangle 
ABC; and let EF, HG be 
produced to meet in D. Join 
DB; produce it^ and make 
IK^DB; through A di-aw 
^L equal and parallel to IK; 
and complete the parallelo- 
gram AM. AM IS equal to ^Fand CG together. 

Produce LA, MC to N and O ; since ND is parallel 
to ABy and AN to BD^ NABD is a parallelogram, and 
equal to EB, which is on the same base, and between the 
same parallels. It is also equal to AK\ because they are 
upon equal bases DBy IKy and between the same pa- 
rallels; .\AK==EB. In the same manner /itfsjBjET^ 
./. AM is equal to AF and CG together. 




(27.) The perimeter of an isosceles triangle is g renter 
than the perimeter of a rectangular parallelogram, which 
is of the same altitude with, and equal to the given tri- 
angle. 

Let ABC be an isosceles triangle, 
whose base is BC. Draw AE perpendi- 
cular to BC, and /. bisecting it; and draw 
AD, CD parallel respectively to BC, 
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AE; then DE is a rectangular parallelogram of the 
same altitude with, and equal to the triangle ABC (Eucl. 
i. 42.). The perimeter of ABC is greater than that of 
DE. 

Becsiuse AB = AC, and B^ = JSC, the perimeter of 
ABC is double of AC and EC together ; also the peri- 
meter of DE is double of AE and EC together. But 
since A EC is a right angle, ^Cis greater than AE ; and 
.*• the perimeter of ABC greater than that of DE. 



^^^#«^«»^»^^^>^»'*'»i»^i»^^^^»»<^» 



(28.) If from one of tfte acute angles of a rights 
angled triangle j a line be drawn to the opposite side ; 
the squares of that side and the line so drawn are toge- 
ther equal to the squares of the segment adjacent to the 
right angle and of the hypothenuse. 

Let ABC be a right-angled triangle, 
and from A let AD be drawn to the oppo- 
site side ; the squares of AD and BC are 
together equal to the squares of ^C. and 
BD. 

For the squares of AD and BC together are equal to 
the squares of AB, BD and BC, i.e. to the squares of 
AC and BD; since the squares of AB and BC are 
equal to the square AC. 




^»»^^i*»»^^*^^^ » ^»^<»^[^»»^#>»^^^^ 



(29.) In any triangle if a line be drawn from the 
foertex at right angles to the base, the difference of the 
squares of the sides is equal to the difference of the 
squares of the segments of the base. 

s 
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From A the vertex of the triangle ABC, 
let AD be drawn perpendicular to the 
base ; the difference of the squares of AB, 
AC is equal to the difference of the 
squares of JB£), DC. 

For since ABD is a right-angled triangle, the square 
ofAB is equal to the squares of ADy BD; and sinoe 
ADC is a right-angled triangle, the square of AC is 
equal to the squares of AD, DC; whence the difierence 
of the squares of AC and AB is equal to the difierence 
of the squares of CD and DB. 



^^^^>^^>»^^»^^^^^>»^^i^^»^^»» » ^^^^ 



(30.) In any triangle^ if a line he drawn Jrom the 
vertex bisecting the base ; the sum of the squares of the 
two sides of the triangle is double the sum of the squares 
of the bisecting line and of half the base. 

From the vertex A of the triangle 
ABCy let AD be drawn to the point of 
bisection of the base ; the squares of AB, 
AC^ are together double the squares of 
AD, DB. 

From A draw AE perpendicular to BC; 
Then (Eucl. ii. 12.) AB^=:AD^ + DB' + 2BDx DE, 
and (Eucl. ii. 13.) AC^^AD' + DC'^aCDx DE 

=AD^ + DR-2BDX DE, 
whence AB'+AC^ = 2AD^ + 2DB\ 




i»^^^i^ii»i»'i»^ ^^^^^^^^^i^^^^ o^^i^ 



(31 Vfi*^^^ '^^ three angles of a triangle Unes be 
drawn to the points of bisection of the opposite sides ; 
the squares of the distances between the angles and the 
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common intersection are together one third of the squares 
of the sides of the triangle. 

From the angles of the triangle JBCy 
let lines be drawn to the middle points of 
the opposite sides^ intersecting each other 
m G; the sum of the squares of j4G, 
GBy GC is one third of the sum of the 
squares of ABj BC^ CA. 

Join EF. Then AB" + AC^ = 2AE' + 2 EB\ 

AB' + 5C* = 2AF^ + 2FB\ 
AC^ + JBC* = 2AD^ + 2DC\ 
.'. AB' + BC^ + CA' = AE* + BF^+ CD'+AF*+ 

lEB' + Aiy, 

Now the sum of the squares of AF, EBy AD is equal 
to one fourth of the sum of the squares of AB^ BCj CA ; 
whence three fourths of the sum of the squares of AB, BC, 
CA will be equal to the sum of the squares of AE, BF, 
CD ; or three times the sum of the squares of AB, BCy 
CA is equal to four times the sum of the squares of AE, 
BF, CD. 
Now BG : GF :: BA : EF :: BC : CE :: 2 : 1, 
/. BG : BF :: 2 : 3, and BG^ : BF* :: 4 : 9, 
whence 4SF*= qBG^. And the same being true of 
each of the rest, three times the sum of the squares of 
ABy BC, CA, is equal to nine times the sum of the 
squares of AG^ BG, CG; /. the sum of the squares of 
AB, BCy CA is three times the sum of the squares of 

AG, BG, CG. 

Cor. If from the angles of a triangle lines be drawn 

to the points of bisection of the opposite sides, the squares 
of those lines together are to the squares of the sides of 
the triangle as 3:4. 



^^^^0^*^^^^**^^^^^^^^^^ * ^^^ ^ ^^^ 
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(32.) If from amf point within or without am^ rec* 
tiUneal^gurCy perpendiculars be let faU (m miefy Aii ; 
the sum of the squares of the altemate segments made 
by them will be equal. 

Let A BCD be any quadrilateral 
figure (the demonstration being the 
same whatever be the number of sides). 
From any point / let perpendiculars 
IE, IF, IG, IH be drawn ; AE' + 
BF'+GC^ + DW^EB^^FC^^GD^+AH\ 

m 

From /draw lines to each of the angles; 

then AE' + EP = {Al* - ) AH* + HV, 

BF* + F/» = {BP = ) BE" + EP, 

CG* + GP = (C/» = ) CF* + FP, 

DH* + HP = {DP = ) D& + GP, 
whence, 

AB*+BF'+CG*+DH*=EB'+FC'+GD*+liA*, 




^<«»^^^>»i»^»^i»^<»»i»^^^^^^* ^ 



(33.) If from any point unthin a rectangular pa^ 
rallelogram lines be drawn to the angular points ; the 
sums of the squares of those which are drawn to the 
opposite angles are equal. 

Let ABCD be a rectangular paralle- 
logram, and P any point within it ; join 
FA, FB, FQ FD ; the squares of FA 
and FC are together equal to the squares 
of FB and FD. 

Draw the diagonals AC, BD ; and join FE. be- 
cause the triangles ADC, BDC are similar and equal, 
ACszBD} aad .*. their halves^ AE and DE, are equal. 
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Now (iv. 30.) FD*+FB'=2DE* + 2EF', 

+ 2EF*:^AF*'i'FC\ 



^»i»^»»-»<»^i»i^#<^»<»»^^^M^^>*»#>*«i» 




(S4.) The sfuares of the J&agmiak of a parallelo' 
gram are together equal to the squares of the four sides. 

Let ABCD be a parallelc^ram, whose 
diagonak are /iC, BD ; the squaro of 
AC, BD are tt^ther equal to the sqoaNs 
oi AB. BCy CD. DA. 

Since DB is bisected by AC, 

2AE* + sEir = AD' + AB", 

and for the same reason, 

4AE'+4ED'=AD^+AB'-{-CB'+CD', 
I e. AC*+BD*=: ADP + ^JT + CB* + CD*. 



• • 



i»* ###!<»» i#»<^»^#<#>»<li»*«^gxM>^ 



(35.) If two sides of a trapezium be parallel to 
each other; the squares of its diagonals are together 
equal to the squares of its two sides which are not pa-' 
raUel and twice the rectangle contained by its parallel 
sides. 

Let the sides A By DC of the trape- 
zium ABCD be parallel ; draw the dia- 
gonals ACj BD\ the squares of ^C arid 
Bt)f are together equal to the squares of 
AD and jBC, and twice the rectangle AB^ DC. 

Let fall the perpendiculars CE^ DP. 
Then (Eud. ii. M.), DB^sDA^+AB'+^ABxAF, 

and jIC^s CBF +AB'+2ABxBE, 
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whence, 
AC*+DB*=AD'+ CB'+2AB*+2ABxBE+2ABxAF. 

Now (Eucl. ii. 1.), 

ABx FE=ABx FA+ABx AB+ABx BE, 

. . AC + DB* = Ajr +CB'+!iABxDC. 



«^^^«^^#«i»^^<^i»»^i^^«»^»^^<»«^<»«^^«»' 



(36.) ' The squares of the diagonals of a trapezium 
are together double the squares of the two lines joining 
the bisections of the opposite sides. 

Let j4BCD be a trapezium^ whose 
sides are bisected in J?, F, G, H. 
Join EG, FH; and draw the diagonals 
JC, BD. The squares of AC, BD 
are together double of the squares of 
EGy FH, 

Join £F, FG, GH, HE. Then (iv. 14.) EFGH is 
a parallelogram^ and BD is double of EH\ 

.\ BD" = 4EH^ = 2EW + 2FG^, 

and for the same reason AC" = 2 EF^ + 2//G*, 
.-. AC^ + BD'=2EF'+2F&+2GH' + 2HE\ 

:=z2EG' + 2HF\ (iv. 34.) 




^^^^»i»i#i»i*i»*^^^^^i»^^^^»»i^^^^ 



(37.) The squares of the diagonals of a trapezium 
are together less than the squares of the Jour sides^ hy 
\ four times the square of the line joining the points of M- 
section of the diagonals. 

Let ABCD be a trapezium whose diagonals AC^ 
BD are bisected in i?^ jP; join EF\ the squares oi AC, 
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BD are less than the squares of the four 
sides by four times the square of EF. 

Since BE bisects AC the base of the 
triangle ABC, 

AB^+BC'^aAE' + iEB"; 

and for a similar reason, 

Aiy + DC*=2AE» + 2ED'; 

.: AB" + BC-+ CD* + DA^ = 4 AE* + 2 EB' + 2 ED' 

= AC +2EB*+2ED' 

= AC* +4BF*+4FE' 

= AC* + BD* +4FE'. 



^«^»^^»,»i^i^>^>^ ^'^■^'^^^^^^^^ ^«»^»^^^>^ 



(38.) In any trapezium^ if two opposite sides be bi- 
sected ; the sum of the squares of the two other sides, 
together with the squares of the diagonals, is equal to 
the sum of the squares of the bisected sides together with 
four times the square of the line joining those points of 
bisection. 

Let j4Bf DC, two opposite sides of 
the trapezium ABCB, be bisected in E, 
and F; join J?-F;^.and draw the diago- 
nals ^C, JBZ>. /fhesquardsof^JD, jBC, 
AC, BD are equal to the squares of AB^ 
DC, and four times the square of EF. 

Join AF^ BF. Since AF bisects DC the base of 
the triangle ADC, 

AD* + AC^ = 2DF^ + 2FA^', 
and in the same manner^ 
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whence A-D^+BC'+AC*+BD*as4DP*+2FA*+2FBI' 
=DC*+2FA* + aFB'=DC+4AE' + AEF* 
=DC*+AB'+4EF*. 



^^^^^^^«^^^»^^i^<>i^*>^^i» 



(39.) If squares be described on the sides of a right- 
angled triangle; each of the lines joining the acute 
angles and the opposite angle of the square^ will cut off' 
Jrfun the triangle an obtuse-angled triangle, which wiU 
be. equal to thaf cut off' from the square by a line drawn 
frmn the intersection with the side to that angle of the 
squ0re which is opposite to it. 

From the angles B, C 
of the right-angled triangle 
BAQ let lines BG, CD be 
drawn to the angles of the 
squares described upon the 
sidesj and from the inter- 
sections £f and / let HE, IF 
be drawn to the opposite angles of the squares ; the tri- 
angle BIC^AIF, and CHB=AHE. 

Join AG, AD. Then (Eucl. i. 37.) the triangle 
AFI= AIG; to each of which add ABI, .-. the tri- 
angle BIF= BAG = BCA (Eucl. i. 37.) From each 
of these equals take away the triangle BIA, and BIC= 
AIF. In the same manner it may be shewn that CHB 
^AHE. 




i»^^^»»<»*»^*^^i^»^'^^^»»^#<»>^#<»i»«» 



(40.) If squares be described on the two sides of a 
fight-angled triangle ; the lines joining each of the acute 
angles of the triangle and the opposite angle of the 
square will meet the perpendicular drawn from the right 
angle upon the. h^pothenuse, in the same point. 
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Let BE, CF be squares described on the sides Bj4, 
^C containing the right angle. Join DC, BG; they 




intersect AL, which is perpendicular to BC, in the same 
point O. 

Produce DE, GF, to meet in H. Join ffA, HB, 
Ha Let BH, CH respectively meet DC, BG in / 
and K. Since EH=AF=AC, and EA = AB, and the 
angles HEA, BAC are right angles, the triangles HEA, 
BAC are equal, and the angle EHA = BCA = BAty 
i. e. since EH and BA are parallelj HAL is a straight 
line, or LA produced passes through H, and HL is p^- 
pendicular to BC. Again, since ^C=CG, AH=BC, 
and the angle HAC = BCG, .: the triangles HAC, 
BCG are equal; .-.the angle CBA'= CHL ; but BCK 
= HCL; .-. BKC^HLC, i. e. is a right angle, and 
SK is perpendicular to HC In the same manner it 
may be shewn that CI is perpendicular to BH. Uentx 
.'. HL, CI, BK are perpendicular to the sides of the tri- 
angle HBC, and .-. they intersect each other in the same 
point. 



(41.) If squares he described on theihree sides of 
a right-angled triangle, and the extremities of the ad- 
T 
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jacent sides be joined; the triangles so formed are equal 
to the given triangle and to each other. 

On the sides of the right- 
angled triangle ABC let squares 
be described, and join GH^ 
FDylE. The triangles ^G//, 
BFD, ECIare equal to ABC, 
and to each other. 

It is evident that AGH=^ 
ABC. Produce FB, and from 
D draw DS perpendicular to 
it. Since ABS and CBD are right angles, /. the angles 
ABC, SBD are equal ; and BAC, BSD are also right 
angles, and BC=:BD, .'. DS=AC. And the triangles 
ABC, FBD being upon equal bases AB, FB are as 
their altitudes AC, DS (Eucl. vi. 1.) ; and •*. are equal. 
In the same manner if IC be produced^ and ER drawn 
sndicular to it, it may l>e shewn that ER is equal to 

\f and the triangle ECI to ABC. And since each of 

triangles is equal to ABC, they are equal to one 
another. 





(42.) If the sides of the square described upon the 
hj/pothenuse of a right-angled triangle be produced to 
meet the sides (produced if necessary/) of the squares de- 
scribed upon the legs ; they will cut off triangles equi^ 
angular and equal to the given triangle. 

Let DBy EC, the sides of the square described on 
BC the hypothenuse of the right-angled triangle ABC^ 
be produced to meet the sides of the squares described 
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upon BAj AC, in K and L ; the 
triangles BFK, CIL cut off by 
them are equal and equiangular 
to ABC. 

Since FBA and KBC are 
right angles, the angles FBKy 
ABC are equal ; also the angles 
at F and A are right angles, and 
FB^BA, .\ FK^AC, and the 
triangles FKB, ABC are equiangular and equal. 

In like manner it may be proved that the triangles 
ABC, LCI are equiangular and equal. 




^»^^»»<^»»^'^«^»«»«»#<^*«»«»'» > »*^*^^ 



(43.) If from the angular points of the squares de- 
scribed upon the sides of a right-angled triangle perpenr^ 
diculars be letfaU upon the hypothenuse produced ; thfu 
will cut off* equal segments ; and the perpendiculars WM 
together be equal to the hypothenuse. 

Let FMj IN be drawn from 
the angles Fy I of the squares 
described upon BA, AC, per- 
pendicular to BC the hypothe- 
nuse produced; MB will be la jro 
equal to NC ; and FM^ IN together equal to BC. 

From A draw AO perpendicular to BC. Since FBA 
is a right angle, the angles FBM and ABO together are 
equal to FBM and BFM, .'. ABO is equal to BFM, 
and the angles at M and O are right angles, and AB ss 
BF, .\ BM=::AO, and FM=zBO. In the same maa 
it may be shewn that CN^AO, and INszCOi 




tosLuamm 

f 
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=NC, and FM and IN together are equal to -BO and 
CO together, i. e. to BC. 

Cor. The triangles FBM, ICN are together equal 
to JBC. 



r^^^^^^^^^<>»^^ 



(44.) If on the two sides of a right-angled triangle 
squares be described^ the linesf joining the acute angles- 
of the triangle and the opposite angles irf the squares tcill 
cut off^ equal segments from the sides ; and each of these 
equal segments will be a mean proportional between the 
remaining segments. 

On //jB, AC the sides of the 
right-angled triangle BAC, let 
squares be described, and jBi, CF 
joined ; the segments AP^ AQ 
are equal, and each of them is a 
mean proportional between BP and CQ. 

Since AQ is parallel to ///, and AP to FG, 

BH : HI :: BA : AQ, 
^nd(CA = )III : CG :: AP : {FG=) AB, 
.'. BH : CG :: AP : AQ, 
and B/Z' being equal to CG, AP=AQ. 
Again, the triangles BPFy ACP being similar, as also 
ABQ, ICQ, 

BP : {BF=)AB :: AP : AC, 
and BA : AQ :: [IC=^)AC : CO, 
. . ex wquo BP : {AQ=:) AP :: AP : CQ. 




(45.) If squares be described on the hypothenuse and 
sides of a right-angled triangle, and the extremities of 
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t/ie sides of the former and the adjacent sides of the 
others he joined ; the sum of the squares of the lines joifi- 
ing them will he equal to Jive times the square of the 
ht/pothenuse. 

LfCt squares be described on 
the three sides of the right- 
angled triangle ABC; join DFy 
EI; the squares of DF and 
EI together are equal to five 
times the square of BC. 

Draw FKy IL perpendicular 
to DB, EC produced, and AM 
to BC. The angle FBK is 

equal to ABC, and the angle at K to the right angle 
A MB, and FB=.BA, .-. BK^BM. In the same way, 
CL=CM. 
Now (Eucl. ii. 12.) FD^=rDB^ + BF' + 2DBxBK 

= BC^ + BA' + 2BCx BM, 
and EP = BC* + CA' + 2BCxCM, 
.-. FD* + EI^ = 2BC^ + BA' + AC\+ 2BC x BM+ 

[2 BCx CM 
= 2BC^ + BC' + 2BC' = 5BC\ 




(46.) If a line be drawn parallel to the base of a 
triangle, and terminated in the sides ; to draw a line 
cutting it, and terminated also by the sides, so that the 
rectanglescontained by their segments may he equal. 

Let ED be parallel to CB the base of the triangle 
ABC; from D draw DF, making with AC (produced if 
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necessary) the angle DFE equal to 
ABC, and draw any linjs GH parallel 
to FDj cutting ED in /; the rectangle 
£/, ID is equal to the rectangle G/, 
IH. 

For the angle AGH=^ 4FD=ABC 
^ADEy and the vertical angles at / are equal, /. the 
triangles GEI, HID are equiangular ; 

and HI : ID :: IE : IG, 
/. the rectangle EI, ID is equal to the rectangle HI, 
IG. 




^^«# ^i^<^^»^^N»^ |#^ 0#*l»»i|# |# # ^ i»ii* 
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(47.) If the sides, or sides produced, of a triangle 
be cut by any line ; the solids formed by the segments 
which have not a common extremity cure equal. 

Let ABC be a triangle having 
the sides (produced if necessary) 
cut by the line DEF; then AF 
^CDx BE-AE xDBx CF. 

Draw BG parallel to AC; the triangles AEF, BEG 
will be similar, as also CDF, BDG ; 

.-. AF : AE :: BG : BE, 
and CD : CF :: BD : BG, 
.♦. AFx CD : AExCF .. BD : BE, 
.-. AFx CDxBE=AExDBx CF 



'^m^^'^^^^^^^^ie^^^'^^'^' ^ '^^^^^^^ 



(48.) If through any point within a triangle, three 
lines be draum parallel to the sides ; the solids formed 
by the alternate segments of these lines are equal. 
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Through any point D within the 
triangle ABC, let HG, EF, IK, be 
drawn parallel to the sides ; then ID X 
DGx DF^EDxDKx DH. 

Since the lines are drawn parallel to 
the sides, the triangles lED, GDK, HDF are similar to 
ABC, and to one another ; 

.-, ID : DE :: AC : CB 
GD : DK :: AB : AC 
DF : DH :: BC : AB, 
whence IDxDGxDF : DEx DK x DH :: ACx 

ABxBC '. BCxACx AB, 
i. e. in a ratio of equality. 



^^^^^«»^^^>0^ »«»i<^'^^»^>^'^>^ ^^^■^s^ 



(49.) ^'through any point within a triangle lines 
he drawn from the angles to cut the opposite sides ; the 
segments of any one side will he to each other in the 
ratio compounded of the ratios of the segments of the 
other sides. 

Through any point D within the i^ 
triangle ABC, let lines AE, BF, CG 
be drawn from the angles to the op- 
posite sides ; the segments of any one ^ 
of them as AC, will be in the ratio compounded of the 
ratios AG : GB, and BE : EC. 

Draw IBH parallel to AC, meeting AE and CG pro- 
duced in H and /. Then the triangles GCA, GBI^ and 
EAC, EBB, as also ADF, BDH, and FDC, IDB, are 
respectively equiangular, 

whence BH : AC :: BE : CE, 
and AC : BI :: AG : BG, 
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.-. BH : BI :: AGx BE : GBx CE. 
But BH : BJ :. AF : FC, 

.: JF : FC :: AGxBE : GBxCE. 



(50.) If fi-om each of the angles of any triangle, 
a line he drawn through any point within the triangle, 
to the opposite side ; the solid contained by the segments 
thereof, intercepted between the angles and the point, 
will have to the solid contained by the three remaining 
segments, the same ratio that the solid contained by the 
three sides of the triangle, has to either of the (equal) 
solids contained by the alternate segments of the sides. 

Let ABC be the given tri- 
angle, and through any point D 
within it, let AE, BF, CG be 
drawn from the angles to the 
opposite sides; then will ADy 
DBxDC : EDx DFx DG .: 
AB X BCx CA : AFx CE x 

BG. 

Let fall the perpendiculars AH, BI, CK; EL, GM, 

FN. 

Since EL is parallel to BI, CB : CE :: BI : EL, 
and GM being parallel to AH, BA : BG :: AH : GM, 
alsoFiVand CA^ being parallel, ^C : AF :: CK : FN, 
. ACx ABxBC : CExBGx AF :: BIx AHx CK : 

[EL xGMxFN. 
Again, since EL is perpendicular to DC, and CK to 
DK, the triangles DEL, DCK are equiangular, 

and .-. DC : DE :. CK : EL. 
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In the same manner, DB : DG :: BI : GMy 

and DJ : DF :: AH : IW, 
.-. DJkDBxDC : DExDFx DG :: BIxAHx 
CK : ELxGMx FN:: ABxBCx CA : ^Fx C£x 
BG. 



Sect. V. 



(1.) -4 straight line of given length being drawn 
Jrom the centre at right angles to the plane of a circle ; 

to determine that point in it, which is equcdly distant 
Jrom the upper end of the line and the circumference of 

the circle. 



From O the centre of the circle, let 
OA be drawn at right apgles to its plane ; 
draw OB perpendicular to OA; join AB, 
and make the angle ABC equal to BAC. 
C is the point required. 

Since the angle ABC= CAB, .\ AC^ 
CB. 




(2.) To determine a point in a line given in position, 
to which lines drawn Jrom two given points maj/ have 
the greatest difference possible. 

LfCt A and B be the given points, and CD the line 
given in position. Let fall the perpendicular BC, and 

U 
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produce it, to that CE may be equal to 
CB; join ^Ef and produce it to meet 
CD in D. Join BD. D is the point 
required. 

For DE = DB ; and .-. AE is equal to 
the diflerence between AD and DB. If 
then any other point F be taken, BF 
^EF; and the difference between -^Fand BF is equal 
to the difference between AF and EF, which is less than 
AE (iii. 1.). The same may be proved for every other 
point in CD. 




^i^<^^^#^^^^^»»^*^*<»«#^'*«^^i»^ 



(3.) A straight line being divided in two given 
points ; to determine a third point such that its distances 
from the extremities may he proportional to its distances 
from the given points. 



C^ 



Let AB be the given line^ divided 
in C and D. On AD and CB let 
semicircles be described intersecting in 
E. From E let fall the perpendicular EF\ F is the 
point required. 

For (Eucl. vi. 8. Cor.) AF : FE :: FE : FD, 

and FE : FB :: FC : FE, 
..AF : FB :: FC : FD. 



(4.) In a straight line given in positiony to deter^ 
mine a pointy at which two straight lines, drawn from 
given points on the same side, will contain thi 
angle. 



Sea. 5.2 



GEOMETRICAL PROBLEMS^ 



155 



Let Jl and B be the given points, and 
CD the given line. Join BAy and produce 
it to meet CD in D. Take DC a mean 
proportional between DA and DB. C is 
the point required. 

Join AC, BC; and about the triangle ABC describe 
a circle ; DC is a tangent at the point C (Eucl. iii. 3709 
and .*. the angle is the greatest (ii. 62.). 




»<^>^«#^»^^^^^^<»^i»i»^^^ 



(5.) To determine the position of a point j at which 
lines drawn from three given points j shall make with 
each other angles equal to given angles. 

Let A, Bf C he the three given points ; 
join AB, and on it describe a segment of- a 
circle containing an angle equal to that ; 
which the lines from A and J3 are to in- 
clude. Complete the circle, and make the angle ABD 
equal to that which the lines from A and C are to in* 
elude. Join DC^ and produce it to the circumference 
in £. E is the point required. 

Join AE, BE. Then the angle AEC^ABD, and 
AEB is of the given magnitude^ by construction. 




<^^*»»<'»^^^^^*>^#< 



(6.) To divide a straight line into two parts such, 
that the rectangle contained by them maiy he equal to the 
square of their difference. 

Let AB be the given line; upon it describe a semi- 
circle ADB. From B draw BC at right angles and 
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equal to AB. Take O the centre^ and 
join 0C\ and from D draw HE perpen* 
'dicular to AB ; AB is divided in the point 
^, as was required. 

Since BC is double of BO, DE is 
double of OE (Eucl. vi. 2.), and OE . 
being half the difference between AE and EB, I^E h 
equal to the difference. Also (Eucl. vi. 13.) the rectangle 
AE, EB is equal to the square of DE. 





c/o 



(7.) If a straight line be divided into any fux) parts ; 
to produce it, so that the rectangle contained by the 
whole line so produced, and the part produced mmf be 
equal to the rectangle contained by the given line and one 
segment. ' 

Let AB be the given line divided into 
two parts in the point C. On AB as 
diameter describe a circle ADB. From 
B draw BE at right angles to AB, and 
.*. a tangent to the circle ; and make BE a mean pro- 
portional between AB and AC. Take O the centre; 
join EO, and produce it to F. Prdduce AB to G, 
making BG equal to ED. Then will the rectangle 
AG, GB be' equal to the rectangle BA, AC. 

Since DE = BG, the rectangle BG, GA is equal to 
the rectangle DE, EF, i. e, to the square of EB, or to 
the rectangle AB, AC, by construction. 

Cor. 1. If it be required to produce the line, so that 
the rectangle contained by the whole line produced and 
the part produced, may be equal to the rectangle con- 
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tained by two given lines ; find BE a mean proportional 
between the two given lines, and proceed as in the pro- 
position. 

CoR. 2. If it be required to produce the line, so that 
the rectangle contained by the whole line produced and 
the part produced, may be equal to a given square ; take 
BE equal to a side of the square, and proceed as in the 
proposition. 




(8.) To determine two lines stick that the sum of 
their squares may be equal to a given square, and their 
rectangle equal to a given rectangle. 

Let ^B he equal to a side of the given 
square. Upon it describe a semicircle 
ADB; and from B draw BC perpendi- 
cular to AB, and equal to a fourth proportional to AB 
and the sides of the given rectangle. From C draw CD 
parallel to BA. Join ADj DB ; they are the lines re- 
quired. 

Since CB touches the circle at B, the angle CBD is 
equal to DAB, and the angles DCBy ADB are right 
angles ; .*. the triangles DCB, ADB are equiangular, 

and AB : AD :: DB : BC, 
whence the rectangle AD, DB is equal to the rectangle 
AB, BC, i. e. to the given rectangle. Also the squares 
of AD, DB are equal to the square of AB, i. e. to the 
given square. 



^i»^^»^^»i»># ^i»««i»^^»»^^»»i»^«^^^ 



(9.) To divide a straight line into two parts, so that 
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the rectangle contained hy the whole and one of the parts 
may be equal to the square of a given line, which is less 
than the line to be divided, 

het AB be the given line tobe divided. 
Upon it describe a semicircle, in which 
place the line AC = to the given line. 
Join CB ; and on it describe a semicircle 
CDBy cutting AB \n D ; D is the |X)int required. 

Since the angle ACB is in a semicircle, it is a right 
angle, .\ AC tojiches the circle CDB (Eucl. iii. l6. Cor.) ; 
whence the rectangle BA, AD is equal to the square 
of ACy i. e. to the square of the given line. 




«<»^^^i^»^^»»»»>#»»i^«^»»»^^i»^^#i 
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(10.) To divide a given line into two such parts that 
the rectangle contained by the whole line and one of the 
parts may be (m) times the square of the other part, m 
being whole or fractional. 

Let AB be the given line, and in it 
produced, take BC = an m^ part of AB. 
On AC describe a semicircle, and from B 
draw BD perpendicular to AC Bisect • 

Cfi in O ; join OD, and take OE:=OD; and AB will 
be divided in E, as required. 

On BC describe a semicircle, cutting OD in F; join 
FE. Then the angle DOE being common to the tri- 
angles DOB, EOF, and DO. OB respectively equal to 
EO, OF, the triangles will be similar and equal, and .•. 
the angle OFE equal to OBD, and .-. a right 
angle ; whence FE is a tangent to the circle CFB. 
Hence the rectangle AB, BC is equal to the square of 
bi^ f. f . to the square of FE, or the rectangle CE, EB. 

I 
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From each of these equals take away the rectangle 
CB, BE ; and the rectangle ^E, CB is equal to the 
square of BEy .\ (m) times the rectangle AE^ CB, i. e. 
the rectangle AB, AE is equal to (m) times the square 
of BE. 



^^«^«^<^^»i^i^^^ij'^^'^^^^^^^«^^^>» 



(II,) To divide a given line into tuH> such parts 
that the square cf the one shall he equal to the rectangle 
contained hy the other and a given Une. 

Let AB be the given line to be divided^ (see last Fig.) 
and BC the other given line. Let them be placed so as 
to be in the same straight line. On AC describe a semi- 
circle and draw the lines, as in the last proposition ; and 
E is the point required. 

For the rectangle AE, CB is equal to the square of 
BE. ^ 



>»#»#ii»i»*^»#«^»i^^< 



(12.) A straight line bang given in magnitude and 
position ; to draw to it from a given point, two lines, 
whose rectangle shall be equal to a given rectangle^ and 
which shall cut off* equal segments from the given Une. 

Let AB be the given line, and C the 
given point. Bisect AB in D, and from 
D draw DO at right angles to AB, and 
let fall the perpendicular CE. With' the 
centre C, and radius equal to a fourth proportional to 
2 CE and the sides of tfaejpptt^Tectangle, describe a cir- 
cle cutting DO in O. ' jlf ^nd with the centre O, 

1 
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and radius OC, describe a circle CFG^ cutting AB in F 
and G; join CF, CG; they are the lines required. 

For (Eucl. vi. C.) the rectangle CF^ CG is equal 
to the rectangle contained by 2 CO and CE, f. e. to the 
given rectangle. And since ADssDB, and FD^HGy 
..AF^GB. 



(13.) To draw a straight line which shall touch a 
given circle, and make with a given line, an angle equal 
to a given angle. 

Let AB be the given line, and O 
the centre of the given circle. From 
any point A in the given line, draw 
AC making with it an angle equal to 
the given angle; from O draw OD 
perpendicular to AC^ and through the point E where it 
meets the circle, draw EF parallel to DA ; EF is the 
line required. 

For being parallel to AC it is perpendicular to OD, 
and .*• a tangent to the circle ; and the angle EFB = 
DAB = the given angle. 




(14.) Through a given point to draw a line temu- 
nating in two lines given inposition, so that the rectangle 
contained by the two parts may he equal to a given 
rectangle. 

Let AB, CD be the lines given in position, E the 
given point ; from E draw EF perpendicular to AB, and 
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and produce FE to p, so that the 
rectangle FE, EG may be equal 
to the given rectangle. On EG 
describe a circle, cutting CD in H. 
Join HEf and produce it to ^ ; 
AH is the line required. 

Join GH. The angle GEH is equal to AEF, and 
the angles GHE, AFE are right angles, .*. the triangles 
GEH J AEF are equiangular, and ' 

EH : EG :: EF z EA, 
whence the rectangle AE^ EH is equal to the rectangle 
£G, EF, i.e. to the given rectangle^ 



i K >r^»#^i^o^^<»»#>»»»^^*^^i^*«r* 



(15.) From a given point to dram m Une cutting ttvo 
given parallel lines^ so that thediffeffffoe of its segments 
may be equal to a given line. 

Let ABy CD be the given 
parallels, and P the given 
point. From P draw any 
line PBy meeting the given 
lines in B and E. Make 
EF^EP, and draw FG 

parallel to AB. With any point O as centre, and radius 
equal to the given line, describe a circle cutting GjPin 
H. Join OH, and draw PGA parallel to it. PGA 
will be the line required. i 

Since PE is equal toEF. .-. (Eucl. vi. H.) PL 
zxA AG is equal' to the difference of A I and 
segments of PA\ and AG=i 0^=the given li 
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(16.) From a given point withaui a circhf to dtaw 
a straight line cutting the circhl so that the rectangle 
contained by the part of it without and thn pott toitMn 
the circle shall he equal to a given square. 

Let A be the given point, and BCD, 
the given circle. From A draw AB 
touching the circle; and on it as a 
diameter describe a semicircle, cutting 
the gii^en circle in C. Join AC, and 
produce it to D. Now if the side of the given square 
be equal to BCy the problem is possible. 

For the rectangle AC, AD is equal to the square of 
AB, i. €. to the squares of AC and BC; take away firom 
each the square of AC, •*• the rectangle AC, CD is equal 
to the square of BC. 




#»^»^»»»i»^i»»»»^#>^>^>^^4 



(17,) From a given point in the circumference of a 
semicircle, to draw a straight line meeting the diameter, 
so that the difference between the squares of this line 
and a perpendicular to the diameter from the point of 
intersection may be equal to a given rectangle. 

Let A be the given point in the circumfe- aJP"""^v 
rence of the semicircle ; from it draw AD per- ^|^ \ 
pendicular to the diameter. Take O the **• 
centre, and divide DO in B, so that the rectangle oon- 
tained by 2 OB, BD may be equal to the given rectangle 
Join AB ; and draw BC perpendicular to DB. AB, 
BC are the lines required. 

For (Eucl. ii. 13.) the square of AB together with 
twice the rectangle OB, BD ia equal to the difference of 
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the squares of Oil and OB, i e« to the square of SC; 
.*. the difference between the squares of AB and SC is 
equal to twice the rectangle OB, BD, i. e. to the given 
rectangle. 



^^^ < »^«^#^^<»>»>*i< ^i»^^>^^^»'^<»i^ 




(18.) ¥mm a given point to draw two lines to a third 
given in position, so .that the rectangle contained by 
those lines may be equal to a given rectangle, and the 
difference of the angles which they make with that part 
of the third which is intercepted between them may be 
equal to a given angle. 

Let ^be the given point, and BC the 
line given in position. Fix>m A draw 
AD perpendicular to BC; make the 
angle DAE equal to the given angle; 
and produce AE, till the rectangle DA, 
AE, is equal to the given rectangle. On AE as a dia- 
meter describe the circle AFG, cutting BC in F land 6. 
Join AF, AG ; they are the lines required. 

Draw GH perpendicular to the diameter AE ; then 
the arc HA is equal to the arc AG, and the angle AGH 
to AFG ; .*. the angle HGF is equal to the difference of 
the angles AGF, AFG. Now the right-angled triangles 
AIKy KDG have the angles at K equals .*. the angle 
KAI=:^ KGD ; but KAI was made equal to the given 
angle ; .*. the diflference of the angles AFG, AGF is 
equal to the given angle. And (Eucl. vi. C.) the rect- 
angle AF, AG is equal to the rectangle DA, AE, t. e. 
to the given rectangle. 



*i»i^^»»»#^»^^<»»#^ ». ^»»»i»^»#»» 
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(19.) Jux) paints being given without a given ctr- 
cle; to determine a point in the circumferencey Jrmn, 
which lines drawn to the two given points shttU coniam 
the greatest possible angle. 

Let j4 and B be tl)e given 
points, and EDF tlie given circle 
whose centre is O. Describe a 
circle through A, B, O. Join EF^ 
BA^ and produce them to meet in 
G, From G draw GD touching 
the given circle in D. Through 
D, Ay B describe another circle ; then since the square of 
GD is equal to the rectangle EG^ QF, i. e, to the rect- 
angle AG, GB, /. GD touches the circle ABD. Join 
ADy DB^ D is the point required, as is evident firom 
(ii-^2.) 




►^^i^i^X^^^l*^ #i^^^i^^^i#i^^ 



(20.) From the bisection of a given arc of a drcto. 
to draw a straight line such that the part of it inter-- 
cepted between the chord of that and the opposite circwn^ 
ference sJiall be equal to a given straight line. 

Let DAE be the given arc of the 
circle ABC, bisected in A ; AFC the 
diameter^ and ^/ the given straight line. 
Produce jRf/'to K, so that the rectangle 
IIKy KI may be equal to the rectangle 
FA J AC. From A place in the circle AB=^HK; AB 
is the line required. 

Join BCi then the angle AFG being a right angle; 
is equal to t}ie angle ABC, and the angle at A is com- 
mon^ /• the triangles AGFy ABC are equiangular^ 
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and AF : AG :: AB : AC, 
.\ the rectangle GA, AB is equal to the rectangle FA, 
AC, i. e. to the rectangle HK, KI. But AB = HK, 
.*. AG=::KI, and consequently GB^HL 




(21.) To draw a straight line through a given 
point, so that the sum of the perpendiculars to it from 
two other given points may he equal to a given line. 

Let A, B, C he the three given 
points, A being that through which the 
line is to be drawn. Join AC, and pro- 
duce it^ making AD:=AC. Join BD, 
and on it describe a semicircle ; in which place BE equal 
to the given line. Join DE ; and through A draw FAG 
parallel to DE ; it is the line ^required. 

For let fall the perpendicular CG, and draw DH 
parallel to BE ; then the triangles ACG, AHD being 
similar, and ACnAD, .\ CG=HD=FE, FZ> being 
a parallelogram; .*• BF and CG together are. equal to 
BE, i. e. to the given line; and FH being parallel to 
ED, BF is perpendicular to FG, 



^^^«»^>*«^^ ^i».»^^ ^^i^»»«»^i^»i^»^ 



(23.) To draw a straight line through one of three 
points given in position; 50 that the rectangle contained 
hy the perpendiculars let fall upon it from the other 
two may be equal to a given square. 

Let A, S, C be the three given points, and A the 
point through which the line is to be drawn. Join AB, 
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Join AF9 and 



ACi and draw CD parallel to BA, 
and take CE a third proportional to 
AB and a side of the given square. 
On AC describe a semicircle; and 
from E draw EF at right angles to 
CDf and meeting the semicircle in F. 
produce it ; it is the line required. 

Join CFf which will be perpendicular to AD ; and 
from B draw BG perpendicular to AG. Since CE if 
parallel to BA, and CFto BG, the tmugles ABG^'CEF 
will be similar^ 

.-. AB : BG :: CF : CE, 
.*. the rectangle BG, CF, is equal to the rectangle A]^ 
CE. But since the side of the given square is, hy oon- 
Itruction, a mean proportional between AB and CE, the 
rectangle AB, CE, is equal to the given square ; .*. the 
rectangle BG, CF is equal to the given square. 



^»i»i^«»i^»»»^>»^»*^<^<i^^^^»#^^^^^ 



(23.) A given strcdght tine being divided into two 
parts ; to cut off apart which shall he a meanpropoT' 
tional between the two remaining segments. 

Let AB be divided into two parts 
in the point C; bisect CB in D, and 
draw DE perpendicular, and equal to 
AD ; and through the points B, C, E 
describe a circle; produce ED to F. 
Join AE, and bisect EF in O ; and from O draw OG 
parallel to AB, meeting AE in G ; and since AD^DE^ 
.*. GO=:OE, and G is a point in the circumference. 
IVom G draw GH perpendicular to AC; H is the 
point required. 



^k- — o 
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For HG, being perpendicular to AD^ is jperpendi- 
cular also to GO, and .*• is a tangent at 6 ; •*. the square 
of HG is equal to the rectangle CH, HB. But since 
AD^DEj .\ AHssHG, and consequently the square 
of AH is equal to the rectangle CH, HB ; and AH is a 
mean proportional between the two remaining segments 
CH and HB. 



i»^>»^^»*»^^^#>*>»i#»# < 




(24.) To draw a straight line making a given, angle 
with one of th^ sides of a given tiiangte, so that the tri'- 
angle cut off* may be to the whole in a given ratio. 

Let ABC be the given triangle ; 
make the angle ACD equal to the 
given angle which the cutting line is 
to make with AC. Produce AB to 
D ; and make AE : AB in the ratio 
of the part to be cut off to the whole. Take AF a mean 
proportional between AE and AD; draw FG parallel to 
CD ; FG is the line required. 

Join EC. Then the triangle ADC : AFG :: 
AD^ : AF* :: AD : AE :: ACD: ACE, and /. AFG 
^ACE. 

But ACE : ACB :: AE : AB, 
. . AFG : ACB :: AE : AB^ i. e. in the given ratib. 



^>0>^ »»^»^^«#»#i^i<»#ii»^ ^#i»i#^»*»» » ^ 



(35.) Between two given straight lines containing 
a given angle, to place a straight Une of given length, 
and subtending that angle, so that the segment of the one 
of them adjacent to the angle may he to the segment of 
the other which is not adjacent, in the ratio of two given 
lines. M 
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Let ED, EF be the lines given in 
length and position. Produce one of 
tliem FE, till EG : ED in the given 
ratio. Join DG ; and with the centre 
Ey and radius equal to the given line to 
be plaped, describe a circle cutting DG 
in H\ join EH, and draw HI parallel to EF, and IC 
parallel to HE. IC is the line required. 

For (Eucl. vi. 2.) HI \ ID :: GE : ED, 
and HC being a parallelogram, HI=EC, 
/. EC : ID :: GE : ED, i. e. in the'jjiven ratio; 
and IC^EH= the given line. 



(26.) From two given points to draw two lines to 
a point in a third, such that the difference of their 
squares may he equal to a given square. 

Let A and B be the given points; 
join AB ; and from A drsiw AE perpen- 
dicular to it, and equal to a side of the 
given square. Join BE, and bisect it in 
F; from F draw the perpendicular FG, 
meeting AB in G ; and from G draw 
GD perpendicular to AB, meeting CD 
in D ; join AD, DB ; these are the lines required. 

Join GE, it is equal to GB. And (iv. 30.) the 
difference between the squares of ^D and AD is equal 
to the difference between the squares of BG and GA, 
i. e. between the squares of EG and GA, or it is equal to 
the square of AE, t. e. to the given square. 



c — vP . 
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(37.) To divide a given straight line into two suck 
parts, that the square of one may he to the excess of a 
given rectangle above the square of the other, in a given 
ratio. 

Let AB be the given straight line. 
From B draw BC at right angles to AB, 
and make AB^ : BC* in the given ratio. 
Join AC. Find a mean proportional 
between the sides of the given rectangle ; 
and with it as radius, and B as centre describe a circle 
cutting AC\n D. Join BD, and draw DE parallel to 
BC\ E is the point required.- 

For (Eucl. vi. 2.) AE"^ : ED* :: AB* : BC. 
Now the square of ED is equal to the difference of the 
squares of BD and BE, t. e. to the difference of the 
given rectangle and the square of BE ; /. the square of 
AE is to the difference between the given rectangle and 
the square of BE as AB* : BC*, i. e. in the given ratio* 

N. B. The given rectangle must not be less than the 
square of the perpendicular from B upon AC; and when 
BD is less than BC, there are two points E. 



^^•'^^'^'^•^^'^^'^^^^^'^'^'^^^'^'^H^^^^ 



(28.) From any angle of a triangle, not isosceles 
about the angle, to draw a line without the triangle to 
the opposite side produced, which shall be a mean pro- 
portional between the segments of the side. 

Let ABC be the triangle, and B the 
angle from which the mean proportional 
is to be drawn. About the triangle 
describe a oircle^ and . tp the point B 

Y 
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draw a tangent BD meeting the side CA produced in Z>. 
BD is a mean proportional between AD and DC. 

(EucU iii. 36.) the rectangle AD, DC is equal to the 
square of DB; and .-. AD : DB :: DB : DC. 



.^»^^^^^i^^^^^i^^'^»»#«^^^^»»^^^^i 



(29.) From the obtuse angle of any triangle j to 
draw a line within the triangle to the opposite side^ 
which shall be a mean proportional between the seg^ 
ments of the side. 

Let ABC be a triangle having the 
obtuse angle ABC. Describe a circle 
about it, and produce BA to D, making 
ADr=zAB. From D draw DE parallel 
to ACy meeting the circle in jB; join BE^ cutting AC 
in F\ BF will be a mean proportional l)etween AF and 
FC. 

For (Eucl. vi. 2.) BF : FE :: BA : AD, 
and since BA = AD, .• BF= FE. 
Now the rectangle AF, FC is equal to the rectangle BF, 
FEy I. e. to the square of BF; 

..AF: FB :: FB : FC. 




^^^^^^^'^^'^^^^^^ #>^^^^^^>«i^ ^ ^^»^ ^^ 



(30.) From the common extremity of the diameters of 
two semicircles given in magnitude and position ; to draw 
a line meeting the circumferences, so that the rectangle can^- 
tained by the two chords may be equal to a given square. 

Let AB, AC be the diameters drawn from ^-^and 
given in magnitude and position. With the centre At, 
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and radius equal to a side of the given square^ 
describe a circle, cutting the lesser semicircle 
in D. Draw DE perpendicular to AC, 
and meeting the other semicircle in F. Join 
AF, and produce it to G ; AG is the line 
required. 

For joining GC, the triangles AGQ AFE are similar, 
. . AC : AG :: AF : AE^ 
and /. the rectangle FA, AG \8 equal to the rectangle 
CA, AEy i. e. to the square of AD, which is equal to 
the given square. 




(31.) To draw a line parallel to a given line, which 
shall be terminated by two others given in position^ so as 
to form with them a triangle equal to a given rectilineal 
Jigure. 

Let ABj AC be the lines given in 
position, AD the line to which it is re- 
quired to draw a parallel. Describe 
a rectangular parallelogram AEFG 
equal to the given figure. Produce EF 
to H ; and take AK a mean proportional between DH 
and 2EF1 draw KC parallel to AD\ KC is the line 
required. 

For the angles DHA, CAK being equals as also 
DAH, ACK, the triangles DAH, AKC are equiangular, 
and similar ; whence 

AKC : AHD :: AK' : DW :: 2EF: DH :: 2EF 

IxAE : DHxAE. 
Now the rectangle DH, AE is double of the triangle 
AHD, .•. AKC is equal to the rectangle EF, AE, i. e. 
to the given rectilineal figure. 



»»*<»#'^^^»»^<» « »i#^»»i^^^<^j'^^»* 
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(SZ.) To Insect a triangle hy a line dramn parallel 
to one of its sides. 

Let ABC be a triangle to be bi- 
sected by a line parallel to its side AB. 
On BC describe a semicircle; bisect 
BC in O, and draw the perpendicular ^ ' 
OD ; join CD ; and with C as centre^ and radius CD^ 
describe a circle cutting CB in E ; draw EF parallel to 
jiB ; EF bisects the triangle. 

(Eucl. vi. 8.) BC : CD :: CD : CO, 

.-. BC^ : {CD'^) CE' :: BC : CO :: 2 : l ; 
but the triangles ABC^ FEC are in the duplicate ratio 
of BC : CEf and .*. in the ratio of 2 : 1, t. e. EFC is 
half of ABC, and EF bisects the triangle. 



l»<^»^^^^^^>i^»»i^i^^^^^^»^^^^^pi^>^^.^N^ 



(33.) To divide a given triangle into anjf number 
of parts having a given ratio to each other, by lines 
drawn parallel to one of the sides of the triangle. 

L.et ABC be the given triangle ; 
divide AC into parts AE, EF, FC 
having the same ratio to one another 
that the parts of the triangle are to 
have. On AC describe a semicircle^ 
and draw the perpendiculars EG, FH; and with the 
centre A, and radii AG, AH, describe circles meeting AC 
in /and K, from which points draw IL, iOf parallel to 
BC; these will divide the triangle in the ratio required. 

For the triangles ALI, AKM, ABC^re to one another, 
in the duplicate ratio of the sides AI, AK, AC, i. e. in 
the ratio of the rectangles AC, AE; AC, AF; and the 
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square of AC; or in the ratio of the lines AE, AF, AC\ 
whence ALI^ LIKM, MKCB are in the ratio of AE^ 
EFj FC, i. e. in the given ratio. 



^<»#i^»*«»^i^^«*«^«»>^^'*<»< 




Tc 



(34.) To divide a given triangle into any number cf 
equal parts bp lines drawn parallel to a given line.^ 

Let ABC be the given 
triangle; from the angle C 
draw CD parallel to the 
given line ; and let it be re- 
quired to divide the triangle 
into five equal parts. On 
ADy BD describe semi- 
circles AID, BMD ; divide AB into five equal parts in 
the points E, F, G, H; draw EI, FK, GL, J^Jf per- 
pendicular to AB ; and make AN, AO, AP respectively 
equal to A I AK, AL, and 5Q=53f ; and draw NR, 
OS, PT/ar, parallel to DC; they divide the triangle 
as required. 

(Eucl. vi. 1.) the triangle ABC : ADC :: AB 
(End vi. 19.) ACD : ANR :: AD" : AN^ :: AD 
/• ex cequo, ABC : ANR :: AB : AE :: 5 
i. e. ANR is one fifth of ABC. 

In the same manner ABC : AOS :: & : 2, 
whence NRSO is also one fifth of ABC. 
And by a similar manner, OPTS and BQy, may each 
be shewn to be one fifth of ABC, .'. TPOf^will also 
be one fifth of ABC. 

CoR. In nearly the same manner the triangle may 
be divided into any number of parts having a given ratio. 



AD, 
AE. 

1, 
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(35.) To divide a trapezium which has. two sidea 
parallel^ into any number cf equal parts, hy ttnes drawn 
parallel to those sides. 

Let ABCD be the given trapezium 
having the sides AB^ DC parallel. On 
AB the longer side describe a semi- 
c\vc\e A FB ; from D draw DE parallel 
to BC\ with the centre B, and radius 
BEy describe the arc EFy and from F 
let fall the perpendicular FG ; and di- 
vide AG into the given number of equal parts, e.g. three, 
in H and /; and draw HK, IL at right angles to AB'. 
Make BMy BN respectively equal to BL, BK; and 
draw MO, NP parallel to BC; and PQ, OR parallel to 
AB ; and produce AD, BC to S. 

Since DC^BE^BF^ and OR^BM^BL, and 
PQ^BN^BK, the triangle ORS is to DSC in the 
duplicate ratio of OR to CD^ or of BL to BF, i. e. in the 
ratio ofBI : BG; 

whence ODCR : DSC :: GI : GB. 

In the same manner PDCQ : DSC y GH : GiB. 

.-. ODC/i : PDCQ :: G/ : GH, 

and OZ>Ci? : PO/IQ :: G/ : ///, 

«. e. in a ratio of equality. 

And in a similar manner APQB may be shewn to be 
equal to PORQ. And so on, whatever be the number 
of equal parts. 

CoK. Jn nearly the same manner, the trapezium 
might be divided into parts having any given ratio. 



iy^#^>f<^»»ri^»>»<»i»»»»'»'#<^»»»'»'#^ 
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(36.) From one of the angtdar points of a given 
square to draw a line meeting one of the opposite sides, 
and the other produced^ in such a manner , that the-ex^ 
terior triangle formed therein/ may have a given ratio to 
the square. 

Let ABCD be the given square, and 
M : N the given ratio. From A to DC 
(produced if necessary) draw a line AO, ^^ 
such that M : M+N \i DC : AO. With the centre 
O and radius OA, describe a semicircle meeting DC pro- 
duced in E and F. Join AFi which will be the line 
required. 

Join AE. Then M : M+ N::DC:AO :: ABCD : 
the rectangle AO, AD. Now the triangle ADE is 
similar to -4jBG, * and equal to it since. -4B=-^Z>; 
/• the trapezium AECG is equal to ABCD ; and the 
rectangle AOy AD is equal to the triangle AEF, 
whence il/ : M+N :: AECG : AEF, 
.'. M : N :: AECG : GCF 

:: ABCD : GCF. 



^^^>»H»^^l^^^^'»^i^^i»^^^»^»<>^^S» 



(37.) Froni a given point in the side produced, of a 
given rectangular parallelogram, to draw a line which 
^haU cut the perpendicular sides and the other side pro- 
duced^ so that the trapezium cut off", which stands on the 
{foresaid side, may he to the triangle which stands upon 
the produced part of the opposite side, in a given ratio. 

Let AKCD be the given rect- 
angle, and E the given point in 
the side CD produced. On EC 
describe a semicircle, and in it place 
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EF= ED', join FC; and divide EC in G, so that EG : 
GC in the given ratio, and draw GH at right angles to. 
EC. la AK produced take BK a fourth proportional to 
EGy GH and FC. Join BE ; it is the line required. 

For (Eucl. vi. 19.) the triangle ECM : EDI :: 
EC^ : £D% 
.'.dw. CDIM : ECM :: EC-ED" : EC% 
but ECM : BMK :: £C' : BK\ 
•. ex aytto CDIM : BMAT :: £C' - EF* : BA:* 

:: FC : BK^ 

■ 

:: EG* : GH^^ by construction j 
::EG:GC, 

i. e. in the given ratio. 




(38.) Through a given point, bettoeen two straight 
lines containing a given angle ^ to draw a line which shall 
ct^ off a triangle equal to a givenjigure. 

Let ABy AC be the lines containing 
the given angle BACy and D the given 
point. Through D draw DE parallel 
to AC, and describe a parallelogram EG 
equal to the given figure. Draw GH ii 

perpendicular to AC, and equal to DE ; and make HC 
a DF', join CDy and produce it to meet AB in B ; CB 
is the line required. 

For the triangles EBD, DIF, GIC being similar, 
are to one another in the duplicate ratio of the sides 
DE, DF, GC; but the square of HC isequaltothc 
squares of HG, GC; and .*. the square of DF is equal 
to the squares oi DE^ GC; whence the triangle D1F\% 
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equal to the triangles DBE, GJC\ .: the triangle JBC 
is equal to AEFO^ t. e. to the given figure. 




(39.) Between two lines given in position, to dram 
a line equal to a given Une, to that the triangle thus 
farmed may be equal to a given rectiUnealJigure. 

Let AB, AC be the lines 
given in position, and DE the 
line whose magnitude is given. 
Bisect it in F, and on DR de- 
scribe a rectangular parallelo- 
gram equal to the given figure. On DE describe a seg- 
ment of a circle containing an angle equal to the angle at 
A^ and cutting HO in /. Join Z>/, IE; and' make 
AK=:1D, and AL=lE. Join KL; it is the line re- 
quired. 

Since AK= ID, and AL =: IE, and the angle tX A^ 
DIE, .•.KL=:DE, and the triangle AKL^IDE= 
HGFD =:the given figure. 



(40.) f^om two given lines to cut off two others, so 
that the remainder of one may have to the part cut fff 

from the other a given ratio ; and the difference of the 
squares of the other remainder and part cut qffjrom the 

^rst may be equal to a given square. 

Perpendicular to AB one of the given lines, draw BC 
equal to a side of the given square ; and take AD to the 
other given line in the given ratio of the part remaining 
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from the first to the part cut off from the 
second. Join DC; and with the centre A^ 
and radius equal to the second given line, 
describe a circle cutting DC in £ ; join 
AE, and draw CG/" parallel to it, meeting 
AFy drawn parallel to EC, in F. llien 
BO and GFare equal to the parts to be cut ^. 

For the difference between the squares of CG, OB 
is equal to the square of BC, t. e. to the given square i 
and AG : GF :: AD : AE, L e. in the given ratio. 





(41.) From ttvo given lines to cut off" ttvo others 
which shall have a given ratio, so that the difference of 
the squares of the remainders may he equal to a given 
square. 

Let AC be one of the two given lines. 
From C draw CD perpendicular to AC, 
and equal to a side of the given square* 
Taike AE to the other given line in the 
given ratio of the parts to be cut off* 
Join EDy and produce it ; and with the 
centre A, and radius equal to that other given line, de* 
scribe a circle cutting ED in B. Join AB ; and let it 
meet DF^ which is parallel to AC, in F. Draw FO 
parallel to CD. CO and BF are the parts required to 
be cut off. 

For (DF^) CG : FB :: EA : AB, i. e. in the 
given ratio of the parts to be cut off, and the difierenoe 
between the squares of FA and AG is equal to the square 
of GF, i. e. to the square of CD, or the given difference 
of the squares of the remainders. 



^»^^^^^^^^i»^i^<«^^< 
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(48.) F^rom two given lines to cut off tux> others 
so that the remainders may have • a given ratw, and the 
sum of the squares of the parts cut cff majf he equal to 
the square of a given line. 

Let AB be one of the given lines, 
and in it take AC to the other given line, 
in the given ratio- of the remainders. 
From Cdraw CD perpendicular to AB^ 
and equal to the second given line. Join 
AD^ and draw CE parallel to AD s and with the centre 
By and radius equal to the side of the given square, 
describe a circle, cutting CE in E. Draw EF parallel 
to DC. Then BG^ GE will be equal to the parts to be 
cut off. 

Join BE. The squares of BG, GE are equal to the 
square of BE, i. e. to the given square ; ' 

and AG : OF :: AC : CD, 
i. e. in the given ratio of the remainders. 




^«^»#^i^»^^^>»^^»»^^i#^^i»«»»»i*i»i»»*^ 



(43.) Two points being given in a given straight 
line ; to determine a third such that the rectangles con- 
tained by its distances from each- extremity and the given 
point adjacent to that extremity may be equal. 

L^tAB be the given straight 
line, C and D the given points 
in it. On AC and DB as dia- 
meters let circles be described, 
and let EF touch them in E 
and F. Bisect EF in G, and let fall the perpendicular 
GH; H is the point required. 

From G draw any lines GNK, GLM cutting the 
circlesw Take O the centre of the circle^fi^, and draw 
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OP perpendicular to GK. (Eucl. ii. 6«) the rectmngle 
NG, GK together with the square of PN is equal to the 
square of PG; to each of these add the square of PO; 
and the rectangle iV6, GK together with the squares of 
OP, PN (i. e. the square of OC) is equal to the squares 
of OP J PGy %. e. to the square of OG, or to the squares 
of OH, HG. But the square of OH is equal to the 
rectangle Cff, HA together with the square of OC^^ 
whence the rectangle iVG, GK is equal to the rectangle 
CHy HA together with the square of HG. In the same 
manner it may be shewn that the rectangle LG^ GM is 
equal to the rectangle DHj HB together with the 
square of HG. But since the rectangle NGj GK, is 
equal to the rectangle LGy GM, the rectangle CH, HA 
is equal to the rectangle DHy HB. 

CoR. If IH be a mean proportional between CH 
and/f^; IG^GE. 



^^^^#»^»i^»»i»*i»l^^^^W^^>^^iO» » ^ 



(44.) Through the paint of intersection of two given 
circles, to draw a line in such a manner that the sum of 
the respective rectangles contained by the parts thereof 
which are intercepted between the said point and their 
circumferences, and given lines A and B, may be equal to 
a given square. 

Let the two circles CID, CEK 
cut each other in the point C; from 
Cdraw the diameters CD, CE. In 
CD take the point Fsuch, that CD : 
CF :: A : B. Join EF; and on 
it as a diameter describe a semicircle, in which place EG 
a third proportional to A and the side of the given square. 
Draw ICK parallel to EG ; it will be the line required. 

Join FG, and produce it to H. The angle DIC is 
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eqiial to FGE, i.e. to FHC, .\ FH is parallel to DIi 

and CI : CH :: CD : CF :: A : B, 

.\ the rectangle A^ CH, is equal to the rectangle B, CL 
Now since EG is a third proportional to A and the side 
of the given square^ the rectangle A^ EG will be equal to 
the given square. But the rectangle Ay EG, is equal to 
the rectangles Ay HCy and Ay CKy i. e. to the rectangles 
jB, ICy and A, CK; /. the rectangles A, KC, and B, 
ICy are equal to the given square. 



(45.) Through a given pointy to draw an indefinite 
line, such, that if lines be drawn from two other given 
pointSy and forming given angles with it, the rectangle 
contained hy the segments intercepted between the given 
point and the two lines so drawny shall be equal to the 
square of a given line. 

Let A be the given point through 
which the line is to be drawn ; B and 
C the other given points. Join AB, 
AC ; and on them describe segments 
of circles ADBy AEC, containing 
angles equal to the given angles. Draw either diameter 
AFy on which produced take AG such, that the rect- 
angle FAy AGy may be equal to the given square. Draw 
GE perpendicular to GF; join EA, and produce it both 
ways ; it is the line required. 

Join DF. The angles at G and D being right 
angles, the triangles AGE, ADF are similar, 

.\EA : AG i: FA : AD, 
/.the rectangle EA^ AD is equal* to the rectangle FA, 
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AG, t. e. to the given square ; and CE^ BD form with 
ED angles equal to the given angles. 

If GE does not meet the circle^ the problem is im- 
possible. 



^»^^<>^^^»#^i»» ^^#i»^# ^» ^i^»^^» 



(46.) Through a given point between two straight 
lines containing a given angle, to draw a line such that 
a perpendicular upon it from the given angle may have a 
given ratio to a line draum from one extremity of it, 
parallel to a line given in position. 

Let ABj AC be the lines forming 
the given angle BAC, and D a point 
between them, and AE the line given 
in positibn. Draw any line FG pa- 
rallel to AE, and take AH : FG m 
the given ratio ; and with the centre A^ and radius AH, 
describe a circle, to which draw FHC a tangent. Join 
AI; and through D draw LMN parallel to FK, and 
LO parallel to FG. LN is the line required. 

For Al is perpendicular to FK, and .•. AM to LN; 
and LO is parallel to AE, 
and FG : LO :: AF : AL :: (AI^) AH ; AM, 

/. AM : LO :: AH : FG, i. e. in the given ratio* 




(47.) Through a given point between' two indefinite 
straight lines not parallel to one another, to draw a line 
which shall he terminated by them, so that the rectangle 
contained by its segments shall be less than the rectangle 
contained by the segments of any other line drawn 
through the same point. 
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Let ABy AC be the 
given lines meeting in A. 
In AC take any point Z>, 
and make AE = AD. Join 
DE; and through / the 
given point draw FIG pa- 
rallel to DE. FIG is the line required. 

Draw the perpendiculars JFO, GO meeting in O, 
Then since ED is parallel to J^, and the angles AED, 
ADE are equal, /. AFG ^nd AGF are equal. But 
^inO = ^GO, each being a right angle, /. OGF^OFG, 
and OF^ OG ; a circle !*. described from the centre O, 
and radius OG^ will pass through F, and touch AB, AC 
in G and 1^, since the angles at G and F are right angles. 
Let now any other line HKLM be drawn through /, 
and terminated by AB, AC. Since all other points in 
AB but G are without the circle, H is without the circle ; 
/• HMcuts the circle in K; and for the same reason also 
in L. Now the rectangle Kly IL is equal to the rect- 
angle G/, IF. But the rectangle KI, IL is less than 
the rectangle HI^ IM; .\ the rectangle G/, IF is less 
than the rectangle HI, IM. In the same manner it may 
be shewn that the rectangle G/, IF is less' than the 
rectangle contained by the segments of any other line 
drawn through /, and terminated by AB^ AC. 



»#»^>#i#<.^'»«'»»'»^»i»*^'^*^»'*'»'»<»*^'^ 
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Sect. VI. 

(1.) To describe an isosceles triangle on a gfven 
Jimte straight line. 

Let AB be the given straight line. Pro- 
duce it, if necessary ; and make AC and BH^ 
each equal to one of the equal sides of the tri- 
angle. With A and jB as centres, and radii 
ACy BDy describe circles^ cutting each other in £ ; join 
AE, BE ; AEB is the triangle required. 

For AE^AC=BD^BE. 




DA 
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(3.) To describe a square which shall be equal to the 
^fference of two squares^ whose sides are given. 

^ake a straight line AB terminated at 
A, and cut off AO equal to a side of the 
greater, and OB equal to a side of the lesser 
square. With O as centre, and radius OA^ describe 
a circle OCD; and from B draw BC at right angles .to 
AD. The square described upon BC is the square re« 
quired. 

Join OC. (Eucl. i. 48.), the square described upon 
BC is equal to the difierence of tb&squares on OC and 
OB, i. e. <m AO and OB. ^ 

Cor. Hence a mean proportional between the sum 
and difierence of two given lines may be determined. 



} 

1 
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(3.) To describe a rectangular parallelogram which 
shall be equal to a given square^ and have its adjacent 
sides together equal to a given line. 

Let AB be equal to the given line, c..^ ^T^ 
Upon it describe a semicircle ADB. y \\ 

From A draw AC perpendicular to AB^ ^ 
and equal to a side of the given square. Through C draw 
CD parallel to AB^ and let fall the perpendicular DE. 
The rectangle contained by AE^ EB will be the rect- 
angle required. 

For the rectangle AEy EB is equal to the square of 
EDy which is equal to die square of AC, i. e. to the 
given square ; and AB is the sum of the adjacent sides 
AE, EB. 



#i^^<i^i^^^».»»^ »^#i*>» ^.»»»#»#>»<»»»^ 



(4.) To describe a rectangular parallelogram which 
shall be equal to a given square^ and have the difference 
of its adjacent sides equal to a given line. 

Let AB be equal to the given line. On 
it as diameter describe a circle. From A 
draw AC at right angles to AB, and /. a 
tangent to the circle at ^ ; make AC equal 
to a side of the given square. Take O the centre ; join 
COy and produce it to D. The rectangle contained by 
ECf CD is the rectangle required. 

For the rectangle EC, CD, is equal to the square of 
AC, i. e. to the given square ; and the difference of the 
sides containing the rectan^e is ED=:ABssthe given 
line. 




AA 
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(&.) To describe a triangk which shall be eftuii to 
a given eguiiaieral and eguianguiar pentagonf and ef 
the same altitude. 

Let ABDCE be the given pentagon. 
Join AC, AD; and produce CD inde- 
finitely both ways. Through £ and £ draw 
BO, EF respectively parallel to AD and 
AC. Join AF, AG. AFG ia the tri- 
angle required. 

Since AD is parallel to BG, (Eucl. i. 37.) the tri- 
angles ABD, AGD are equal ; and for a simUar reacon, 
ASC=AFCi .: the triangles ABD, AECwk equal to 
AGD, AFC; to these equals add the triangle ADC; 
and the pentagon ABDCE is equal to the triangle 
AGF; and they have the same altitude, viz. the perpuir 
dicular from A upon DC 



(6.) To describe an equilateral triangle equal to a 
given isosceles triangle. 

Let ABC be the given isosceles tri- 
angle. On AC describe an equilateral 
triangle ADC, and frooi D draw DE 
perpendicular to AC; it will also bi- 
sect AC and pass through B. On DE 
describe a semicitrcle; and Irora B dmw 
BF perpendiciilar to DE, meeting the circle in F. 
With the aentre E, and radius EF, describe a circle 
meeting ED in G; draw GH, G/ parallel to DA, DC 
reiiwclively ; the triangle GUI is equilateral, and equal 
to ^BC. 
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Since GH is paralH to AD, and GI to DQ the tri- 
angles GH/, ^DC are similar ; but i^i>C is equilateral, 
and .*. also GHI is equilateral. 
Also (Eucl. vi. 8. Cor.) ED : EG :: EG : EB^ 
and (Eucl. vi. 2.) ED : EG .: EA : EH. 

.♦. EG : EB :: EA : Eff, 
and .'. (Eucl. vi. 15.) the triangles EGH, EBA are 
equal. But GHEz^GIE, and BAE^BCE, .-. also 
GH1=BAC. 
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(7.) To describe a parallelogram, the area and peri- 
meter of which shall he respectively equal to the area 
and petnmeter of a given triangle. 

Let ABC be the given triangle. Firo- 

duce AB to Z>, making BDssBC; bisect 

AD in E ; draw BF parallel to AC; and 

with the centre Ay and radius AE, describe 

a circle cutting jBFin G. Join AO; and 

bisect AC in H. Draw HF parallel to AG. AGFH 

is the parallelogram required. 

For HF=^AG^AE, .\ HF and AG together ai« 

equal to .^Z>, t. e. to ^JB and JBC together ; and GF^ 
AH^HCf .*. the perimeter of AGFH is equal to the pe- 
rimeter of ABC; and AGFH is double of a triangle on 
the base AH and between the same parallels, and /• is 
equal to the triangle ABC. 



% 



(8.) To describe a parallelogram whie^^kafl be ^ 
given altitude^ and equiangular and e\ 
parallelogram. • 



w ytg 
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Let ylBCD be the 



a 



given paralIeI<^;rBm, and 

EF the given altitude. 

Draw £/f and FG at right 

angles to /^ ; and at the 

point F, in the line 6F, make the angle GF/ equal to 

CD J I takeFG a fourth proportional to F/, AD nnd 

DC; and from 0diinv Gf^ parallel to F/, meeting Fif 

produced in Hi IFQH is the parallelogram required. 

For it8 altitude ia EF; and the angle GFI=CDJ, 
r,FIH = DAB; whence the paratlelt^rams are equi- 
angular ; and they are equal ; since the sides about the 
equal angles are reciprocally proportional (Eucl. vi. 14.). 



(9.) To describe a square which shall be eipwil to the 
sum of any number t^ given squares. 

Let AB be a side of one of the given - 
squares. From B draw BC perpendicular 
to AB, and equal to a side olF the second 
square. Join AC; and from C draw CD 
perpendicular to it, and equal to a side of 
the third square. Join AD; and fn»n i> draw DE 
peipendicalar to AD, and equal to a side of the fourth. 
ioitx AE. The square of AE is equal to the squares of 
' JiB, SC. CD, DE. 

Since the angles ADE, ACD, ABC are right angles, 
the square of AE is equal to the squares of AD^ DE, 
t. e. to the squares of AC, CD, DE; and .*. to the 
squares oiAB, BC, CD, DE. 

And by [m>ceeding in the same manner whatever bf 
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the number of ^ven squares, one equal to their sum 
may be found. 

Cor. Hence lines may be fonnd, which have the 
same ratio as the square roots of the natural numbers. 



(10.) Having given the different SeShiteen the dia- 
meter and side <jf a square'; to desert ike square. 

Let AB be the given difference. Draw 
.AC, AD, each making half a right angle 
with AB; and complete the square EF. 
Take AO = ^e difference between BA and 
BF. Since the ratio between the side of a square and 
its diameter is given, that of their difference to the dia- 
meter is also given. Take .*. AH : AB ■.: AB : A0\ 
and through H draw HC, HD perpendicular to AC, 
AD i CD is the square required. 

For DC being a parallelogram is also (Eucl. i. 46. 
Cor.) rectangular ; and the angle DAH being half a 
right angle, is equal to DHA, .*. DA = DH; whence 
the sides are equal ; and the . figure is a square. And 
since BG=BF. HB^HC; and AB is the difference 
between the diameter and side. 



(1 1.) - To divide a circle into any number of cancen- 
tric equal annuU. 

Let ABC be the given circle, and O its centre. 
Draw any radius OA, and divide into the given number 
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of equal portions in the points D, E, 
Fj Gj &c. On OA describe a semi- 
circle, and draw the perpendiculars 
D/f, EI, JFK, GL, &c. Join OH, 
OI, &c. and with the centre O and 
radii OH, Ol, &c. let circles be de- 
scribed ; they will divide the circle ABC as is required. 

Since the areas of circles are in the duplicate ratio of 
their radii ; the area of the circle whose radius is OA is 
to that whose radius is OH in the duplicate ratio of OA : 
OH, i. e. in the ratio of OA : OD ; .*. the area oi the 
first annulus will be to the area of the circle whose radius 
is OD :: AD : OD. And in the same manner the area 
of the second annulus, will be to the area of the circle 
whose radius is OD, as DE : OD ; and since AD s DE, 
the annuli will be equal. The same may be proved of 
all the rest. 

CoR. The construction will be nearly the same^ if it 
be required to divide the circle into annuli which shall 
have a given ratio ; by dividing the radius AO in that 
proportion. 



^ #^«^ ^^I^^S^^^^*^*^^^*^^ ^^^^^^ ^ 



(12.) In any quadrilateral Jigure circumscribing a 
circle, the opposite sides are equal to half the perimeter. 

Let ABCD be a quadrilateral figure 
circumscribing the circle £FG; its oppo- 
site sides are equal to half the perimeter. 

For (Eucl iii. 36. Cor.) AE = AH, and 
JD/Tsi DG, .'. AD is equal to AE and 
DG together. In the same way BC is equal to BE 
and GC together, .-. AD and BC together are equal to 
AB and DC together. 




^^^^'^^^^^^^■^^^'^^^^^^^^^^^ 
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(13.) ^the opposite angles of a quadrilateral Jigure 
6e equal to two right Bngles^ a circle may be described 
about it. 

■ 

Let A BCD be a quadrilateral figure, 
whose opposite angles are equal to two right 
angles. 

Join BD ; then if a circle be described 
about the triangle BCD it will pass through 
A. For the angle BCD and the angle in the segment 
BED, are together equal to two right angles, and /. 
equal to BCD, BADi whence BAD is equal to the 
angle in the segment BED ; and .*• A must be a point in 
the circumference ; or the circle will be described about 
ABCD. 




»<>^^ii»^^^»»» ^<»ii»^i»^>»'^i»«»«»i»^^^ 



(14.) A quadrilateral Jigure may have a circle de- 
scribed about it, if the rectangles contained by the seg^ 
ments of the diagonals be equal. 

Let ABCD be a quadrilateral figure, the 
rectangles contained by the segments of 
whose diagonals are equal, viz. the rectangle 
AE, EC, equal to BE, ED. 

Describe a circle about the triangle ABCi if it does 
not pass through D, let it cut BD in F\ then (Eucl. iii. 
35.) the rectangle BE, EF, is equal to the rectangle AE, 
EC, i. e. to the rectangle BE, ED, by the supposition ; 
whence EF is equal to ED, the less to the greater, 
which is impossible ; /. the circle must pass through D. 




< ^^#^>#i# <»*»*'» <>#»»^^i»'»i»#^i^^^^* 
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(15.) If from any point within a reguUar ^figure 
circumscribed about a circle perpendiculars he drawn to 
the sides ; they will together he equal to that multipkof 
the semidiameter^ which is expressed hy the number of 
the sides qfthejigure. 

Let ABCD be a regular figure circum- 
scribed about the circle; and from any 
point O, let perpendiculars OE, OF, OG, 
JScc. be drawn. Take S the centre of the cir- 
. cle. , Join SD, SC, SH. Then the figure 
will be divided into as many triangles round S and O, as 
there are sides of the figure ; now the triangle SCD : 
OCD :: SH : OG; and the same being true of the 
triangles on each side, the sum of the triangles nmnd 
Sy will be to the sum of the triangles round O, as the sum 
of the lines SH to the sum of the perpendiculars from O. 
And the first term of the proportion being equal to the 
second, the sum of the perpendiculars from O is equal to 
that multiple of the radius which is expressed by the 
number of the sides ; each perpendicular from S being a 
radius of the circle. 




(16.) If the radius of a circle he cut in extreme and 
mean ratio ; the greater segment wilt he equal to the 
side of an equilateral arid equiangular decagon inscribed 
in that circle. 

m 

Let AO, the radius of the circle ABCy 
be cut in extrome and mean ratio in D ; 
AD is equal to the side of an' equilateral 
and equiangular decagon inscribed in the 
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circle. In the circle place AC equal to AD ; join CO. 
Then (Eucl. iv. 10.) the angles at A and C are double 
the angle at O ; whence AOC is one fifth part of two 
right angles^ (nr one tenth part of four right angles, t. e. 
of the angles at O; and .% AC is the side of a regular 
decagon inscribed in the circle. 



»^»»i#»»^i^»»»^^'»i#^^»i»»i#>»«»»»i»^'^> 



(17.) Any segment of a circle being described on 
the base of a triangle ; to describe on the other^ sides'" 
segments similar to that on the base* 

Let ABC be a triangle, on the 
base AC of which a segment of a 
circle ADC is described. Produce 
AB, CB to E and D. Join AD. 
CE ; and through A. D, B, and 
Cy E. B let circles be described ; the 
segments ADB^ BEC are similar to ADC. 

For the angle ADC being in the segments ADB, 
ADCj those segments are simitar. For the same reason 
the segments ADC, BEC are similar. And since the 
angles ADC, AEC are equals •'. the segments ADB 
BEC are similar. 




i»#^«»^^»^^^»^».i^^i#>»*i^^.^^^ 



(18.) If an equilateral triangle be inscribed in a 
circle ; the square described on a side t/iereof is equal to 
three times the square described upon the radius. 

Let ABCbe an equilateral triangle inscribed in a circle. 
From A draw the .diameter AD, «nd take O the centre ; 

BB 
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join BD, BO. Then the angle BOD = 
BAC=iBCA = BDO, .\ BD^BO; and 

the squares of AB, BD are equal to the 
square of AD, L e. to four times the square 
of BO, or BD ; and /. the square of AB is 
equal to three times the square of BD or BO. 




^»^i»^^^i»*>»»^*>^»^*»»^^»»^i^»^ 




(19.) To inscribe a square in a given right-angled 
isosceles triangle. 

Let ABC be a right-angled isosceles tri- 
angle, having the side B^ = £(7. Trisect 
the hypothenuse AC in the points D, 
E ; and from A E draw DF, EG per- 
pendicular to AC% join FG ; DFGE is the square re- 
quired. 

Since the angle DAF is half a right angle^ and th^ 
angle at Z> a right angle, '/. the angle DFA is half a 
right angle, and equal to DAF; whence DF=:DA. In 
the same manner it may be shewn that\E6 = £C. But 
AD^EC; and .-. FD, DE and EG are eqiial; and 
(Eucl. i. 33.) FG = DE; .\ the figure is equilateral 
And it is rectangular, (Eucl. i. 46.) since the angles at D 
and E arc right angles ; .*. it is a square. 



(20.) To inscribe a sqiiare in a given quadrant of 
a circle. 

Let AOB be the given quadrant, whose centre is 0. 
Bisect the angle AOB by the line OC. Draw CE, CD 
parallel to OA, OB. DEis a square. 
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For the angle COD= COS, and CDO 
=zCEO, since each of 4hem with DOE 
make angles equal to two right angles, and 
CO is common, /. C!E= CD. And by con- 
struction C£= ODj and OE^CD, :. the figure is equi- 
lateral. And the angle DOE is a right angle, /. (Eucl. 
i. 46. Cor.) all its angles are right angles ; and conse- 
quently the figure is a square. 



i»i#«^^^^^^»^i»»^<»^^»»^^^^»^>^i»^.^ 




(21 .) To inscribe a square in a given semicircle. 

m 

LfCt ACB be the given semicircle; 
take O its centre, and from B draw BD 
perpendicular and equal to BA. Join OD, 
cutting the circumference in E ; and from 
E draw EF perpendicular to AB, and 
EG parallel to it ; draw GH parallel to EF. Then EH 
is the square required. 

Join 06. Since EG is parallel to AB, the angle 
GOH=z EOF, and the angles at Hand Fare right angles, 
and GO=OE, .'. HO = OF. 

Now EF : FO :: DB : BO, 
.'. EF^2F0s^FH; the figure is /• equilateral; and it 
is, by construction, rectangular ; .*. it is a square. 

Cor. Since FE^2F0, FE* = 4()/^, and OE*^ 
5 OF* ; and if FK be drawn perpendicular to OE, OE : 
OK :: 5 : 1. 



^«^^ ^^ ^^>^^^^i^i»«»^^^i<»«»^^^i»^^ 



(22.) To inscribe a sfuctre in a given segment of a 
circle. 
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Let AIB be the segment of a circle, 
whose base AB is bisected in D. Prom B 
draw BC perpendicular to BA and equal 
to BD. Bisect BD in E, and join CE. 
Draw Z>G parallel to CE, and GFto C^. Take DH^ 
DF; draw /f/ perpendicular to AH, and •*• paralld to 
GF; Join G/. F/ is the square required. 

Since GD and GFare respectively parallel to CE and 

GF: FI> :: CB : BE :: 2 : l, 
.-. GF= 2FD=z FH. Take O the centre, and draw OL, 
Oil/ perpendiculars to 1^/, FG; then since HDt:^DF, 
OL^OM, .-. (Eucl. iii, 14.), IL^GMi but L/f = 
F3/, .-. /i/= GF; whence IG=:HF, and the figure is 
equilateral ; and since the angle at F is a right angle, the 
figure is rectangular, and /. is a square. 



(23.) Having given the distance of the centres of 
tibo equal circles which cut each other ; to inscribe a 
square in the space included between the two circumr 
Jerences. 

Let A and B be the centres of two equal 
circles, which cut each other in C and D. 
Join AB^ and bisect it in E; and at the point 
Fmake the angle GFF=s half a right angle; 
and from F draw FGH perpendicular to AB. 
Make EI^EG; and through /draw KL perpendicular 
to AB ; join KF, LH. KH is a square. 

Since EI^EG, BI=AG^ and /. (Eucl. iii. u.) KL 
= FH; 2Lud4i:ky are parallel, .\ KF is equal and parallel 
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to LH, .'. KH is a paraltelogram. Also since GEF is 
half a right angle^ and EOF a right angle, /• EFG is 
half a right angle, and /. equal to OEF; whence EOz= 
GF, and FH^ lO. But KF is equal and parallel to IG 
(End. u 33) ; •'» the four sides are equal ; and GFK is 
a right angle^ /• the figure is rectangular (Eucl. i. 46. 
Cor.), and consequently is a square. 



^<»»»^«o.>#^#»»»i»*>»»»»^^»»i^»i^.>#>i»^ 



(24.) In a giveii segment of a circle to inscribe a 
rectangular parallelogram^ whose sides shall have a given 
ratio. 

Let ABC be the given s^ment of a 



i^x, jinKj oe ine given s^menc or a » ^--^ le 
circle. From A draw AD perpendicular v\\^ t \ 
to AC, and make AD : AC in the ratio of ^^~^~*^ 



the sides. Complete the parallelogram AE. Bisect AC 
in 6, and join DG ; and from Fdraw F/f perpendicular, 
and FI parallel to AC. Draw IK parallel to FH ; HI is 
the rectangular parallelogram required. 

Since FH is perpendicular to AC, it is parallel to AD-, 
and .-. FH : HG ^ AD : AG, 
whence FH : HK !? AD : AC, 
i. e. in the given ratio. . And FHG being a right angle 
all the angles of the figure are right angles. 



^»»»#>*^»i^»^»»i».^ #^<i<»»<^^o# 



(25.) In a given circle to inscribe a rectangular 
parallelogram equal to a given rectilineal ^gure. 

Let AEB be the given circle; on the 
diameter AB describe a rectangular pa- aj 
rallelogram ABCD equal to the given 
rectilineal figure } and let the side DC 
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cut the circumference in E. Join AE, EB. Draw BF 
parallel to AE^ and join AF. FE is the rectangular 
parallelogram required. 

For the angle EBF is equal to the two angles EBAj 
ABF, i. 6. to EBA, BAE, and /• is a right angle ; and 
the angles BE A and BFA are right angles^ by con- 
struction; .'. also EAF is a right angle; the figure 
AFBE is therefore rectangular; and it is douUe of 
ABE, and (Eucl. i..41.) .*. equal to ABCD, i. e. to the 
given rectilineal figure. 

The given figure must not exceed the square of half 
the diameter. 



^^^^^i^^^^^^«»><»*<»i#^^i» « »'^ ^ »^». 



(26.) In a given segfnent of a circle to inscribe an 
isosceles triangle, such that its vet^tex rnajf be in the nod- 
dle of the chord, and the base and perpendicular tt^ether 
equal to a given Une. 

Let ABC be the given segment. Bi- 
sect AC in A and draw DE at right / 
angles to AC, and equal lo the given line. /7^ 
Make DF the half of DE, and join EF, (/ \ 
meeting the circle in G. Draw GB pa- A • 
rallel to ACi join GD, DB. GDB is ^ " - 
the triangle required. 

Since GB is |>arallel to AC, it is bisected by DE. 
Also (Eucl. vi. 2.) EH is double of GH, and .*. equal to 
GB ; .-. GB and HD together are equal to ED, t. e. to 
the given line ; and since GH^ HB, and the angles at ^T 
are right angles^ GD=^DB, •'. the triangle is isosceles. 

If EF does not meet the s^ment^ the problem is 
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impossible. When the line FE cute the segment, there 
are two isosceles triangles DGB, DMh that will answer 
the conditions ; when it.touches the a^ment, only one. 



^^»i»<»i*^»*i<»»#i»i^# #»»»#>»^^^^^» 




A £a 



(S7.) in a given triangU to inscribe a parallehgram 
similar to a given parallelogram. 

Let ABC be the given triangle. 
In AB take any point D, and draw 
DF parallel to AC; and make the 
angle FDE equal to one angle of the 
parallelogram, and take DF : DE in the ratio of the 
sides. Join AF, and produce it to 6; draw GH, HI 
respectively parallel to FD, DE; and GK parallel to 
HI. HK is the parallelogram required. 

For HI being parallel to DE, and HG to DF, 
HI : DE :: HA : DA :: HG : DF, 
.\ HI : HG :: DE : DF, 
i. e. in the ratio of the sides. 

Also the angle GHI=:FDE=i one of the angles of the 
parallelogram, .\ HIK will .-be.' equal to the adjacent 
angle of the parallelogram, and HK is similar to the 
given parallelogram. 



^^^#^#>#i»^«V»^#'^^^»^»^^y^^^» 



(28.) In a given triangle to inscribe a triangle 
similar to a given triangle. 

Let ABC be the gi^n triangle, in 
which the triangle is to be inscribed. 
In AB take any point D, and draw 
any line DF to the opposite side ^ and 
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at the points D and F make the angles FDE, DFE 
equal to two of the angles of the given triangle to whieh 
the inscribed one ia to be similar /. the angle at E will 
be equal to the third angle. Join AE, and produce it to 
G ; and from G draw GH, GI respectively parallel to 
ED, EF; join HI. HIG is the triangle required. 

Since DE and EF are respectively parallel to HG, 
Gl the angle DEF is equal to HGI. 

Also DE : HG :: AE : AG :; EF : G/, 
whence (EucL vi. 6.) the triangles HGI, DEF are Mmi- 
lar^ and /. HGI 19^ similar to the given triangle. 



^^*>^^^>^0^> m ^^»»<>^ # i»<<^»»*^^«^» 




(89.) In a given equilateral and equiangular pen- 
tagouj to inscribe a square. 

Liet ABCDE be' the given pentagon. 
Join EB ; and from E draw EF perpen* 
dicular and equal to EB. Join AF; 
and from 6, where it cuts ED^ draw 
GH parallel to FE. Draw HI, GK 
parallel to EB. Join IK. HK is the ^ 
square required. 

Since HG is parallel to EF and HI to EB^ 
HG : EF :: AH : AE :: HI: EB, 
but EF=EB, /. HG = HI. And since ^£ = ^4^, /. 
(Eucl. vi. 2.) HE=^IB; also GK and DC being paral- 
lel to J?£, an<ji DE=zBQ .\ EG=:BK. The triangles 
EHG, IKBy therefore have two sides in each and the 
included angles equal, and .'. HG^IKj and the angle 
EHGszBIK, whence HG and IK are also parallel; 
therefor^ also GK is equal to HI; hence the four sides are 
equal ; and the angle at ^being a right angle, kll the angles 
are right angles, and consequently HK is a square. 



Seci. 6.] 



GEOMETRICAL PROBLEMS. 



201 



(30.) In a given triangle to inscribe a rhombus, one 
of whose angles shall be in a givm painty in the side of 
the triangle. 

Let ABC be the given triangle, and 
D the given point. Join BD, and pro- 
duce it ; and with the centre A, and radius 
AC, describe a circle cutting it in E. 
Join AE; and draw 7>jP parallel to it, 
FG parallel to AC, and GH to FD. FH 
is the rhombus required. 

Since FD is parallel to AE, BF : FD :. BA : AE ; 
and since FG is parallel to AC, 

BF : FG :: BA : AC :: BA : AE, 
/. FD = FG ; and the sides opposite to these are equal, 
.'. the figure FDHO is a rhombus. 





(31.) To inscribe a circle in a given quadrant. 

Let ABC be the given quadrant. Bi- ' 
sect the angle ACB by the line CD ; 
and at D draw DE touching the quadrant, 
and meeting CA produced in E. Make 
CF=^AE. From F draw FG at right angles to AC. 
G is the centre of the circle required. 

From G draw GH perpendicular to BC. Join DF. 
Since the angle DCE is half a right angle, and the 
angle at I> a right angle, DE:=^DC^AC=FE, .\ the 
angle EDF:=zEFDi whence also GDF=GFD, and 
GD=GF; and since the angles FCG, GCHare equal, 
and GC common to the right-angled triangles GFC, 
GHC, .-. GF^GHi /. the three lines GD, GF, GH 

cc 
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are equal and the circle described from the centre G, and 
distance of apy one Of them, will pass through the exXn- 
mities of the other two, and touch the arc and tides- in 
the points D, F, H, because the angles at those points 
are right angles. 



(3S.) To describe a circle, the circumference of which 
shall pass through a given point, and touch a given 
straight line in a given point. 

Let AB he the given straight line, C 
the given point, in which the circle is to 
touch it, D the point through which it 
must pass. Draw CO perpendicular to 
j^B. Join CD; and at the point D make the angle 
CDO=DCO; the intersection of the lines CO and DO 
is the centre of the circle required. 

Since the angle Z)CO=CD0, CO = DO, and .. a 
circle described from the centre O, at the distance OD, 
will pass through C, and touch the line AB in C, be- 
because OC is perpendicular to AB. 



OS.) To describe a circle wiuch shall pass through 
a given p<nnt, have a given radius, and touch a given 
straight Une. 

Let AB be the given straight line, 
and C the given point through which 
' the circle must pass. 

laAB take any point B ; and fix>m 



m 
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ib draw BD «t right angles to 4S, and equal to the 
given radius ; through D draw DJB puallel tfi AB \ apdr 
with the centre C, and radius equal to Ae given radius, 
describe a circle cutting Z>£l in O. O is the centre of 
the circle required. 

From O draw OF perpendicular to JB^ it is equal 
to DB, L e. to the gi?en radius ; and the circle described 
from the centre O; and radius OF, will touch (Eucl. ii>. 
16. Cor.) the line AB in B, ^nd pass through C. 



(34.) To describe a circle which shall pass tkrmigk 
two given pmnts, and touch a given straight line. 

Let A, B he the given points, and CI} 
the given straight line. Join AB. And 
1. let CD be parallel to AB. 

Bisect AB in B^ and draw BF perpen- 
dicular to AB, and .'. to CD. Join FA^ and make the 
angle FA0=AFO; then will O be the centre of the. 
circle required. 

Since the angle FAO = AFO, A0= OF. But AE=i 
EB, and EG is common to the triangles AEO, B^O, 
and the angles at £ right angles, .'. AO~OB. Whence 
AO, OB, OF are all equal ; and tbe circle described 
from the centre O, at the distance of any one of them, 
will pass through the extremities of the other hn, and 
touch the line CD, since OF is perpendicular to CD. 

2. But if.<tf£ is not parallel to CD, 
let them be produced to meet in E; and 
take EF a mean proportional between 
EA and EB. Join FA, FB ; and 
describe a circle about tbe triangle AFB; 
it will be the circle required. 
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Since EF is a mean proportional between EA and 
EB, EF touches the circle (Eucl. iii. 37.)^ which passes 
through A and JS. 



(35.) To describe a circle^ the circumference of which 
shall pass through a given point j and touch a circle in 
a given point ; the tux) points^ not being in a tangent 
to the given circle. 

Let A be the given point in the cir- 
cumference of the circle whose centre 
is O ; JS the given point without. Join 
BA, and produce it to Z). Join OD; 
and through A draw OAE ; and draw 
BE parallel to OD, cutting OAE in E. E is the 
centre of the circle required. 

Since (Eucl. i. 29.) the angle ODA is equal to ABE, 
and OAD to BAE, .-. the triangles ODA, ABE are 
similar, and OD being equal to OA, AE will be equal 
to EB; a circle .'. described with the centre E, and 
radius EA, will pass through B, and touch the circle 
ADF in the point A, since the line joining the centres 
passes through A. 




(36.) To describe a circle the centre of which men/ 
be in the perpendicular of a given fight-angled triangle, 
and the circumference pass through the right angle and 
touch the hypothenuse. 

Let EAD be the given right-angled triangle, having 
the angle at ^ a right angle. Make EC = EA. Join 
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CA ; and draw CO at right angles to j^, 
ED. The circle described with O as 
centre, and radius OA^ will be the circle 
required. 

Since EA^ECy the angle ECA=i 
EAC, and ECO, EAO are equal, being 
right angles ; ••. OCA = OAC and 0A= 
OC The circle /. described from the centre O, and 
radius OA^ will pass through the extremity of OC, and 
touch ED in C, because CO is at right angles to ED. 




^^»»^»»^<#S^^^»»^^^>#»»^^^i^» ^•^■^ 



(37.) To describe a circle which shall pass through 
the extremities of a given Kne, so that ifjrom any point 
in its circumfej'ence a line be drawn making a given angle 
with the given line ; the rectangle contained by the seg- 
ment it cuts off and the given line, may be equal to the 
square of the line drawn from the same point to the 
farther extremity of the given line. 

Let AB be the given line. On it de- 
scribe a segment of a circle containing an 
angle equal to the given angle. Complete 
the circle ; it will be the one required. 

From any point C draw CD, making with AB the 
angle ADC equal to the given angle; join CA, CB. 
Since the angle CDA=:ACB, and the angle at A is 
common^ the triangles ACD, ABC are equiangular, and 
therefore 

AB : AC :: AC : AD, 
whence the rectangle contained by AB, AD, is equal to 
the square of AC. 
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(38.) To determine a paint in the perpendicular kt 

faUJrcm the vertical angle of a triangle on the bate; 

about which as a centre a circle may be described touching 

the longer side, and passing through the opposite amgidaf 

point. 

Let ABC be a triangle^ and from B 
the vertex let BD be drawn perpendi- 
cular to AC. In DB take any point E^ 
and from it draw EF perpendicular to 
AB ; and from E to BC, draw -EG = EF\ 
from C draw CH parallel to GE^ and frx>m H draw HI 
perpendicular to AB ; H is the point required. 

Since EF is parallel to HI^ 

FE : HI :: BE : BH, 
and since GE is parallel to HC^ 

GE : HC :: BE : BH, 
.-. FE : HI :: GE : HC; 
but, by construction, FE=zEG, .•. HI=HC; and acir- 
cle described from the centre H at the distance HI, will 
pass through C, and touch AB in /, since the angle 
HIB is a right angle. 



^^i^i^^^<»#^^»i*>»i^i»«i#«^ ^ i^i^» »#«<s» 



(39.) To describe a circle which shall have a given 
radius, and its centre in a given straight line, and shall 
also touch another given straight line inclined at a given 
angle to the former. 

Let AB be the given line, in which 
the centre is to be ; BC the line which 
the circle is to touch. 

In BC take any point C, and draw 
CD at right angles to it^ and make 
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CD equal to the given radius. Through D draw DO 
parallel to CB ; O is the peiitre of the circle required. 

Through O draw OE parallel to DC^ .*. CO is a 
parallelogram ; whence OE is equal to DC, t. e. to the 
given radius. With the centre O, and radius OE, de- 
scribe a circle ; it will touch CB in E, because CO 
being a pandtelogram, and ECD a righ^ angle, CEO is 
also a right angle. 



»^#»»^^^»#»»»#«^i»^#»^»^»#»»^i*«0^»<* 



(40.) To descfHbe a circle, which shall touch a 
straight line in a given point, and also touch a given 
circle. 

Let ^B be the given line, and C the 
given point in it^ O the centre of the 
given circle. Draw CD perpendicular to 
JB, and OE parallel to CD. Join CE, 
meeting the circumference in JP. Join 
OF, and produce it to meet CD in D. 
D is the centre of the circle required. 

Since the triangles OEF, CFD are similar^ and OE 
= OFy .*. FD = DC; consequently a circle described 
with the centre D, and radius DF, will pass through C, 
and touch AB in C, because the angles at C are right 
angles ; and it will touch the given circle in F, since the 
line joining the centres passes through F. 




^»^^>^>»^^^»^»i»^»^»^^i»^^#>#i^^ 



(41.) To describe two circles, 
radius, which sfiall touch each 
straight line on the same side qf\ 
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Let j4B be the given straight line. 
From any point A in it, draw AC at 
right angles to it, and make AC, AD, 
equal to the given radii. Produce CA 
to JS, making AE^AD. Draw DO 
parallel to AB ; and with the centre C, 
and radius CE, describe a circle cutting DO in 0. 
C and O will be the centres of the circles required. 

Join CO ; and draw OB perpendicular to AB ; then 
DAB being a right angle, as also ABO, .\ AD is parallel 
to BO I and DO was drawn parallel to AB, .\ AO is a 
parallelogram, and OB = AD. With the centres Cand 
O, and radii CA, OB describe circles, they will touch 
AB, since the angles at A and B are right angles ; they 
will also touch each other, for CO is equal to CE, or to 
CA and AE, ?. e. to CA and AD, or the sum of the 
radii. 



»#4 



(42.) To describe a circle passing through twoghen 
points, and touching a given circle. 

Let A and B be the given points, 
and CDE the given circle. Describe a 
circle through A and B, and cutting the 
given circle in D and E. Join DE, 
EB, DA, AB. Then the angle EDA 
= EBA ; if .-. DE and BA be pro- 
duced to meet in F, the triangle FDA will be similar to 
the triangle FBE; 

and .-. DF : FA :: BF : FE, 
or the rectangle DF, FE is equal to the rectangle AF, 
FB. Draw FG a tangent to the given circle ; then the 
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iquare of FG is ^ual to the rectangle EF, FD, and 
.-. to the rectangle BF, FA; whence a circle described 
through the points A, G, B, will touch the given circle, 
since it touches FG. 




(43.) To describe a circle, wMck shtUl pass through 
a given point, and touch a given circle and a given 
straight Une. 

Let ABC be the given fircle, D 
the given point, and EP the given 
straight line. Through O draw 
AOE perpendicular to EF. Join 
AD\ and divide it in 6, so that the 
rectangle AG, AD, may be equal to 
the rectangle AC, AE. Through 
G and D describe a circle touching EF in F\ this will 
also touch the circle ABC. 

Draw the diameter FH; it is (Eucl. iii. 18.) parallel 
to AE. Join AF, meeting the circle in B. Join CB. 
The triangles ABC, AEF having the angle at A com- 
mon, and the angles ABC, AEF right angles, are sinular ; 
whence 

AC : AB :: AF : AE, 
.'. the rectangle AB, AF is equal to the rectangle AC, 
AE, i. e. to the rectangle AG, AD ; .*. £ is a point in 
the circle HDF. Take / the centre ; join OB, BI. 
Since AC is parallel to FI, the angle OAB = BFI ; but 
OAB = OBA, and IFB=IBF, .: OBA^IBF-, and 
OBI is a straight line, which joins the centres of the two 
circles, which .*. touch each other. 
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(44.) To deicribe a circle which shall toHch a 
straight line and two circles given in nungniiude and 
position. 

Let ^ and B be the centres 
of the two circles, and CD the 
line given in position. From 
B let fall the perpendicular BE, 
and produce it, making EF=: . 
the radius of the circle whose 
centre is ^. Through F draw , 
FG parallel to CD. With the 
centre B, and radius equal to 
the diflferenoe of the radii of the two circles, describe a 
circle ; through ^ let a circle be described, touching the 
line 6F and the last described circle (vi. 43.) ; and let 
6 and H be the points of contact. The centre of this 
circle will also be the centre of the circle required. 

Let O be the centre; join OjI, OG, OH; and with the 
centre O, and radius 01, describe the circle IKL. Since 
LO^KH^Al .-. OL^OK^OIi the circle IKL .\ 
touches CD in L, and the circle, whose centre is A, in /; 
and since OB is equal to the difference between OH 
and HBj t. e. between OA and {lA^-BK), or is equal 
to OK and KB together, .'.it touches the circle whose 
centre is B, in K. 




(45.) To describe a circle which shall touch two 
given straight lines, and pass through a given pckit 
between them. 

Let ABj CD be the given lines, and E the given 
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point. Produce the ItneB to meet 

in F. Biaect the angle BFD by 

the line FG ; and from E draw EG 

perpendicular to FG, and produce 

it both ways to B and />. Take 

GH=z GE ; and make DI a mean 

proportional between DE and DH; a circle daacribed 

through the ppints H, E^ l^ will touch CD. 

For the rectangle DE^ Dff, is equal to the square qf 
DI. And for ^ similar reason it will touch JB ; since 
the rectangle Bff, BE, is equal to the rectangle ^D, 
DH. 

If the lines AB, CD be parallel; 
through the given point E^ draw DEHB 
perpendicular to AB or CD ; bisect it in 
6, and make GH^ GE. Take DI a 
mean proportional between JDjEand DH\ 
and a circle described through /, E and H will be the 
circle required. 




»i»^^^^»^^^'»'^^i^>^i»»<»^^^^^«^«»^ 



(46.) To describe a circle which shall touch two 
given straight lines, and also touch a given circle. 

Let AB, CD be the given 
straight lines, EFG the given 
circle, whose centfe is O. 
Draw HI, KL parallel to the 
given lines, so that their per- 
pendicular distances from those 
lines may be equal to OF the 
radius of the given circle. By 
the last problem describe a circle touching HI, KL^ 
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and passing through O the centre of the given circle. 
Let P be the centre of this circle ; it will also be the 
centre of the circle required. 

Join PM, PNy PO. Since these lines are equal, 
and MQf RN^ OF are also equal by construction, /. 
PQf PRj PF arc also equal ; and a circle described 
from the centre P at the distance of any one of them, 
will pass through the extremities of the other two, and 
touch the lines J4By CD, in Q and A; since the angles 
at those points are equal to the angles at M and iV, and 
/• right angles ; and it will also touch the circle EFG in 
JP, since OP the line joining the centres passes through 
F. 



(47.) To describe a circle which shall touch a circle 
and straight line, both given in position, and have its 
centre also in a given straight line. 

Let the circle whose centre is ^, 
and the straight line BC be given 
in position ; and let CD be the line, 
in which the centre of the required 
circle is to be. On BC let fall the 
perpendicular JB ; and make BF 
=zAE\ through F draw FG parallel to BC, meeting 
DC in G. 

Join OA ; and draw CH parallel to it, meeting the 
given circle in H, (if the problem be possible). Join 
AH, atM let it meet DC in O. O is the centre of the 
circle required. 

Let fall the perpendicular 01. Then (Eucl. vi. 3.) 
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HO : OC :: AH : GC :: FB : GC by construction, 

:.BD . DC, (Eucl. vi. 2.) 
:: lO : OC, by sim. tridngles ; 
.'. HO=^IO ; and a circle described with the centre O, and 
radius OI or OH^ will pass through the extremity of the 
other, and touch the line BC in /, and the circle in H% 
because the angles at / are right angles ; and AO the 
line joining the centres of the circles passes through H. 



* ^^^ ^^^ ^** ^^>^^^^4 




(48.) Through tvoo given points within a given 
circle, to describe a circle^ which shall bisect the circum^ 
Jerence of the other. 

m 

Let A and B he the given points 
within the circle whose centre is O. 
Join AO; and produce it indefinitely; 
and from O draw OC at right angles to 
it. Join AC; and draw CD at right 
angles to it, meeting AO produced in D ; and through . 
A, B, D describe a circle ; it will bisect the other in the 
points Ey and F. 

Join EO, OF. Then (Eucl. vi. 8.) 

AO : OC :: OC : OD, 
.'. the rectangle AO^ OD is equal to the square of OCy 
i. e. to the rectangle EO, OF; whence (Eucl. iii. 35.) 
EOF is a straight line ; and since it passes through the 
centre of the circle ECF, it will be a diameter of that 
circle ; .•. the circumference ECF is equal to the cir- 
cumference EGFy or the circumference of the given 
circle is bisect^. 
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(49.) llifWigh two given points withaui a gwm 
circle f to describe a circle, which shall cut off from 
the given one an arc equal to a given arc. 

Let A and B be the given points, and 
CDE the given circle. Join AB; and 
bisect it in F; from F draw FG at right 
angles to AB ; and from any point G in 
it, at the distance GA or GB, describe a 
circle ABD^ cutting the given circle in C and D. Join 
DC\ and produce it to meet BA in H. From H draw 
HIE (ii. 20.), so that IE may be equal to the chord of 
the given arc. Through A, B and E describe a circle; 
it will also pass through /, and cut off the arc required. 

For the rectangle HI, HE is equal to the rectangle 
HC, HD, and .'. also to the rectangle HA, HB^ whence 
/ is a point in the circle ABE. 



i»^»l^<»^^^^^^#|»»^«^^^^»^^»»#^^^» 



(50.) To describe three circles of equal diam^ers, 
which shall, touch each other. 

Take an^ straight line AB, 
which bisect in D; and from the 
centres A and B, with the equal 
radii AD^ BD describe two circles. 
Upon AB describe an equilateral 
triangle ABC, cutting the circles in 
E and F; and with the centre C, 
and radius CE or CF, describe another circle; these 
circles touch each other as required. 

Since AB^AC, and AD is half of AB, .-. AE, which 
is equal to it, is half of AC, and .*. AEz=^EC In the 
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same manner CFszFB, /. the radii of the circles are all 
equal. And the circles touch each other in Z>, Ej F, 
because the lines joining the centres pass through those 
points. 



^ »»>»i»^i»^i^ «» ^ # »^ # ^>» ^^^«»^>»i» 



(51.) Every thing remaining as in the last propo- 
sition ; to describe a circle which shall touch the three 
circles. 

Bisect the angles Cj4B, CBA (see last Fig.) by the 
lines AOj BO meeting in O. O is the centre of the 
circle required. 

Join OC. Since the angle CAB = CBA, /. their 
halves are equal, or OABts^OBA, /. OA^OB. Also 
since CA^AB, and AO is common, and the angle CAO 
::^BAO, .\ CO=^OB; and the three lines OA, OB, 
OC are equal ; parts of which GA, HB, CI are equal ; 
.•. OG, OH, 01 are equal ; and a circle described from 
O as a centre, with a radius equal to any one of those 
lines, will pass through the extremities of the other two, 
and touch the circles in the points G, H, I; because the 
lines joining the centres pass through those points. 

In«nearly the same manner a circle may be described 
which shall touch the three circles on the opposite cir- 
cumferences. 



^^^^^#«»»i^<^ii»^^»»^^^^^i^^^»*^ 



(52.) To determine hew many equal circles may be 
placed round another circle of the same diameter, touch- 
it^ each other and the interior circle. 
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Let ^ be the centre of the interior 
circle, and AD its radius. Describe 
(vi. 50.) the circles DF, EF touching 
the circle DE, and each other. Then 
the angle at A being one third part of 
two, or one sixth part of four right 
angles, subtends an arc EI) equal to one sixth of the 
whole circumference. And the same being (rue of every 
other contiguous circle, the number of circles which can . 
be described touching each other and the interior one 
will be six. 



>^^^^^^^^«»»^^>i^i»4 



(53:) From a given rectangular parallelogram to 
cut off a gnomon, whose breadth shall be every where the 
samcj and whose area shall be to that of the parallelo- 
gram in aivy given ratio. 

Let AC be the given parallelo- 
gram. Produce AB to D making BD 
= BC, On AD describe a semicircle, 
and produce CB to E; and let the 
ratio of the part to be cut off, to the 
whole, be that of 1 : n. Make BE 
: BF :: n : n- I ; and take BG 2i mean proportional 
between BE and BF. Bisect AD in O ; and with the 
centre O, and radius OG, describe a semicircle HGI; 
AH= IDj will be the breadth of the gnomon. 

Make BL^BI, and draw^ffJSC, LK parallel to the 
sides of the parallelogram ; then AC : HL in thQ ratio 
compounded of the ratios of AB : BH and BD : Bl^ 
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i. e. in the duplicate ratio of BE : BG, or the ratio of 
BE : BF, L e. in the ratio of « : «— l, 

/. the gnomon AKC is to AC in the ratio of 1 : n. 



»^^^^»i»^i^^»ii»^^^<^^>»i^i»i»»#i» 



(54.) To describe a triangle equal to a given.rec" 
tUinear figure^ having its vertex in a given point in a 
^de of the Jigure, and its base in the base {produced if 
necessary) of the figure. 

Let ABCDEFhe the giv^n rectilineal figure, and P 
a given point in CD, which is to be the vertex of the 
triangle, the base being \n AF. Join CA, and draw BG 




A H G 



parallel to it ; join CG, PG, PF, PE. Draw CH 
parallel to PG. Join PH. Draw DI parallel to PE, 
meeting FE produced in /. Join PI; and draw 
IK parallel to PF, meeting AF in K. Join PK; HPK 
will be equal to ABCDEf. 

Since Bfjt is parallel to CA, the triangles JBAG, 
BCG are equal; the figure therefore is jequal to 
GCDEF. And since GP is parallel to CH, the triangles 
GCP, GHP are equal. Again since DI is parallel to 
PE, the triangles PIE, PDE are equal ; .-. PDEF is 
equal to the triangle PIF, i.e. to the triangle PKF, 
since IK is parallel to PF; whence the whole figure 

£ E 
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ABCDEF\s equal to the triangles PHG, PGF, PKF, 
i. e. to the triangle PHK. 



»^» #»»»»»» K# »>*»*<#** 1*1* »i#>»^»»» 




(55.) On the hose of a given triangh, to describe a 
gtiodrilateral fgure equal to the triangle, and having 
two of its sides parallel j one of them being the base of the 
triangle ; and one of its angles being an angle at the 
base, and the other equal to a given angle. 

Let ABC be the given triangle, AC 
its base. At the point C make the 
angle ACD equal to the given angle ; 
and let CD meet BD drawn parallel to 
AC, in the point Z>. On jBZ> describe 
a semicircle BED; draw ^IF parallel 
to CD, and FE perpendicular to BD ; and with the 
t^ntre />, ^n^ radius DE, describe the arc EG. Draw 
Gfl^ parallel to AF, and HI to AC; AHIC will be the 
figure required. 

Join HC. Since DG^^ DE, 

BD : DG :: DG : DF, 
.-.(Eucl.v.ig.) BG : GF :: DG : DF :: HI : AC. 
Now BG : GF :: BH : HA, 
.\ BH : HA :: HI : AC. 
But the triangles HCI, AHC are in the proportion of 
HI : AC, and the triangles BHC, AHC in the pn^r- 
tion of BH : HA, 

.\ HCI : AHC :: BHC : AHC, 
or HCI ^ BHC % .\ ACH, and HCI together are equal 
%o ACH, and BC7/ together, or AHIC^ABC. 
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(56.) A trapezium being given, two nf whose sides 
are parallel ; to describe on one of those sides another 
trapezimny having its opposite side also parallel to this, 
and one of the armies at the base the same as the former^ 
and the other equal to a given angle. 

Let ABCD be the given tra- 
pezium whose sides AD, £C are 
parallel. .Join BD; and draw 
CE parallel to it^ meeting AB 
produced in E. Then the trian- 
gles BCD, BED are equal ; and •'. the triangle AED is 
equal to ABCD. Hence (vi. 55.) a figure ADGF may 
be described equal to ADE, and .\ to ADCB. . 




»#i^»^<^i^»»^»»i»<»»»»*#<#»^i#>»>»*i# 



(57.) If with any point in the circumference of a 
circle as centre, and distance from its centre as radius, 
a circular arc be described; and any two chords be drawn, 
one from the centre of the circular arc, and the other 
through the point where this cuts the arc, and parallel to 
the line joining the centres ; the segments of each chord 
intercepted between the circumferences which are concave 
to each other, will be equal respectively to those of the 
other between the other circumferences. 

With any point C in the circumference "— 
of the circle ABC as centre, and radius CE 
equal to the distance from the centre E, let a 
circle DFE be described. Join CE, and 
draw any chord CFA ; and through F draw HFO parallel 
to C^T; then will CF^FH, and GF^FA. 

Produce CE to B, and join HE. And since HG is 
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parallel to BC, the angle FHE \% equal to HEB. Also 
since the circles are equals the arc HB is equal to the 
arc FE (ii. 1. Cor. 1.), /. the angle HEB is equal to 
FCE, /. FCE » FHE^ and RC is a parallelogram; 
whence HF=^ EC= CF. Also since the rectangle CFr 
FA is equal to the rectangle HF, FG, and J9F= CF, 
.-. FA^FQ. 

Cor. Hence if any number of lines be drawn parallel 
to BE^ and terminated by the two circumferences^ each 
of them will be equal to BE. 



*»#>»^ ^»^»^#^^*>^»«i»i»^ ^^^i»^»»^^» 




(58.) If two diagonals of an equilateral and egm- 
angular pentagon be drawn to cut one another, the 
greater segments will be equal to the side of the pen* 
tagon ; and the diagonals cud one another in extreme 
and mean ratio. 

Let ABDCE be an equilateral and 
equiangular pentagon ; draw the diagonals ^^ 
ED, BC cutting each other in F; EF 
and FB will be each equal to a side of the 
pentagon ; and ED, J5C are cut at F^ in extreme and 
mean ratio. 

About the pentagon describe a circle. And since 
AB^CE, the arcs AB, CE are equal; /• AE is pa- 
rallel to BC. For the same reason, AB is parallel to 
EF; /. the figure ABFE is a parallelogram ; whence 
AB=FE. and AE^FB, but AB^AE, .-. EF^FB, 
and each is equal to a side of the pentagon. 

Also the angle DCF= CDF= DEC, .\ the triangle* 
-DCF,i)jBC? are similar. 
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and ED : CD :: CD : DF, 
or ED : EF :: EF : FD ; 

/. ED is cut in extreme and mean ratio. The same may 
also be proved of J5C. 



»»*i<i^^^i#^i^i^^»»»^i»i»^^«»i»i^»^ 



(59.) If the sides of a triangle inscribed in the seg- 
meat of a circle be produced to meet lines drawn from 
the extremities of the base^ forming with it angles equal 
to the angle in the segment ; the rectangle contained by 
these lines will be equal to the square described on the 
base. 

Let the sides AB^ CB of the tri- 
angle ABC, inscribed in the segment 
ABC^ be produced to meet C£, AD^ 
which make with AC^ angles equal to 
the angle ABC in the segment ; the 
rectangle AD^ CE is equal to the square of AC. 

Since the angle ABCsz DAC, and the angle at C is 
common to the triangles ABC^ ADC^ the triangles are 
similar. In the same manner it may be shewn that 
ABCj AEC are similar; and .*. ADC, A EC are also 
similar; whence 

AD : AC :: AC : CE, 
and the rectangle AD^ CE is equal to the square of AC. 




(60.) .If two triangles {one of them right angled) 
have the same base and altitude^ and the hypothenuse in- 
tersect a line which is di^awn bisecting the right angle ; a 
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line passing through this point of intersection parallel to 
the base, and terminated by the sides of the other triangle^ 
shall be a side of the square inscribed within it. 

Let ADC be a right-angled triangle, 
and ABC on the same base, have its 
altitude BEs^AD; and let the hypo- 
thenuse DC, meet AF which bisects the 
angle DAC in F; through which draw 
GH parallel to AC ; IH will be the side of a square 
inscribed in the triangle ABC. 

From / draw IK perpendicular to AC ; then (EucL 
vi. 3.) 

DA : AC :: DF : FC :: DG : {GA = ) IK, 
also AC : BE :: IH : {BL^) DG, 
.\ ex aequo DA : BE :: IH : IK\ 
But DA^BE, .\ IH:=zIKi and if HMhe drawn per- 
pendicular to AC, IM is a parallelogram, whose sides 
are equal ; and the angles at K and M being right angles 
(EucL i. 46. Cor.) it is a square. 



^#^«^ »^^#'^^^^^^>^i»<»«»^«»*>^^^^ 



(61.) If on the side of a rectangular parallelogram 
as a diameter, a semicircle be described, and from ang 
point in the circumference lines be drawn through its 
extremities to meet the opposite side produced ; the aUi- 
tude of the parallelogram wHl be a mean proportional 
between the segments cut off*. 

On AB, the side of the rectangular 
parallelogram ABCD, let a semicircle 
AEB be described; and from any 
point E, draw EA, EB, and produce 
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them to meet CD produced ; AD will be a mean pro- 
portional between GD and CF. 

Since DG is parallel to BA, the angle DGA is equal 
to BAE, and the angles at D and E are right angles, 
.-• the triangles BAE, DO A are equiangular. In. the 
same manner it may be shewn that FCB is equiangular 
to BAEy and .•. to DGA ; whence 

GD : DA :: (CB=) DA : CF. 



^^>#»»^«»#^#^^^^>^^^i*i»i^^»**>»^» 



(62.) If on the diameter of a semicircle a redan- 
gular parallelogram be describedy whose altitude is equal 
to the chord of half the semicircle y and lines drawn from 
any point in the circumference to the extremities of 
the base intersect the diameter ; the squares of the 
distances of each point of section from the farthest ex- 
tremity of the diameter wiU be together equal to the 
square of the diameter. 

Let ABC be a semicircle, on the 
diameter of which describe the rectan- 
gular parallelogram AEj whose side AD 
is equal to AB a chord of half ^BC; and 
from any point F in the semicircle draw 
FDy FE cutting the diameter in G and 
H; the squares of AH and CG are together equal 
square of AC. ' 

Draw the perpendicular FK; the triangles 
DFK being similar^ 

DA : AG :: FK : KD, 
and ECH, FKE being similar, 
(G£ = ) DA : CH :: FK : KE, 




DGA, 
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..DA^ : AGkCH :: FK^ : {KExKD^)IF^ 

:: DE" : Gfi\ 

Now the square of DE is double of the square of DA, 
.*• the square of GH is double of the rectangle ^6, CH. 
But the square of AH is equal to the squfires of AG^ 
GH and twice the rectangle AG, GH, i. e. to the square 
of ^G and twice the rectangle AG, GC; /. the squares 
of AH and GC are together equal to the squares of AG, 
GC, and twice the rectangle AG, GC, L e. to the square 
of AC, (Eucl. ii. 4.). 

CoR. The square of the part of the diameter inter- 
cepted between the two lines drawn from the point in 
the semicircle is double of the rectangle contained by the 
two extreme segments* 



(63.) If on the radius drawn from the point qfam- 
tact of a circle and its circumscribed square, another 
circle be described ; and from any point in the outef" dr^ 
cumference a line be drawn through its centre to the inner 
circumference, and through the^ame paint another line 
be drawn parallel to the common tangent to the circles, 
and terminated by the side of t/ie square and its diago- 
nal ; these two lines are equal. 

Let O be the centre of the circle, 
circumscribed by a square, whose dia- 
gonal is DE. On AO describe a circle 
AOF; and from any point F draw a 
line FOG; and through G draw HI 
parallel to AD ; FG is equal to HI. 

Join AF; and let HI cut AB in K. Since IG is 
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parallel to AD, it is perpendicular, to AB; .\ the angle 
OKO is a right angle, and equal to AFO ; and the ver- 
tical angles at O are equals and GOsO^; .*. the tri- 
angles GKO, OFA are equal, arid OF^^OK. But 
since OB=BE, .\ (Eucl. vi. 2.) OK^KT; and .-. OF 
= Kl and OG^KH; /. FG^IH. 



»^»«»^»'»^^#i»*^»»#»»>#<#«i#'^»»^»#«» 



(64.) If two sides of a trapezium inssribed in a 
circle he produced^ and from the same point in one side 
produced a Une he drawn parallel to the other ^ intersect- 
ing the adjacent side of the trapezium^ and a second Une 
to the extremity of that other intersecting the circum- 
ference ; the line joining the two points of intersection, 
will pass through the same point. 

Let the two sides AD^BC, of the' tra- 
pezium ABdD inscribed in the circle 
ABC, be produced, and let them meet in 
E ; and from any point in AD produced, 
draw FH parallel to BE, meeting the 
side DC in H\ and join JPB, meeting the 
circumference in 6; the line joining 6, H 
will always pass through the same point. 

Let GH produced meet the circle in /. 
Join A I, DG. The angle GDH^ GBC 
in the same segment, and /. is equal to the alternate 
angle GFH; whence a circle may be described through 
the points G, H, />, F; and /. the angle DGH^DFH 
= DEB. But the angle DEB being always the same, 
DGI, and .% DAI, and also the arc Dl will be invariable, 
and D being a fixed point, / must be also ; i. e. GH will 
always pass through /. 




^*«r^^^»^»»»«»<»^>»i»^#^»»»^<# 0>^^ 
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(65.) ff the diagonals of a guadrilateral ^figtire m^ 
'scribed in a circle cut each other at right angles, the 
rectangles contained by the opposite sides are together 
double of the quadrilateral Jigure. 

Let ABCD be a quadrilateral figure in- 
scribed in a circle, whose diagonals ACy BD 
cut each other at right angles in E; the 
rectangles contained by AB, CD, and j^, . 
BC are together double of the figure. 

For (Eucl. vi. D.) the rectangles contained by AB, 
CDj and AD, BC, are together equal to the rectangle AC^ 
BDf i.e. to the rectangles contained hy AC, BE ^nd 
AC, ED. But the rectangle contained by AC, BE is 
double of the triangle ABC, and the rectangle contaiqed 
by AC, ED, is double of ADC; hence the rectangles 
contained by AB, CD and AD, BC are together double 
of ABCD. 



^•^^^"^i^^* ^^>0>^^^^^^>i0>^ ^ ^»^>^^^^' 



(66.) If a rectangular parallelogram be inscribed 
in a right-angled triangle, and they have the right angle 
common ; the rectangle contained by the segments of the 
hypothenuse is, equal to the sum of t/ie rectangles con- 
tained by the segments of the sides about the right angk. 

• 

Let ABC be a right-angled triangle, 
in which the rectangular parallelogram 
DBEF is inscribed, having one of its 
angles at B ; the rectangle AF, FC is 
equal to the rectangles AD, DB and BE, EC together. 

Draw EG perpendicular to FC. The triangles 
ADF, EFG being similar, 

AD : AF :: FG : {EF=z) BD, 
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w*. the rectangle jiD, DB is equal to the r^taogle AF, 
FG. In the same manner^ 

AF : {FD^)EB :: JEC : QQ, 
.-. the rectangle BE, EC is equal to the rectangle .^F^ 
GCy whence the rectangles AD, DB and JSJ^, EC are 
together equal to the rectangles AF, FG and AF^ GC, 
i. €. to the rectangle AF, FC (Eucl. ii. 1 .)• 



^ir ^^^i»^«^^^i#ii^* i»i^ ^i^i^i^i^ ^^ ^^ m ^ 
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(67.) ^071 Me diameter of a sefificircle, ttoo eaual 
circles be described^ and in the curvilinear space included 
by the three circumferences d circle be inscribed; its 
diameter wUl be to that of the eqml circles in the prq- 
portion of two to three.^ 

On AB the diameter of the semi-^ 
circle ADB let two equal circles ACE, 
BCH be described ; and in the cur- 
^vilinear space let the circle DEG be 
inscribed; its diameter FG : AC :: 
2:3.. 

Let O and / be the centres of the circles. Join O/, 
which will pass through the point of contact E ; and pro- 
duce it to K. From C draw CD perpendicular to AB, 
which will pass through O. Then the rectangle KO, 
OE is equal to the square of 0C\ 

and OE :. DC :: OC : OK, 
.-. OE : OC :: OE + OC : OC+OK :: CD : KE+ 

{CD :: I : 2; 
and OE : CD :: 1 : 3, 
.-. FG : {CD=)AC :: 2 : 3. 



^^^^^^^^^^^^^■^^^^^■^■^^^^^^•^ 
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(68.) If through the middle paint of amy tkord of a 
circle two chords he drawn ; the lines joimng their est- 
tremities will intersect the Jirst chord at equal distances 
from the middle point. 

Let j^CB be a chord of the circle 
JBD, bisected in C; and let DCF, 
ECG be any chords drawn through C. 
Join DG, £2^ cutting AB in / and H\ 
then will C/= CH. 

Through H draw KHL parallel to DO^ meeting 
DF in K, and GE produced in L. Because LH is 
parallel to Gl the angle HLE^^CGIxzHFK, and tl^ 
vertical angles at H are equals /• the triangles LEH^ 
HKF are equiangular^ 

.-. LH : HE :: HF: HK, 
and the rectangle LHy HK is equal to the rectangle HE^ 
HF, i. e. to the rectangle AH^ HB or the difference of 
the squares of AC and CH. The triangles CID, CHK 
may in like manner be proved to be equiangular, as also 
the triangles CHL^ CIG ; hence 

KH : HC :: Dl : IC, 

and LH : HC :: GI : IC\ 

.'. KHxLH : HC^ \: DIx IG : /C». 

But KHxLH^AC'^HC\ and DIxIG^AC^^IC, 

/. AC^'-HC^ : HC* :: AC^-^IC : /C* 

comp. AC* : HC^ :: AC' : /C", 

/. HC*^IC\ and HC=IC. 



^^*^^^^*S0^^^ ^ ^^^^>0^^>^^^*^^*^ 



(69.) The longest side of a trapezium being given, 
and made the diameter of the circumscribed circle; also 
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the diatame between its extremitjf and the intersection cf 
the opposite side, produced to meet it; and the angle 
formed hy the intersection of the diagonals ; to construct 
the trapezium. 

With a diameter equal to the 
given longest jide^ describe a circle, 
and from O its ceRtre draw the radii 
OC, OD making with each other an angle equal to twice 
the complement of the given angle formed by the in- 
tersection of the diagonals. Join CD9 and produce it ; 
and with the centre O, and radius equal to the radius of 
the circle together with the given intercepted distance^ 
describe a circle cutting it in E. Join EO, and produce 
it to JB ; AE is equal to the given intercepted distance. 
Join BC, AD I ABCD is the trapezium required. 

Join AC^ BD. Then the angle ACB in a semi- 
circle being a right angle^ FBC is the complement of 
CFB; but FBC is half of DOC, and .•• Bi^V is equal 
to the given an^le to be made by the diagonals. 



^# ^i»^^»^«^^^^^»#^<^»^^^i^»>#^^^ 



(70.) 7%e diagonals of a "^ quadrilateral fgure in- 
scribed in a circle are to one another as the sums of the 
rectangles of the sides which meef their extremities. 

Let ABCD be a quadrilateral figure in- 
scribed in a circle ; join AC, BD ; AC is to 
BD, as the rectangles AB, AD and CB, 
CD together, to the rectangles AB, BC 
and AD, DC together. 

Make the angle ABF equal to the angle DBC; to 
each of which add the angle FBD, .*. the angle ABD is 
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equal to EBC; and ADB is equal to ECB, being ib 
the same si^ment ; /. the triangles ABD^ EBC are 
equiangular^ and 

AB : BD :: BE : BQ 
/. the rectangle BD, BE is equal to the rectangle AB, 
BC. Join FC, and since the angle ABD = FBC, 
.\ AD^FC. Also since the angle EFC is equal to 
BDC in the same segment, and ECF equal to ABF, L e. 
to i)BC; .*. the triangles ECF, BDC are equiangular, 

and BD : DC :: CF : FJ5, 
V. the rectangle FE, BD is equal to the rectangle CF^ 
CD, t. e. to the rectangle AD, DC ; whence the rect- 
angles BE, BD and FE, BD or the rectangle BF, BD is 
equal to the rectangles AB, BC and AD, DC together. 
In the same manner if the angle BCO be takien equd 
to the angle ACD, it may be shewn that the rectangle 
CO, CA is equal to the rectangles AB, AD and CB, 
CD together. And since the angle BCG = ACD^ the 
arc BO is equal to AD, i. e. to FC ; to each of these add 
OF; /. the arc BAF is equal to GFC, and consequently 
the line BF= OC; .-. the rectangle AC, CG is equal to 
the rectangle AC, BF. And AC : BD as the rectangle 
AC, BF to the rectangle BD, BF, i. e. as the rectangles 
AB, AD and CB, CD together, to the rectangles AB, 
BC and AD, DC together. 



(71.) The square described on the side of an equk- 
lateral and equiangular pentagon inscribed in a circle, 
is eqUal to the sum of the squares of the sides of a regu- 
lar hex($gon and decagon inscribed in the same circle. 

Let ABC be an isosceles triangle having each of the 
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angles at the base double of the angle at A. 
With the centre Ay and radius ABj describe 
a circle BCE. Draw CE bisecting the 
angle ACE. Join EB, EA\ and draw 
£F perpendicular to ^JB. Then the angle 
EAB is double of ECB, and therefore is equal to CDB 
(Eucl. iv. 10.), and consequently is equal to the verti* 
cally opposite angle ADE ; whence AE = ED. Hence 
EBy ED and BC are equal to the sides of a regular pen- 
tagon, hexagon and decagon, respectively Inscribed in the 
circle; and the squares of JBC and DjB are together equal 
to the square of BE. 

Fpr the angles at F being right angles, the squares of 
JtFy FE are equal to the square of AE, i.e. to the 
square of ED or to the squares of EF, FD ; whence 
AF is equal to FD. And since AD is bisected in F, 
and produced to I>, the rectangle AB, BD together with 
the square of DF is equal to the square of BF; .'. the 
rectangle AB, BD together with the squares of DF and 
FEj is equal to the squares of BF and FE ; or the rect- 
angle AB, BD together with the square of DE is equal 
to the square of BE. But (Eucl. iv. 10.) the rectangle 
AB, BD is equal to the square of AD, i. e. to the square 
of BC; .-. the squares of BC, DE are together equal to 
the square of BE. 



^^^^^^^^^^»^^^«^^'^«»^^^^^^^ 



(72.) If the opposite sides of an irregular hexagon 
inscribed in a circle be produced till they meet ; the three 
points of intersection will be in the same straight line. 

Let, ABCDEF he the hexagon inscribed *in the 
gircle ; and let its^ opposite sides meet in G, H, I. Join 
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two opposite angles a» A^ D; 
and about ADl describe a cir- 
cle meeting OA, GD produced 
if necessary, in K, L. Join 
FC, Kl, LI, JLK. Then be- 
cause AKID is a quadrilateral 
figure inscribed in a circle, the 
angle AKI is equal to ADE : 
and for the same reason ADE 
it equQl to GFE, .: the angle 
AKI is equal to GFE, and KI 
is parallel to FH. In the same 
manner it may be shenn that the angle AIL is equal to 
ADL and consequently to CBIy and LI parallel to HB. 
A^n the angle KLD is equal to DAF, i «. to K7i>, 
and KL is parallel to FC. 

Hence GF : FC :: GK : KL, 
and FC : FH :: KL : KI, 
.-. GF '.FH :: GK : Kly 
whence G, Hy I will be in a straight line. 




Sect. VII. 



(1.) XBB vertical angle of any oblique-angled tri- 
angle inscribed in a circle, is greater or less than aright 
angle, hf the angle contained btf the base and the diameter 
drawn Jrom the extremity of the base. 

Let ABC be a triangle inscribed in a circle. From 
A draw the diameter AD; join BD; the an^.^JBC 
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is greater br less than a right 
angle, by the angle CAD'. 

For the aagle ABD in a 
semicircle is a right angle ; 
and ABC is equal to the 

sum of ABD and DBC in one case ; and is equal to 
their di&rence in the other ; and in each case DBCss 
DAC in the same segment. 




(2.) ifjrom the vertex of an isotceles triangle a 
circle be Ascribed mth a radius less than one ^the equal 
eideSf hut greater than the perpen£citlar ; the parts of 
the base cut off'by U, mil be espial. 

From the vertex O of the isos- V ^^'"'^ ^ 
celes triangle AOB, with a radius »?v\^-y>^ 
less than AO, but greater than the . io 

perpendicular from O on AB, let a 
circle be described, cutting AB in C'and D ; AC= BD. 

Join EF, OC, OD. 

Then OE. : OB :: OF : OA, 
and .-. EF is parallel to ABi and (ii. 1.) the arc FC 
equal to the an; DE, or the angle FOC^DOE; but 
AO, OC are equal to BO, OD each to each j .-, AC= 
DB. 



(3.) If a circle be inscribed in a right-angled tri- 
angle ; the difference between the ttoo sides cotUmmng 
the right angle and the ht/pothemise, is Cfual to the 
diameter of the circle. 
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Let DEF be a circle, inscribed in 
the right-angled triangle ABC. The 
difference between AC, and AB, BC, is 
equal to the diameter of the circle. 

Find O the centre, and join OD^ OE. 
Then the angles at D, B^ and E being 
right angles, and OD = OE, OB is a square ; and DB^ 
BE are equal to OD, 0£, t. e. are together equal to the 
diameter of the circle. Now (Eucl. iii. 36. Cor.) CE— 
CFy and AD = AF; i. e. AC is equal to AD and CE; 
whence it is less than the sides containing the right angle, 
by DB and BEy or by the diameter of the circle. 



(4.) y a semicircle be inscribed in a right-angled 
triangle^ so as to touch the hypothenuse and perpendi- 
cular, and from the extremity of its diameter a line be 
drawn through the point of contact to meet the perpen- 
dicular produced ; the part produced will be equal to the 
perpendicular. 

Let the semicircle ADE touch the 
hypothenuse BC of the right-angled tri- 
angle ABC in D, and the perpendicular 
in A ; and from E let ED be drawn to 
meet AB produced in F; AB = BF. 

Join AD, Since ADE is a right an- 
gle, ADF is also a right angle^ and /. equal to DAF, 
DFA together. But DAF is equal to BDA, since BD 
= BA, being tangents from the same point B without 
the circle; and /. the angle BFD = BDF, and BF= 
BD=BA. 
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(5.) If the base of any triangle he bisected hy the 
diameter of its circumscribing circle, and Jrom the ex- 
tremity of that diameter a perpendicular be let fall upon 
the longer side ; it unll divide that side into segments^ 
one of which unll be equal to half the sum, and the other 
to half the difference of the sides. 

Let the base BC of the triangle ABC 
be bisected in E^ by the diameter of the 
circumscribing circle ACD ; and from D 
draw DF perpendicdlar to AB the longer 
side ; BF will be equal to half the sum, 
and AF to half the difference of AB, BC. 

Join DA, DB, DC; and make BG = BC; join 
DG. Since BG^BC, and BD is common, and the 
angle GBD^CBD, since the arc AD^DC-, /. DG^ 
DC=DAy and DF is at right angles to AG, .\ AF^ 
FG. Whence the sum of AB and BC is equal to ^G 
and 2BG, t. e. to 2BF; and the difference' of AB and 
BC is equal to the difference of AB and BG, t. e. to 
2AF. 




^^>»'^^<''^«^'^'^^»^^^<^»»^^>»^^^^'^^^ 



(6.) The same supposition being made, as in the last 
proposition ; if from the point, where the perpendicular 
meets the longer side, another perpendicular be let fall 
on the line bisecting the vertical angle ; it will pass 
through the middle of the base. 

The same construction being made as before; (see 
last Fig.) let FH be drawn perpendicular to BD, which 
bisects the vertical angle ; FH will pass through E. 

Because CBz^BG, and the angle CBD=GBD, 
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/. BD is perpendicular to CG\ and .*• FH is paiallel to 
CO. But since AF^ FG, .\ (Eud. vi. 3.) AC is bisect, 
ed by FH; which .*. passes through E. 



»^i^»^»i»#i<»^^^i»^»»#»»»»^#ii»'^* *»» 



(7.) ^ a point be taken without a circle, andjrom it 
tangents be drawn to the circle, and another point be 
taken in the circumference between the two tangents, and 
a tangent be drawn to it ; the sum of the sides of the 
triangle thus formed is equal to the sum of the two tan^ 
gents. 

JProm a given point D let two tangents 
DA, DB be drawn ; and to C any point in 
the circumierence between them, kt a tan- 
gent ECF be drawn. The sum of the sides 
of the triangle is equal to the two tangents 
DA and DB. 

Since AE:=^EC, and FC:=z FB, /. DE, EF, FD 
together are equal to AD and DB together. In die 
same manner, if through any other point in the arc ACB 
a tangent be drawn, it will be equal to the two segments 
of DA, DB intercepted between it, and the points of 
contact A and B ; and the three sides of the triangle so 
formed will be equal to DA, and DB together. 




(8.) ()fall triangles on the same base and between 
the same parallels, the isosceles has the greatest vertical 
angle. 

Let ABC be an isosceles triangle on 
the base AC, and between the parallels 
AC, BD. It has a greater vertical angle 
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than any other triangle ADC on the same base, and 
between die same parallels. 

About ABC describe a segment of a circle ABC; 
and since B is the middle point of the arc, and BD is 
parallel to ACy BD is a tangent at B. Let the arc cut 
AD in E; join EC. Then the angle ABC^AEC, 
and .\ is greater than ADC. 

Cor.. Of all triangles on the same base and having 
the same vertical angle^ the isosceles is the greatest. 
For the triangle AEC has the same vertical angle with 
ABC, and ABC-=. ADC on the same«base and between 
the same parallels ; but ADC is greater than AEC, /. 
ABC is greater than AEC. 



»i».»i»<»i»<»^»»»i^»^^i#»»^ 



(9.) If through the vertex of an equilateral triangle 
a perpendicular be drawn to the side, meeting a per- 
pendicular to the base drawn from its extremity ; the 
line intercepted between the vertex and the latter per- 
pendicular is equal to the radius of the circumscribing 
ciixle. 

Let BE perpendicular to AB meet 
AEy which is perpendicular to the 
base AC, in E\ BE is equal to the 
radius of the circle described about 
ABC. 

Draw JBF, CG perpendiculars to the sides ; and pro- 
duce CO to H. Then CI is equal to the radius of the 
circle described about ABC; and EBIH is a parallelo- 
gram. And since CF is equal to FA^ (Eucl. vi. 2.) CI 
is equal to IH^ i.e. to the opposite side BE\ and .-. 
BS is equal to the radius of the circumscribing circle. 




»^^^»^^<»»>#<»i»i»^0^<»»^<»#i»>»<»^ 
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(10.) If a triangle be inscribed in a semicircle^ and 
a perpendicular draumjrom any point in the diameter^ 
meeting one side, the circumference, and the other side 
produced ; the segments cut off* will be in continued pro- 
portion. 

Let ABC be a triangle in the semi- 
circle ABC; and from any point D in 
the diameter, let DF be drawn perpen-' 
dicular to AD^ meeting BC, the circum- 
ference, and AB produced, in JS, G, F; 
DE : DG :: DG : DF. 
For the angles at E being equal, and the angles at 
B right angles, .'. the angle ECD is equal to BFD; 
and the angles at D are right angles; .*. the triangles 
EDCy ADF are similar, and therefore 

DF : DA :: DC : DE, 
but DA : DG 
/. ex asquo DF : DG 




DG : DC; 

DG : DE. 



(11.) If a triangle be inscribed in a semicircle, and 
one side be equal to the semi-diameter; the other side 
will be a mean proportional between that side and a 
equal to that side and the diameter together. 

Let ABC be a triangle inscribed 
in the semicircle, and let BC be 
equal to the semi-diameter; then 
will 

BC : BA :: BA : BC+CA. 

Produce AC to D, making CD equal to the semi- 
diameter. Take O the centre. Join BD, BO. Since 
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BO=BC, the angle BCO'n equal to JBOC, i.e. to OAB 
and OBA together, or to 3 BAC. But BCA is equal 
to CBD and CDB together, t. e. to 2 CZ>£, since CB=^ 
CD; hence the angle BAC^BDC, and BA=BDi 
also the triangles BAD, BCD are similar; 
.-. BC : (BD = ) B-<^ :: BA : ^A which is equal to 
BC and CA together. 



^^«# ^>^«^«»^io^»»i*«^*«^^«^i^»>»<»^^«#«» 




(12.) -^a circfe 4c inscribed in a right-angled tri- 
angle ; to determine the least angle that can be Jbrmed 
by two lines drawn from the extremity of the hypothec 
nuse to the circumference of the circle. •* 

Let ABC be a right-angled 
triangle, in which a circle DEG 
is inscribed. On AC describe 
a segment of a circle ADC; which 
may touch the inscribed circle in 

some point, as D. The lines AD^ DCj drawn to this 
point from A and C, contain an angle less than the lines 
drawn to any other point in the circumference of the 
circle DEG. 

For take any other point E, and join AE, ECi 
produce CE to F, and join AF. The exterior angle 
AEC is greater than AFC^ i. e. than ADC, which is in 
the same segment. And the same may be proved of 
lines drawn to every other point in the circumference of 
the circle DEG. 



(13.) If an equilateral triangle be inscribed in a 
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circle, and through the angular points another be cir" 
cumscribed; to determine the ratio which they bear to 
each other. 

Let ABC be an equilateral triangle 
inscribed in the circle, about which 
another DEF\% circumscribed, touching 
the circle in the points A^ B, C. 

Since DA touches the circle, the 
angle DAB = ACB (EnclWl 32.); but ACB^ABC; 
.*. DAB =s ABC, and they are alternate angles^ .*. 1>F is 
parallel to BC. In the same manner it may be shewn 
that AB is parallel to FE, .*. ABCF is a parallelogram ; 
apd the triangle ABC is equal to AFC. In the same 
manner ABC may be shewn to be equal to each of the 
triangles ABD, BCE ; and .\ it is one finirth of the 
circumscribing triangle. 




^ # *»0 * >» #'*»»»»^»» »>0^W t0 » S »»»#«»^ ' 



(14.) A stra^ht line drawn from the vertex of am 
equilateral triangle inscribed in a circle to any point m 
the opposite circumference y is equal to the tux> lines tO' 
gethevj which are drawn from the extremities of the base 
to the same point. 

Let ABC be an equilateral triangle in- 
scribed in a circle ; from B draw BD to any 
point D in the circumference. Join AD, 
CD. BD is equal to AD and CD together. 

Make DE^DA, and join AE. The 
angle ^2>^£ is equal to the angle DEA\ but ADE^ 
ACB in the s^me segment, .'. DAE and DEA together 
are equal to CBA and CAB together ; whence DAE 




Sect. 7.] GEOMETRICAL PROBLEMS. S41 

= CAB; and taking away the common angle CAE^ 
DAC =. EAB; but DCA = EBA, and AC^AB, /. 
BE^DC; and BD is equal to AD and CD together. 



»*^»0<»#»»»»^i^»^»< 



(15.) If the base of a triangle be produced both 
ways so that each part produced may be equal to the 
adjacent side, and through the extremities of the parts 
produced and the vertex a circle be described ; the line 
joining its centre and the vertex of the triangle wiU bi- 
sect the angle at the vertex. 

Let AC 9l side of tii^ triangle 
ABC be produced both ways till AD 
zxzAB, and CE^CBi and through ^^ 
Dt B, E let a circle be described, 
whose centre is O. if OB be joined, it will bisect the 
angle ABC. 

Join BD, BE, OA, OD, OE. Since DA:=^AB, 
the angle ABD is equal to ADB ; but the angle OBD 
is equal to ODB, and .\ the angle OB A is equal to 
ODA. In the same manner it may be shewn that the 
angle OBC is equal to OEC; and since ODA is equal 
to OEC, OBA is equal to OBC-, or ABC is bisected 
by OB. 




^#i^^<»>»»^^»^^^^# »»i#«»^^«»<#»»^^<» 



(16.) If an isosceles triangle be inscribed in a circle, 
and from the vertical angle a line be drawn meetihg the 
circumference and the base ; either equal side is a mean 
proportional between the segments of the Hne thus drawn. 

HH 
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Let ABC be an isosceles triangle in- 
scribed in the circle AEQ the side jiB 
being equal to AC; and from A draw 
any line AED, meeting the circumfe- 
rence in E, and CB produced in D; AB is a mean 
proportional between DA and AE. 

Join EC. Since AB = AC, the angle ACB=ABC 
— AEC in the same segment; and the angle at A is 
common to the triangles AEC^ ACD, .-. the triangles 
are equiangular and similar ; 

/. AD : AC :: AC : AE. 



i»«»» ^ ^>.»»^^^i»^^»^^^»^^»^«^<S»»^ 



(17.) If from the extremities of one of the equal 
sides of an isosceles triangle inscribed in a circle, tan- 
gents be drawn to the circle^ and produced to meet ; two 
lines drawn to any point in the circumference from the 
point of concourse and one point of contact wiU divide 
the base (produced if necessary) in geometrical proportion. 

Let CBG be an isosceles tri- 
angle inscribed in a circle, the side 
CB being equal to BG ; and at B 
and C let tangents BA, CA be 
drawn, meeting in A, From A and 
B draw AD^ BD to any point D in the circumference, 
cutting the base CG in E and F\ 

CE : CF :: CF : CG. 

Join CD. The angle ABC being equal to BGC, is 
equal to BCG, and .-. CG is parallel to^B; and the 
triangles ABC, CBG are equiangular ; 

. . BC : CG :: AB : BC; 

but (vii. l6.) BF : BC :: BC : BD, 
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-. ex wqm BF ■ CG :: AB -. BD :: EF : FD, 
since CG is parallel to AB ; ' 

hat CF : BF :. FD : FG, 

.-. CF : CG :: EF -. FG, 

whence (Eucl. V. 19.) CE : CF :: CF : CG. 



(18.) ^on 'Ae nWe^i (^a triangle, segments of cir- 
cles be described similar to a segment on the base, and 
from the extremities (fthe base tangents be drawn inter- 
secting their circumferences ; the points of intersection 
and the vertex of the triangle will be in the same straight 
line. 

On AB, BC, the sides of the 
triangle ABC, let the s^ments 
ADB, BEC be deicribed, eimilar 
to AFC the segmeot on AC. At 
A and C let tangents AD, CE be 
drawn. Join DB, BE ; they are 
in the same straight line. 

Since DA touches the circle AFG, the angle DAC 
is equal to the angle in the alternate segment AGC, 
i. e. to the angle in the. s^ment AHB. But the angle 
ADB, t(^her with the angle in the segment AHB, 
will be equal to two right angles ; .'. the angles CAD, 
ADB are equal to two right angles ; '.'. AC, DB are 
parallel. In the same manner AC, BE may be shewn 
to be parallel; .'. BD oaA BE being drawn from the 
same point, parallel to the same line, will also be in the 
same straight line. 
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(19.) Hie centre of the circle, which touches the 
semicircles described on the tw) sides of a right'-anghd 
triangle, is in the middle point of the hyfothenuse. 

On the sides AB, BC of the 
right-angled triangle ABCy let 
semicircles ADB, BEC be de- 
scribed. Bisect AC in O; O is 
the centre of a circle which will 
touch both the semicircles. 

From O draw OFB, OHD 
perpendicular to the sides. Then 
OH being parallel to BC, 

(Eucl vi. 2.) AO : OC :: AH : HB, 
.'. AH=HB, and H is the centre of the semicirde 
ADB. Hence the centre of a circle touching ADB in 
D is in the line DHO. For the same reason, the centre 
of a cirde touching BEC in E is in the line EP(L 
Also since OD is equal to OH and HD tc^ether, t. e. 
to BF and HB, or EF and FO together, t. e. to EG, 
O is the centre of the circle, which will touch both. 

Cor. The diameter of this circle will be equal to 
the sides of the triangle together. 




(30.) If on the three sides of a right-angled triangk 
semicircles he described, and with the centres of those 
described on the sides, circles be described touching that 
described on the base; they mil also touch the other 
semicircles. 

On the sides AB, BC of the right-angled triangle 
ABC let semicircles be described ; and with the centres 
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D and E^ let circles be described 
touching that described on the base 
in F and O ; each of these circles 
will touch the semicircle described 
on the other side. 

Join ODF, OEQ, DE. Since 
AB, BC are bisected in D and E, 
DE is parallel to AC, and equal to half AC, i. e. to AO 
or OC. In the same manner OD is parallel to BC, and 
OE to AB; .\ ODBE is a parallelogram, and EB, 
i. €. EH^ODi but OF=DE, .\ DH=^DF, and His 
a point in the circumference of the circle FHK; and 
being in the circumference of BHC, it will be the point 
of contact, since DE joins the centres. In the same 
manner it may be shewn that the circle OI touches the 
circle ABI in I. 



^#»^»^»^#»*»»^^»^»^» »^»»^»^»» 



(21.) If from any point in the circumference of a 
circle perpendiculars be drawn to the sides of the in- 
scribed triangle ; the three points of intersection unll be 
in the same straight line. 

From D any point in the circumference 
of the circle ABC, let DE; DF, DO be 
drawn perpendicular to the sides of the in- 
scribed triangle ACB\ join EF, FG ; EFG 
is a straight line. 

Join AD, BD, CD. Since the angles DFB, 
DGB are right angles, a circle may be described about 
the quadrilateral figure DGBF (vi. 13.)^ and the 
angle DFG is equal to DBG. Also since the angles 
DFA, DEA are right angles, a circle may be described 
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about the quadrilateral figure DFEA ; whence the angles 
DFE, DAE are together equal to two right angles. But 
.^JSC being a quadrilateral figure inscribed in a circk, 
the angle DAC is equal to DBG, i. e. to DFG ; /. 
DFE, DFG are equal to two right angles ; and EFG is 
a straight line. 



»^^^^<#i^#^^^^ ^^>^[^»i»^#i^»i^#»#^ 




(22.) The base of a right-angled triangle not being 
greater than the perpendicular ; if on any line drawn 
Ji^om the vertex to the base a semicircle be described, and 
a chord equal to the perpendicular placed in it, and bi- 
sected ; the point of bisection will always fall tciihin the 
triangle. 

Let ABC be a right-angled triangle, 
of which the side AC is not greater than 
BC. From B let any line BD be drawn 
to the base ; on which describe a semi- 
circle BCD, and in it place £F= BC, 
which bisect in G ; the point G is within the triangle 
ABC. 

Take O the centre of the semicircle ; draw OH per- 
pendicular to BC; join OG. Since BC is equal to EF, 
OHis equal to OG ; and the angles at G and I£ being 
right angles^ a circle described with the centre O, and 
radius OG, will touch BC in H, and .-. G is within the 
angle D BC. Also since AC is not greater than BC, 
DC is less than BC or EF, .*. EF is nearer to the centre 
O, than DC is ; or G falls above DC and within the 
angle DCB. 



^^^«>»##>»«#i^#^r^#<^^»<*»»i»«r'#<#<r>» 
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(23.) The straight line bisecting any angle of a tri*' 
angle inscribed in a given circle, cuts the circumference 
in a point, which is equidistant from the extremities of 
the side opposite to the bisected angle, and from the 
centre of a circle inscribed in the triangle. 

Let ABC be a triangle inscribed in 
the circle ACD. Bisect the angles BAC^ 
ABC by the lines AD, BO, which me^t 
in O; O is the centre of the circle inscribed 
in the triangle. Join BD, DC. The 
lines DB, DC, DO are equal to each other. 

Because the angles DAB, DAC are equal, BD = DC\ 
and because the angle CBD = CAD = DAB, to each of 
these add the angle CBO or its equal ABO ; and the 
whole angle OBD is equal to the two ABO, OAB, 
i. e. to BOD (EucK i. 32.) ; and .-. OD^DB. 




^ *^ ^^ ^ » *»»#»» ^^^<#i* » »#i^^i»i» # 



(24.) The perpendicular from the vertex on the base 
of an equilateral triangle is equal to the side of an equi- 
lateral triangle inscribed in a circle, whose diameter is 
the base. 

From C the vertex, let CO be drawn 
perpendicular to AB, the base of the equi- 
lateral triangle ABC ; upon AB d 
a circle ADB, and let DEF he tat 
lateral triangle inscribed in it ; CO 
equal to a side of this triangle. 

Draw DO bisecting the 
EF at right angles, 
centre. Join EG. 
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each equal to half the angle of an equilateral triangley are 
equal to each other, and AOC^DEO^ each being a 
right angle, and AC^AB:=^DG, /. CQ^DE. 




(25.) If an equilateral triangle be inscribed in a 
circle^ and the adjacent arcs cut off' by two of its sides be 
bisected ; the line joining the points of bisection will be 
trisected by the sides. 

Let ABC be an equilateral triangle in- 
scribed in a circle ; bisect the arcs AB, 
AC in D and E ; join DE ; it is divided 
into three equal parts in the points F and 
G. 

Since jDE and BC cut off equal arcs BD, CE, they 
are parallel, and /. (Eucl. vi. 2.) AFzsAG. Join BD, 
AE. The angle BFD = AFE, and DBF= AEFin the 
same segment, and BD — AE, since they subtend equal 
arcss /. DF^FA. In the same manner it may be 
shewn that AG = GE. Now the triangle AFG being 
similar to ABC is equilateral, /. DF, FG, GE are all 
equal, and DE is trisected. 



|»«^^»^^^»>»sr^^^ 



(26.) If any triangle be inscribed in a circle^ and 
from the vertex a line be drawn parallel to a tangent at 
either extremity of the base ; this line will be a fourth 
proportUmal to the base and two sides. 

Let ABC be a triangle inscribed in the circle ABC; 
and from B let BD be drawn parallel to AE a tan- 
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gent at A; then will AC : AB :: BC : 
BD. 

Produce CB to moiet the tangent in E. 
Since the* angle EAB is equal to the angle 
in the alternate segment ACBj and the 
angle AEB \% equal to CBJij .-. the triangle ABE is 
similar to CBD^ 

and AE : AB :: CB : CD; 
but from similar triangles BDC^ EAC, ' 

AC : AE :r DC: DB, 
/. ex aequo AC : ^B :: CB : DB. 



*»»#i#'^^*i»»*»»#i*<^»^^0»#^»^» 




(27.) If a triangle be inscribed in a circle, and from 
its vertex lines be drawn parallel to tangents at the ex-- 
tremities of its base, they wiU aU off* similar triangles. 

Let ABC be a triangle inscribed in a 
circle, and AD, CE tangents at the points 
^and C. From B draw fiF, BO respeo- 
tively parallel to them ; these lines will cut 
off the triangles ABF, CBG, which are 
similar. 

For (Eucl. iii. 33.) the angle ACB is equal to DAB, 
i. e. to the alternate angle ABF\ and the angle BAC is 
equal to BCE, t. e. to CBG; whence the triangles ABF, 
CBG having two angles in each equal, will be equi- 
angular and similar. 

Cor. 1.^ The rectangler txmtained by the segments of 
the base adjacent to the angles will be'equal to the square 
of eithef lin^ drawn from the vertex. 

Fbt if AD and CB be produced, they will meet and 

1 1 
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form with AC an isosceks triangle^ to which BFO is 
similar, .•.BF=BG. 

Now AF I BF :: EG : OC 
.\ the rectangle AF, GC is equal to the rectangle BF, 
BG, L e. to the square of BF. 

Cor. 2. Those segments are also in the duplicate 
ratio of the adjacent sides. 

For the triangles ABF and CBO are each of them 
similar to ABC, 

whence AC : AB :: AB : AF, 
.*. AC : AF in the duplicate ratio of AC : AB ; 
for the same reason, 

AC : CG in the duplicate ratio of AC : CB, 
.\ AF : CG in the duplicate ratio of AB : CB. 



aw#«»»#»»#»»^»^(»»»^^i^^»»i»«»^i»»^» 



(28.) /jT oii« circle be circumscribed and another 
inscribed in a given triangle, and a line be drawn Jrom 
the vertical angle lo the centre of the inner, and pro- 
duced to the circumference cf the outer circle ; the whok 
line thus produced has to the part produced the same 
ratio that the sum of the sides of the triangle has to the 
base. 

Let ABD be a circle circumscribed about 
the triangle ABC; O the centre of the in- 
scribed circle. Join AO, and produce it to 
D ; then ADD bisects the angle BAC. Join 
BD, DC; and draw BO, CO to the centre 
' of the inscribed circle ; then AD : DO :: AB+AC : BC. 
Draw OF, OG parallel to AB, AC, meeting BD, 
CD in F and G. The angle DBC=DAC=^DAB^ 
DOF, and the angle at D is common to the triangles 
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BED, OFD, and (vii. 30.) BD=DO, .. OF^BE. 
In the same manner it may be shewn that OG^EC. 
Now the trapeziums BACD, FOGD being similar, and 
similarly situated, 

AD : OD ;: AB+AC : FO+QG 
:: AB-^AC : BC. 




(39.) ^in a right-angled triangk, a perpenMcubtr 
be drawn from the right angle to the hypothenuae, and 
circles inscribed within the triangles on each side qf Ut 
their diameters vsill be to each other as the stAttnding 
sides of the right-angled triangle. 

Let ABC be a right-angled 
triangle ; from the right angle 
B let fall the perpendicular BDi 
and in the triangles ABD, 
BDC let circles be inscribed i 
their diameters are to one 
another as AB to BC. 

Bisect the angles BAD, ABD by the lines AO, 
BO, they will meet in the centre O ; in the same' manner 
lines bisecting DBC, DCB meet in the centre E; draw 
OF, EG to the points of contact Now the triangles 
ABD, BDC being similar (Eucl. vi. 8.), .-. thetri^gles 
ABO, BCE are similar ; whence 

AB : BC:: JBO : CB.\ 
but the tribes OBF, EOCare similar, 

.'. BO : CE :: OF : EG :: aOiT : afiO; 
..AB ; BC :: 3OF: ^EQ. 
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(30.) To find the locus of the vertex of a triangle, 
whose base and ratio of the other two sid^ are given. 



Let AB be the given base ; divide 



r. 



it in C so, that AC : CB may be in ^ " ^^-^TV 
the given ratio of the sides. Produce ^^ ^ 1 \ 
AB to ; and take CO a mean pro- ^ c » © 

portional between AO and i30. With the centre Q 
and radius CO, describe a circle ; it will be the locus 
required. 

In the arc AD take any point D ; join DA, DR, 
DC, DO. Since OjD = OC, 

AO : OD :: OD : OB, 
.*. the sides about the common angle O are proportional, 
and the triangles ADO, BDO are equiangular ; 
••. AD : DB :: DO : OB :: CO : OB :: AO : CO 

:: AO^CO : CO-- OB :: AC : CB. 
f . 6. in the given ratio. In the same manner, if any 
other point be taken in the circumference of the circle, 
and lines drawn to it, they will be in the same given 
ratio, and .*. the circumference is the locus required. 

CoH. Since in any triangle, if from the vertex a line 
be drawn cutting the base in the ratio of the sides, it 
will bisect the angle, .-. the angle ADC=i BDC. 



>i#^»^^»#'^#^^#^^^^^^^^^^ 



(31.) A given strcdght line being divided into oity 
three parts ; to determine a point such, that Unes drawn 
to tfie points of section and to the extremities of the line 
shall contain three equal angles. 

Let AB be the given line, and AC, CD, DB the 
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given parts. Take CO a mean pro- 
portional between AO and DO; 
and with the centre O and radius OC 
describe a circle. Produce CB ; and 
make DE a mean proportional between CE and BE ; 
and with the centre E, and radius ED, describe a circle 
cutting the former in F; F is the point required. 

For, as was proved in the last proposition, 

AF : FD :: AC : CD, 
and .-. the angle AFC=CFD; and 

CF : FB :: CD : DB, 
.-. the angle CFD=DFB; 
and .-. the three angles AFC, CFD, DFB are equal. 



^^ »^#»»^^^'^^»# ^»^^i#^i*^^<#»#«i»i^» 



(33.) //* ^tc?o e^ruo/ /me« /oticA two unequal circles^ 
and from the extremities of them lines containing equal 
angles he drawn cutting the circles, and the points of 
section joined ; the triangles so formed will he recipro- 
cally proportional. 

Let two equal lines AB, CD touch two unequal 





circles EBF, ODH; and from A and C let lines AIK, 
AEF, CLM, COH be drawn containing the equal 
angles KAF, MCH. Join IE, KF, GL, MH; then 
will the triangle AKF : CHM :: CGL : AIE. 
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Since ^B is equal to CD, the rectangles EA, AFy 
and GCj CH are equal ; 

.-. AF : CH :: OC : AE, 
and for the same reason, 

AK : CM :: CL : Al, 
whence AFx AK : CHxCM:: CGx CL : AExAI, 

.% the triangle AKF : CMH :: CGL : ^/B, 
since AK : CM in the ratio of the perpendiculars froiD K 
and M on y^Fand C/T; and CL : AI in the ratio of 
the perpendiculars from L and /. 



i»^^«^^^<^»^>»<»i»^^^»^^»^^»»^*^ 




(33.) Ifjrom an angle of a triangle a Une be draum 
to cut the opposite side, so that the rectangle contained 
by the sides incltiding the angle, be equal to the rectangle 
contained by the segments of the side together with the 
square of the line so drawn ; that Une bisects the angle. 

From B one of the angles of the triangle 
ABC, let BD be drawn, so that the rect- 
angle AB, BC may be equal to the rectangle 
AD,. DC together with the square of BD ; 
BD bisects the angle B. 

For if not, let BE bisect it ; the rectangle AB, BC 
is equal to the rectangle AE, EC together with the 
square of BE. About ABC describe a circle^ and pro- 
duce BD, BE to the circumference in F and 6 ; join 
FG. The rectangle AD, DC is equal to the rectangle 
BDy DF; .\ the rectangle AB, BC is equal to tiie 
rectangle BD, DF together with the square of BD, 
i. e. to the rectangle BF, BD. In the same way the 
rectangle AB, BC is equal to the rectangle BG, BE; 
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whence the rectangle BO, BE is equal to the rectangle 
BF, BD ; a circle may therefore be described through 
JD, Ey G, Fi whence DEOj DFG are equal to two 
right angles^ L e. to DEO, DEB ; and •*. DFO is equal 
to DEBj or to DAB and ABO; and .*. the arc AB 
equal to the arc BC, which is absurd^ unless the triangle 
be isosceles. Hence .\ BG does not bisect the angle ; 
and no other but BD can bisect it. 



»i#>»»»i»«#»^^i»i»i»^^i»>* i*i#i x » # ■ . # 



(34.) Tn any triangle, if perpendiculars he drawn 
from the angles to the opposite sides ; they will all meet 
in a point. 

Let ABC be any triangle ; and AF, 
CD perpendiculars drawn upon the op* 
posite sides, intersecting each other in 
G. Through G draw BGE ; it is per- 
pendicular to AC 

Join FD ; and about the trapezium 
BFGD describe a circle. The triangles ADG, GFC 
being equiangular, 

AG : GC :: OD : FO, 
whence also the triangles AGC^ FOD are equiangular ; 
and •*. the angle ACD-DFG^ABE\ and the angle 
BAC is common to the two triangles ABE, ACD; .*. 
the angle AEB ^ ADCj t. e. it is a right angle, and BE 
is perpendicular to AC. 




^x»#»#»»i*>»i»»>»#»»i»i#»»^>i#»»#»i»#^i»i»i» 



(35.) If from the extremities of the hose of any tri- 
angle, two perpendiculars be let fall on the line bisecting 
the vertical angle ; and through the points where they 
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meet that line, and the point in the base whereon the per- 
pendicular from the vertical angle Jails, a circle be 
described; that circle willbiseht the base of the triangle. 

Let ABC be a triangle^ whose vertical 
angle B is bisected by the line BD, on which 
let fall the perpendiculars AF, CE. From 
B let fall BG perpendicular to AC; a circle 
described passing through E, F^ O will also bisect AC 

About the triangle ABC describe the circle ADB\ 
and from D draw a diameter which will bisect ^C in 
H. Now since the angle AID is common to the tri- 
angles AIFj HID, and the angles AFI^ IHD are right 
angles, .'. the triangles AIF^ HID are similar. In the 
same manner BIOj CEI^Lve similar. Whence 

HI : ID :: IF : lA, 
and IG : IB :: IE : IC, 
.\ HIx IG : ID X IB :: IFx IE : lAx IC, 
and since ID x IB = IAx IQ /. HIxIG^IFx IE, 
or a circle passing through E^ Fy G will pass through H 
(vi. 13.), and .*. bisect the base AC. 



(36.) If from one of the angles of a triangle a 
straight line be drawn through the centre of its inscribed 
circle^ and a perpendicular be drawn to this line from 
one of the other angles ; the point of intersection of the 
perpendicular, and the two points of contact of the in- 
scribed circle, which are adjacent to the remaining angkf 
are in the same straight line. 

Let ABC be a triangle, and O the centre of its in- 
scribed circle. From B draw BOD through the centre^ 
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and from C let fall CH perpendicular 
to it. Let the circle touch the sides 
of the triangle in F and G ; join HO^ 
GF. HGF is a straight line. 

Join OG^ 0C\ and let a circle be 
described about the triangle ABC\ 
join CD. The triangles OGE,CHE, 
having the vertical angles at E equal, and OGE, CHE 
right angles, are similar, 

.-. CE : HE :: OE : EG, 
and .-. the rectangle CE, EG is equal to the rectangle OE, 
HE ; whence a circle will pass through the points C» O, 
G, H, .-. the angle COH^CGH. Again (vii. 20.) 
CD^DO, and AG^AF, also the angle CDO^GAF, 
.-. COE^AGFi whence CGH^AGF\ and CG, GA 
are in the same stt^ight line, .*• FG, GH are in the same 
straight line. 



» »>» ^>##ii»#»#»#»^»#»»#[»i»^i»i»^^i»<i 



(37.) If from the three angles of any triangle three 
straight lines be drawn to the points where the inscribed 
circle touches the sides ; these lines shall intersect each 
other in the same point. 

Let ABC be a triangle, in which 
a circle is inscribed, touching the 
sides in E, F, D. Join AF, CE, 
cutting each other in O. Join BO, 
and produce it; it will pass through D. 

For if not let it pass through some 
other point K; draw EG, EH re- 
spectively parallel to AC, BC. Then 
the triangles OEH, OFC being similar, 

KK 
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OE : EH :: OC : (CjF=) CD; 
in the same manner, 

EG : EO :: KC : CO, 
.-. EG : £// :: ifC : CD. 
Again, since EH is parallel to BF, 
AE : EH :: AB : {BF=)BE :: ^JiT : JBG 
.-. AK : ^£ :: EG : -Bfl^ :: JTC : CD, 

or AK : AD :: KC : CD; 
.-. AK+KC : AD + DC :: ^AT : /*/>; 
whence AK= AD, and JT coincides with D. 



»» ^^ »»» »»i*»»^^»»»^>»»»#^#»»>»^#»» 



(38.) if three circles touch each other ^ two ofwkiA 

are equal ; the vertical angle of the triangle Jbrmed bg 

joining the points of contact, is equal to either of the 

angles at the base of the triangle, which is Jbrmed bg 

joining the centres. 

Let three circles, whose centres 
are A, B, C, touch each other in the 
points D, E, F; and let the two 
circleSi whose centres are A and B, 
be equal. Join AB, BC, CA, ED, 
DF, FE ; the angle EDF is equal 
to either of the angles at A or jB. 

Since AE is equal to BF, the sides of the triangle 
ACB are cut proportionally^ .-. EF is parallel to ABy 
and the angle FED is equal to EDA. Now since CA 
is equal to CB, the angle at A is equal to the angle at B ; 
but AD, AE are each equal to^BF, BD, .\ DE is equal 
to DF, and the angle DFE=FED^ E/)A:=:AEDi 
whence the angle EDF^DAE^DBF. 




*>#^^i»^^^^»i< i»>i»i»#^^^< 
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(39.) Tjf three equal circlet touch each others to 
anwpare the area tf the triangle Jinined byjmmng their 
centrea with the area cf the triangle Jitrmed hyjoimng 
the points cf contact. 

Let three equal circles, whose cen- 
tres sre ^, B, C, touch each other in 
D. F, B. Join AB, BC, CA, ED. 
DF, FE. 

• Since the circles are equal, their radii 
are equal, .'. the sides of the triangle 
ACB are cut proportionally, and DF is parallel to AC, 
and DE to BC; .'. AEFD is a parallelc^ram, and the 
triangle DBF is equal to ADE. In the same manner 
it may be proved to be equal to each of the triangles 
DBF, FCEi and .: it is equal to one fourth of ABC, 




(40.) ^Jintr straight lines intersect each other, and 
form four triangles ; the circles which circumscribe them 
will pass through one and the same point. 

Let the lines AB, AC, DE, DC 
form the four triangles ABC, AEF, 
DCE, DBF', and let the circles 
circumscribing AEF, DBF, inter- 
sect each other in O ; the circles 
circumscribing the triangles ABC, 
DEC will also pass through 6. 

Join GA, GE, GF, GB, GD. Because tl 
G, F, B, D are in the circumference of 
angle GDB^GFA^ GEA, i.e. GDC 




isety^ 
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.\ the points G, E, C, D are in the circumference of the 
same circle, t. e. the circle circumscribing ECD passes 
through G. Also since the angle GAB » GFD^ OBD, 
i. e. GAC= GBD, /. the points G, A, C, B are in the 
circumference of the same circle ; or the circle circum- 
scribing ACB also passes through G. 



^^>»<i^^^ »^# *>^<»i#»»^i^»^^»^»>»i»i^ 




• 
(41.) Having given the base and vertical angie of 

a triangle ; to determine the locus of the extremity of 

the line which always bisects the vertical angle^ and is 

equal to half the sum of the sides containing the angle. 

Let AB be the given base ; and on it 
describe a segment of a circle ACB^ con- 
taining an angle equal to the given ver- 
tical angle. Complete the circle ; and 
draw the diameter FD bisecting AB. 
Join AF, FB ; and with thik centra F, 
and radius FA^ describe a circle ABEj 
cutting FD in E. On DE as a diameter describe a 
circle ; it will be the locus required/ 

Let ACB be any position of the triangle, and draw 
CGD ; it bisects the angle at C, since ACD is equal to 
AFD, i. e. to half of AFB or to half ACB. Produce 
AC, AF to / and /f , Join Hly CF, EG. The angle 
CAF is equal to CDF, and the angles AIH, FCD, 
DGE are right angles ; .\ the triangles AIH, CDF, 
EDG are equiangular, 

and AH : AJ :: FD : CD :: FE : CG. 
But AH is equal to AF and FB together, i. e. to 3 FEj 
and AI is equal to AC and CB together (ii. 6o.)> •*. AC 
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and CB together are equal to 3 CO, i. e. CO is half the 
sum of the sides AC and CB, and its extremity is in 
the circumference of the circle EGD. 




(43.) If from the extremities of the hose of a tri- 
angle inscribed in a circle, perpendiculars be drawn to the 
opposite sidesj, intersecting a diameter which is perpen- 
dicular to the base ; the segments of the diameter inter- 
cepted between these points and a point in it, whose 
distance from the base is equal to the lesser segment if 
the diameter made by the base, will be to one another in 
the ratio of the sides of the triangle. 

Let ABC he a triangle inscribed in a 
circle, whose diameter DE is perpendicular 
to the base AC. Make FG^ FE; and 
let the perpendiculars be drawn from A 
and C to the opposite sides, Intersecting in 
H, and meeting th^ diameter in /and K; 

KG : JG :: AB : BC. * 

Join AG, GC. Because GF=zFE, the 'angles 
OAF, GCF are each equal to FCE, i. e. to halC the 
vertical angle of the triangle; /• AGC, ABC are toge- 
ther equal to two right angles (Eucl. i. 3d) ; and since 
AHC is equal to its vertically opposite angle, AHC, ABC 
are equal to two right angles; whence AOC^AHC; 
and A, G, H, C are in the circumference of* a circle ; 
.\ the angle GHA:sz OCA^hM the angle ABC. Now 
the angle KHI, contained by the perpendiculars, is 
equal to ABC, .*. GH bisects the angle KHI. Also the 
angle OKH^KHB^BAC, and KIH:^A1F^ACB; 
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.'. the triangle KHI is equiangular to ABC; and it ha» 
been shewn that OH bisects the angle KHly 

.-. KO I GI :: KH : HI :: JB : BC. 



** »^*<»»##>#»#^»<^o# » # » »*»^<»»^* 




(43.) ijT /Ae exterior angle of a triangle be bisected 
^ a straight Une which cuts the base produced; the 
square of the bisecting line is equal to the difference of 
the rectangles of the segments of the base and of the 
«fe* of the triangle. 

Let CBD the exterior 
angle of the triangle ABC 
be biaected by BE which 
meets jiC produced in E ; 
the square of BE is equal 
to the di£feience of the rectangles AE, EC and AB, 
BC. 

About the given triangle describe the circle ABC; 
ftnd produce EB to F; and join AF. Then, because 
the angle EBC^EBD^FBA, and AFB^BCE, since 
each of ^m together with ACB is equal to two right 
angles;. .*• the triangles EBC, FBA are equiangular, 

and.^ : BF :: EB : BQ 
/• the rectangle AB, BC is equal to the rectangle EB, 
BF ; to each of these equals add the square of BE, and 
the rectangle AB, BC together with the square of BE is 
equal to the rectangle EB, BF together with the square 
of BE, i. e. to the rectangle FE, EB, or its equal AE, 
EC; and .-. the square of BE is equal to the diflference 
between the rectangles AE, EC and AB, BC. 



1 
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Sect. VIII. 

(1 .) Iw from the centre of a circle a line be drawn 
to any pmnt in the chord of an arc ; the square of that 
line together with the rectangle contmned by the segments 
of the chard will be eguiU to the square described on the 
radius, 

FrcHD the centre O of the circle ABD^ 
let OC be drawn to a point C in any 
chotd AB ; the square of OC together with 
the rectangle AC, CB is eqaal to the square 
descrihed on the radius. 

Through C draw DE perpendicular to OC. ' Join 
OD. Then DC= CE, and the rectangle DC, CE is 
equal to the square of DC ; but the rectangle DC, CE 
m equal to the rectangle AC, CB, .-. the rectangle AC, 
CB tf^ther with the square of CO is equal to the 
squares of DC, CO, i. e. to the square of DO. 



(3.) If tteo strmght lines in a circle cut each other 
at r^ht angles ; the sums of the squares of the two lines 
joining their extremities will be equcU. 

Let the two straight lines AC. BD cut 
each other at right angles in £; join AB, 
BC, CD, DA; the squares of AB, CD 
are equal to the squares of AD and CB. 

For the squares oi AB and CD are equal 
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to the squares of JE^ EB, DE^ EC. But the squares 

• ^^^ 

of AE and DE are equal to the square of AD^ and the 
squares of EC and EB are equal to the square of BCi 
.\ the squares ofAB and CD are equal to the squares of 
AD and BC. 



^^^^^>»^»»<»*»»^i» » #i^»#»^^#^i»»#^ 



(3.) If two points be taken in the diameter of a 
circle, equidistant from the centre ; the sum qf the 
squares of two lines drawn from these points to any 
point in the circumference will always be the same. 

Let A and B be two points in the dia* 
meter of the circle CDE, equally distant 
from the centre O; if lines AC, BC be 
drawn to a point in the circumference, the 
sum of the squares of AC, CB will be the same, in what- 
ever point of the circumference C is taken. 

Join CO ; then (iv. 30.) the sum oC the squares of 
AC, CB is double of the sum of the squares of AO and 
OC, which is an invariable quantity. 




^# *■!#■»#' #«*«#«*<#»»^l*l|#»»^l^^^»^^»^ 



(4.) If from any point in the diameter of a semicircle 
there be drawn two straight lines to the circumference, 
one to its point of bisection, and the other at right 
angles to the diameter ; the squares qf these two 
are together double of the square of the semi-i 

From any point C in the diameter AB, 
let CD, CE be drawn ; of which CD is per- 
pendicular to AB, and CE is drawn to the 



M^ 
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(6.) ^ straight Une being drawn from the centre fjf 
a fuadrant bisecting the arc and meeting a tangent 
draum from one extremity ; if from any paint in the 
bounding radius a line be draum parallel to the tangent j 
the sum of the squares of the segments of it, cut off* by 
the aforesaid Hne and hf the circun^erence will be equal 
to the square of the radius. 

From the centre O let OC be drawn 
bisecting the quadranta) arc ^B, and meet- 
ing a tangent to the point ^ in C. From 
any point D in j40 draw a perpendicular 
DE ; the squares of DF and DE are together equal to 
the square of OB. 

Join FO. Since the angle DOE is half a right 
angle, and the angle at D a right angle, /. DEO is half 
a right angle, and equal to DOE; whence DE^DO. 
Now . the squares of DO and DF are together equal to 
the square of 0F\ .*. also the squares of DE and DFzre 
together equal to the square of OF, or OB. In the 
same manner it may be shewn that the squares of GH 
and GI are together equal to the square of OB. 




{^') fffr^^ ^ point without a circle there be drawn 
two straight lines, one of which is perpendicular to a 
diameter, and the other cuts the circle ; the square of the 
perpendicular is equal to the rectangle contained by thi 
whole cutting line and the part without the circle, toge- 
ther with the rectangle contained by the segments of the 
diameter. 

From the point A let j4B be drawn perpendicular 
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to CD tbe diftineter of the circle DEC, 
and AFE cuttiDg tbe circle; the square of 
AB is equal to the rectangles EA, AF, and 
CB, BD together. 

Through the centre O draw ^6/f. The 
aquarea of AB, BO are eqnal to the sqnare 
cSAO, i.«. to tbe rectangie HA, AG together vrith the 
square of 00 (End. ii. 6.), i. «. to the rectangle HA, 
AQ togedier with the rectangle DB, BC and the squwe 
of OB i and .'. the square of AB is equal to the ractanglei 
HA, AO and DB, BC together. 



(8.) Ifamf straight line he drawn perpendicular to 
the diameter cf a given circle, end produced to cut any 
chord ; the rectangle contained by the segments of the 
£ameter mil be less or greater than the rectangle con- 
tained by the segments of the chord, by the square of the 
line intercepted between them, according as it is drtavn 
vjfthout or utithin the circle. ^ 

Let AB meet the diameter CD of 
the circle CGD at right angles in the 
point E, and any other chord OH in 
F; the rectangle CE, BD is less or 
greater than the rectangle OF, FH, by 
the square of EF, according as AB h 
without or within the drcle. 

Take O the centre of the circle, and through it draw 
FOK cutting the circle in / and K. Then because KI 
is bisected in O, and produced to F, the rectangle KF, 
Fl together with the square of 01 is equal to the square 
of OF, i. e. to the squares of OE and BF. But when E 
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18 without the circle^ the rectangle CE, ED together 
with the square of OD is equal to the square of OE, 
.-. the rectangle KF, FI together with the square of O/ 
is equal to the rectangle CEy ED, together with the 
squares of OJD, and EF. And since 01 is equal to 
ODy and the rectangle KF^ FI is equal to the rectangle 
GF, FHy (Eucl. iii. 36. Cor.); .'. the rectangle GF, 
FH\% equal to the rectangle CE, £1> together with the 
square of EF. In nearly the same manner it is demon- 
strated if AB be within the circle. 



(9.) If a diameter of a circle he produced to Insect 
a line at right angles^ the length of which is the double 
of a mean proportional between the whole line through 
the centre and the part without the circle ; and from any 
point in the double of the mean proportional a line he 
drawn cutting the circle ; the sum of the squares of the 
segments of the double mean proportional will be equal 
to twice the recfangle contained by this cutting line and 
the part without the circle. 

Let the diameter BA produced bisect 
DCE at right angles, and let CD and CE 
be each a mean proportional between AC 
and CB ; and through any point F let 
FGH be drawn cutting the circle in G and 
H\ the squares of DF, and FE are together equal to 
twice the rectangle GF, FH. 

Since the rectangle AC, CB is equal to the square of 
CD, the rectangle AC, CB together with the square of 
CF is equ^l to the squares of CD and CF. But (viii. 8.) 
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to CD the diameter of the circle DEC, 
and AFE cutting the circle ; the square of 
AB is equal to the rectangles Ejiy AF, and 
CB, BD together. 

Throi^h the centre O draw AGH. The 
squares of AB^ BO are equal to the square 
oiAOy i.e. to the rectongU HAy AG together with the 
square of GO (Eucl. li. 6.), t. e. to the rectangle HA, 
AG togetiier with the rectangle DB, BC and the square 
of OB ; and /. the square of AB is equal to the rectangles 
HA, AG and DB, BC together. 




(8.) Ifanj/ straight line he drawn perpendictUar to 
the diameter of a given circle, end produced to cut any 
chord ; the rectangle contained hy the segments of the 
diameter will be less or greater than the rectangle con- 
tained by the segm^ts of the chords by the square of the 
line intercepted between them, according as it is drawn 
without or within the circle. ^ 

Let AB meet the diameter CD of 
the circle CGD at right angles in the 
point E, and any other chord GH in 
F; the rectangle CE, ED \s less or 
greater than the rectangle GF, FH, by 
the square of EF, according as AB is 
without or within the circle. 

Take O the centre of the circle, and through it draw 
FOK cutting the -circle in / and K. Then because KI 
is bisected in O, and produced to F, the rectangle KF, 
FI together with the square of 01 is equal to the square 
of OF, i. e. to the squares of OE and EF. But when E 
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to the rectangle FE, EG ; .'. the rectangle FE, EG 
is equal to the square of ED ; 

and EF : ED :: ED : EG. 



#>#<#^i»^^i»>»^^i»^^#»»#i^^^^»^»#* 




(11.) TjTa chord be drawn parallel to the diameter rf 
a circle t and Jrom any point in the diameter lines he 
drawn to its extremities ; the sum of their squares toitf 
be equal to the sum of the squares rfthe segments cfthe 
diameter. 

Let CD be drawn parallel to AB the 
diameter of the circle ACD ; and from any 
point E in AB, let EC, ED be drawn ; the 
squares of EC and ED are together equal 
to the squares of EA and EB. 

Take O the centre, and join CO, DO ; and let fall 
the perpendiculars CF, DO. Then since CD is parallel 
to AB, the angles AOC, BOD are equal, and 0F= OG. 
Now(Eucl. ii. 13.) CE'^CO' + 0E'+20FkOE, 

and (Eucl. ii. 13.) ED'^^DO' + OE^'-qOGx OE, 
whence the squares of CE, ED are equal to twice the 
squares of CO, OE, or twice the squares of AO^ OE, 
i. e. to the squares of AE, EB (Eucl. ii. 9.). 



*<»^^i»»^^^ » »»#»»i»^^i»«»^^»»#<»^^ 



(13.) If through a point mthin or without a circle^ 
two straight lines be drawn at right angles to each other, 
and meeting the circumference ; the squares of the seg- 
ments of them are together equal to the square of the 
diameter. 
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Let AB^ CD cat one 
another at right angles in E ; 
the sum of the squares of AE, 
EB, CE, ED will be equal to 
the square of the diameter. 

Draw the diameter AF. Join FB, BC,FD, DAi 
then ABF being a right angle is equal to AED, and 
.-. BF is parallel to CD, and (ii. 1.. Cor. 2.) BC^FD. 
And since the angles at E are right angles^ the squares 
of CE, EB are equal to the square of CB, t. e. to the 
square of DF; but the squares of AE, ED are equal 
to the square of AD; .•. the squares of CE, EB, AE, 
ED are equal to the squares AD, DF, i. e. to the square 
of AF, A DF being a right angle.. 



^>»^»»»»«»i^^»«»^>^<*><»»^^<#»»^i»^^i»^ 



(13.) Ifjrom a point without a circle there he drawn 
two straight lines, one of which touches the circle and the 
other cuts it ; and from the point of contact a perpen- 
dicular be drawn to the diameter ; the square of the line 
which touches the circle is equal to the squar^ of that 
part of the cutting line which is intercepted hy the per- 
pendicular, together with the rectangle contained by the 
segments of that part of it which is within the circle. 

From the point A without the cir- 
cle BCD let two lines AB, AC be 
drawn ; of which AB touches the cir- 
cle, and AC cuts it ; and irom B let 
BFG be drawn perpendicular to the diameter ; the square 
of AB is equal to the square of AE together with the 
rectangle CE, ED. 
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For the square of AB is equal to the squares of AF, 
FB. But (EucL 11. 5.) the square of FB is equal to 
the rectangle BE, EG together with the square of EF, 
i. €. to the rectangle CE, ED together with the square 
of EF; .*. the square of AB is equal to the squares of 
AF, FE tc^ther with the rectangle CE, ED, i. e, to 
the square of AE together with the rectangle CE, ED. 



^^^^■^•^■^ m-^^0^'^^^^^^*^^'' 




(14.) A straight line draum from the concourse of 
tux) tangents to the concave circumference of a circle is 
divided harmonically by the convex circumference and the 
chord which joins the points of contact. 

m 

m 

Let AB, AC touch the circle 
ADC, and AGE cut it. Join BC; 
then will 

AE : AG :: EF : FG. 

On EG ^s diameter describe a 
circle EHG, and through jF draw HFl perpendicular to 
EG. Join AH. Then the rectangle BF, FC is equal 
to the rectangle EF, FG, i. e. to the square of HF, or 
the rectangle HF, FI; and /. the points H, B, I, C 
are in the circumference of a circle. And since the square 
of AH is equal to the squares of AF, FH, or to the 
square of AF and the rectangle BF, FC, i. e. to the 
squares of AK, KF, together with the rectangle BF^ FC, 
i. e. to the squares of AK, KB^ or to the square of AB ; 
.*• AH^AB; and since the square of AH is equal to the 
rectangle EA, AG, AH is a tangent at H. And since 
EG is a diameter, (ii. 42.) 

AE : AG :: EF : GF. 
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(15.) If from the extremities qf any chord in a circle 
straight lines he drawn to ang point in the circumference 
meeting a diameter perpendicular to the chord ; the rect- 
angle contained by the distances qf their points if inter ^ 
section from the centre is equal to the square described 
upon the radius. 

From A and B^ the extremities of 
the chord AB, let AC, BChe drawn 
to any point C in the circumference; 
and let them meet a diameter perpen- 
dicular to AB in D and E. Take O 
the centre ; the rectangle DO, OE is equal to the 
square described on the radius. 

Draw the diameter BOG. Join CG, CO. Since 
the angle OCB is equal to OBC, and BOC to FADy 
and that CBG^ and BGC together are equal to a right 
angle ; .*• OCE and /WZ> together are equal to a right 
angle, and /. to FAD and ^JDF together ^ hence OCE 
is equal to ADOy .\ the triangles COD, COE are equi- 
angular, 

and DO : OC :: OC : OE, 
.\ the rectangle DO, OE is equal to the square of OC. 
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(16.) If from any point in the hose or base produced, 
of the segment tf a circle, a Une he drawn making there- 
with an angle equal to the angle in the segment, and 
from the extremity of the base any line be drawn to the 
former, and cutting the drcunvference ; the rectangle con* 
tained by this line and the part of it within the segment 
is always qf the same magnitude. 

MM 
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Let ABC be a segment of a circle * 
on the base AC; and from any point 
D, let DE be drawn, making with AC 
an angle equal to the angle in the seg* 
menty and meeting any line AB drawn from the extremity 
A"; the rectangle EA, AB is of invariable magnitude. 

Since the angle ADE is equal to ABC, and the 
4ngle at A common to the triangles ADE, ABC, the 
triangles are .*. similar ; whence 

AD : AE :: AB : AC, * 
and the rectangle AE, AB is equal to the rectangle AD, 
AC, which is invariable. 



^^^^^N»»^>^^«»»^^'^^^^^»^< 



(17.) To determine the locus of the extremities of 
any number cf straight lines drawn from a given pointy 
so that the rectangle contained by each and a segment 
cut off from each by a line given in position nuxy he equal 
to a given rectangle. 

Let A be the given point, and DE the 
line given in position « Draw AGF per- 
pendicular to DE ; and take ^jPsuch that 
the rectangle AG, AF may be equal to the 
given rectangle ; and on* AF as diameter 
describe a circle ; it will be the locus required. 

Draw any line AC\ and join FC • The triangles 
ABO; AFC being similar, 

AF : AC :: AB : AG, 
.'. the re<itangle AC, AB is equal to the rectangle AF, 
AG, t\ e. to the given rectangle. And the same may be 
proved of any other line drawn from A to the circum- 
ference, which /. is the locus. 
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(18.) If from a given jmnt two straight lines he 
drawn, containing a gipen angle, and such that their 
rectangle may he equal to a givefi rectilineal Jigure, and 
one of them he terminated hy a straight line given in 
position ; to determine the locus of the extremity of the 
other. 

Let j4 be the given point, and BC the 
line given in position. From -4 draw j4D 
perpendicular to BC; and draw /^E, 
making with it the angle DjiE equal to 
the given aogle ; and make j^E of such 
a magnitude that the rectangle AD, AE may be equal 
to the given figure. On AE as diameter describe a 
circle AFE ; it will be the locus required. 

Draw any other line AB^zxA AF making with it the 
angle FAB equal to the given angle ; join FE. Then 
the triangles ABD. AFE, being equiangular, 

AB : AD :: AE : AF, 
whence the rectangle AB, AF is equal to the rectangle 
AD, AE, t. e. to the given figure; and the same may be 
proved, of any other two lines, similarly drawn from A. 




(19.) If from the vertical angle of a triangle two 
lines he drawn to the hase making equal angles with the 
adjacent sides ; the squares of those sides will he propor- 
tional to the rectangles contained hy the adjacent seg- 
ments of the hase. • 

Let AD, AE be drawn fi^m the ver- 
tical angle A making equal angles BAD, 
EAC with the adjacent sides; then will 
AB" : AC* :: BDx BE : CDx CE. ^^'^^^^^ 
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About the triangle jiDE desbribe a circle; catting 
jiB, AC (prodaced if neoestaiy) in G and F. Join F6. 
llien (Eacl. iii. 36.) the arcs ODf FB are «qaal, .*. 
(ii. I . Cor.) FG is parallel to BC ; 

.-. AB : AC :: BG : CF, 
and AB* : AC* :: ABxBG : ACx CF 

:; BDxBE : CDxCE (Eucl. iii. 36.). 
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(20.) J7* ^ ^'^ placed in ome circle be made the 
diameter of a second, the drcwnference cf the latter 
passing thorough the centre of the former ; and amf chord 
in the farmer circle he drawn through this diameter per^ 
pendicularly ; the rectangle contained by the segments 
made by the circun^ference ff the latter circle will be 
equal to that contained by the whole diameter and o mean 
proportional between its segments.. 

Let a line AC, placed in the circle 
ADCf be the diameter of the circle ABC, 
who6e circumierence passes through the 
centre- of ADC. Through any point B 
let a line DBE be drawn perpendicular 
to AC\ the rectangle DB, BE is equal 
to the rectangle AC, BF. 

Draw CBG. And since the circumference ABC 
passes through the centre of AGD, /. (ii. 6o.) AB is 
equal to BO, and the rectangle AB, BC is equal to the 
rectangle GB, BC, i. e. to the rectangle DB, BK Also 
the rectangle AB, BC is equal to the rectangle AC, BF, 
(Eucl. vi. C), /. the nctangle DB, BE is equal to tbe 
rectangle AC, 
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(31 .) If semicircles be described on the segments of 
the base made by a perpendicular drawn Jrom the right 
angle of a triangle ; they IciU cut off* Jrom the sides, 
segments which will be in the triplicate ratio ff the 




« 

From the right angle B let BD be 
drawn perpendicular to AC; and on 
AD, DC let semicircles be described^ 
cutting ^B, CB \nE and F; AE : 
CFin the triplicate ratio of ^5 : CB. 

Join DE, DF; they are perpendicular to AB, BC 
respectively ; /. (Eucl. vi. 8. Cor.) 

AC : AB :: AB : AD 
AB : AD :: AD : AE; 
hence AC : AE in the triplicate ratio of AC : AB. 
In the same manner it may be shewn that 

AC : CF in the triplicate ratio of AC : CB, 
.*. inv. and ex asquo, 

AE : CF in the triplicate ratio of AB : CB. 



(22.) If Jrom any point in the diameter qj^ a semt-^ 
circle a perpendicular be drawn, and Jrom the extre- 
mities of the diameter lines be drawn to any point in the 
circumference, and meeting the petpendicular ; the rect- 
angle contained by the segments which they cut oJJJrom 
the perpendicular, will be equal to the rectangle con- 
tained by the segments of the diameter. 

From any point D in the diameter 
AC of the semicircle ABC, let a, perpen- 
dicular DF be drawn ; and to any point 
B in the circumfei^enoe let the lines AB, 
CB be drawn, meeting the perpendicular 




278 G£OM£TRICAL PROBLEMS. [Stci, 8. 

in E and F\ the rectangle FD, DE is equal to the 
rectangle AD, DC^ 

Since the angle ABC in a semicircle is a right angle, 
FBE is also a right angle, and /. equal to FDC\ and 
the vertically opposite angles at E are equal, «*•• the 
angle BFE is equal to ECD^ and the triangles FDAy 
DEC are equiangular^ 

and FD : DA :: DC : DE, 
/. the rectangle FDy DE is equal to the rectangle AD, 
DC. 

■ 

(23.) If from the point of bisection and any other 
point in a given arc of a circle, two parallel lines be 
drawn, the former* terminated by the circumference, the 
latter by the chord of the arc ; the rectangle contained 
by these two lines will be equal to that contained by the 
Knes which join the latter point with each extremity of 
the given arc. 

From C the middle point of the arc 
ACB, and D any other point, let any two 
parallel lines CEy DF be drawn, of which 
CE is terminated by the circumference of 
the circle, and DF by the chord AB. 
Join AD, DB ; the rectangle CE, DF is equal to the 
rectangle AD, DB. 

Draw DO perpendicular to AB ; draw the diameter 
CH; and join EH. The angle FDG being equal to 
ECH, and the angles at G and E right angles, the tri- 
angles FDG, ECH are equiangular, 

.-. DG : DF :: EC : CH, 
whence the rectangle EC, DF is equal to the rectangle 
DG, CH, i. e. (Eucl. vi. C.) to the rectangle AD^ DB. 
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(24.) If two circles cut each other, and from either 
point of intersection lines he drawn meeting both circum^ 
Jerences; the rectangles contained by the segments of 
these lines are to one another in the ratio of the perpen- 
diculars drawn from their intersection with inner cir* 
cumferences upon the line joining the intersections of the 
circles. 

Let the twQ circles-^iSC^ ABE cut 
each other in A and JB ; join AB ; and 
from B draw any two lines BC, BD cutting 
the circles in E, F^ C, D; let fall the per- 
pendiculars EGf FH; the rectangles BE^ 
EC and BF, Ft) are to one another as 

EG to FH. 

• 

Join^l>, AC. Since the angle AFB=AEB, .: 
AFD=AECy but ADF=ACE in the same segment, 
.*. the triangles AFD, ^£C are similar ; 

and EC : EA :: FD : FA. 
But EC : EA :: ECxEB : EAxEB 

= EGx diameter of the circle ABE, 
and FD : FA :: BFx FD : BFx FA 
= FHx diameter of the circle ABE, 
whence ECxEB : BFx FD v. EGxD iFHxD:: 

lEG I FH. 




^»^^^.#>^^^s»^< 



(25.) TjT on opposite sides of any point in the chord 
of a circle two lines he taken, one terminating in the 
chord, the other in the chord produced, whose rectangle 
is equal to that contained by the segments of the chord ; 
and the extremities of the lines so taken be joined to those 
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of any other chord passing through the same paint ; the 
Une joining their intersections of the cirele will be 
parallel to thejirst chard. 

On opposite sides of any point C 
of the chord AB of the circle jiBO 
let two lines CD and CE be taken, 
such that the rectangle DC, CE niay 
be equal to the rectangle AC, CB; 
and through C let any chord GCF be drawn, Mhd DF, 
OE joined, meeting the circumference in H' and /. 
Join HI; it will be parallel to AB. 

Since the rectangle DC, C1& is equal to the rectangle 
AC, CB, I. e. to the rectangle GC, CF, 

.-. DC : CF :: GC : CE, 
.*. the triangles DCF, GQE are equiangular, and the 
angle FDC is equal to CGE or FHI in the same seg- 
"ment y :. HI\% parallel to AB. 



(26.) Ifjrorti tivo points without a circle two tan- 
gents be draum, the sum of the squares of which is equal 
''to the square of the line joining those points ; and from 
one of them a line be drawn cutting the circle, and two 
lines from the othet^ point to the intersections with the 
circumference; the points in which these two lines cut 
the circle, are in the same straight line with the former 
point. 

From A and B two points without the circle CDE 
let tangents AC, BD be drawn^ such that (he sum of 
their squares may be equal to the square of AB. If 
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from -4 any line AFE be drawn, 
and BP, BE joined ; the points 
Ay H, G will be in a straight line% 
In AB take a point /, so that 
the rectangle ^ A, J3/may be equal 
to the square of BD. Join IF, 
IH, AH, HG. Then the reet^ 
angles AB, A I and AB, BI are together equal to the 
square of AB, t. e. to the squares of AC, BD ; .'. the 
rectangle AB, A I is equal to the square of ^C or to the 
rectangle AF, AE ; 

.-. AF I AB :: AI : A&, 
and .*. (Eucl. vi. 6.) the angle AIFis equal to AEB^ 
whence also FIB^FHG. Now the rectangle BI, BA 
being equal to the square of BD, or to 4be rectangle 
BH, BF, 

.\ BF : BA :s BI : BH, 
and .-. the angle AHB is equal to FIB, or F//&; and 
BHF is a straight line^ .". AHG is a straight line. 



<^^^^»<«^>»^^^< 



(27.) If from the vertex of' a triangle there be drauM 
a line to any point in the base, from which point lines 
are drawn parallel to the sides ; the sum of the rectangles 
K)f each side and its segment a^acerU to the vertex will 
he equal to the square of the line drawn from the vertex 
together wUh the rectangle contained by the segments of 
the base. 

From the vertex A of the triangle ABC let a line AD 
be drawn to. any point D in the base ; from which let 
DF, DE be drawn parallel respectively to AB, AC-, the 

N N 
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rectangles BJ, AE, and CA, AF will 
together be equal to the square of AD, and 
the rectangle BD^ DC together. 

About ABC let a circle be described ; 
and let AD meet the circle in 6. Join 
BG, GC. From E draw EH, making the angle AHE 
equal to ABG. Produce A Bio I. Because the angfei 
AHEj ABG are equal, the points E, B, G, H are in 
the circumference of a circle, .*. the rectangle BA, AE 
is equal to the rectangle GA, AH; and the angle EHD 
will also be equal to GBI, t. e. to ACG. And because 
AC, DE are parallel, the angle EDH is equal to GAG; 
hence the triangles EDH, GAC are equiangular, 

and /. AC : AG :: DH : DE, 
and the rectangle AG, DH is equal to the rectangle AC, 
DE, i. e. to the rectangle AC, AF. And because the 
rectangle BA, AE is equal to the rectangle GA, AH 
and the rectangle CA, AF to the rectangle AG, DH, 
.*. the rectangles BA, AE and CA, AF are together 
equal to the rectangles GA, AH, and GA, DH, t . e. to 
GA, AD or to the rectangle AD, DG together with the 
square of AD; or to the rectangle BD, DC together 
with the square of AD. 



» ^^^^^ «^tf^^^»^ ^ 



(28.) If' on the chord of a quadrantal arc a setm^ 
circle he described ; the area of the lune so formed will 
be equal to the area of the triangle formed by the chord 
and terminating radii of the quadrant. 

Let ABO be a quadrant, on the chord 
of which let a semicircle ADB be described ; 
the lune AD BE is equal to the triangle 
ARO. 
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Since circles are as the squares of their radii, tlie 
quadrant AEBO : ADC :: AO* : AC :: 3 > I, /• 
the quadrant AEBO is equal to the semicircle ADB ; 
and taking away the part AERCy the lune ADBE is 
equal to the triangle ABO. 



(29.) Ifjhm the extremities of the side of a square 
circles be described toith radii equal the former to the side, 
and the latter to the diagonal of the square ; the area of 
the lune so formed will be equal to the area of the square. 

From D and C the extremities of DC 
the side of a square, with radii DB and 
CB, let circles be described, cutting each 
other again in E ; the area of the lune 
BFE is equal to the square AC. 

Join CJB, ED. Since BC is equal to CJ5, and CD 
is common, and BD is equal to DE, .*• the angles BCE, 
ECD are equal ; whence BE is a straight line ; also ^he 
angles BDQ EDC are equal ; and BDC being half a 
right angle, BDE is a right angle; .*• the arc BE is a 
quadrant; .'. the lune BFE is equal to the triangle 
BDE (viii. 28.) t. e. to the square AC 




(30.) ^ on the sides of a triangle inscribed in a 
semicircle J semicircles be described^ the tax) lunes formed 
thereby unll together be equal to the area of the triangle. 

Let ABC be a triangfe inscribed in a semicircle. 
On AB, BC let semicircles ADB, BEC be described ; 
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the lunes ADBF, BGCE are together 
equal to the triangle ABC. 

Since the areas of circles are as the 
squares of their diameters, the semi- 
circle ABC : ADB :: AC : ABr, 
and ABC : BEC :: AC* : BC* 
.-. ABC : ADB+BBC :: AC : ^5»+fiC", 
f. e. in a ratio of equality, .*. ABC = ADB + BEC', 
from these equals take away the segments AFB, BGC, 
and the triangle ABC=^AFBD-{-BOCE, 



«r#^«*^^^^*^^»*»'^^»^^^*'<'^«*^'» 



(31.) If on the ttvo longer sides of a rectangular 
parallelogram as diameters^ two semicircles be described 
towards tlie same parts ; thejigure contained by the two 
remaining sides of the parallelogram and the two cir- 
cumferences shall be equal to the parallelogram^ 

Let ABCD be a rectangular parallel- 
ogram, on the sides A By DC of which 
let semicircles AEB, DFC be described; 
the figure DAEBCHFG is equal to 
ABCD. 

m 

Since AB = DC, the semicircles are eqoal ; from 

' each of which take away FGH, and AGFHBE = 

DGHC; if to these equals be added ADG and BHC, 

the whole ADGFHCBE will be equal to the whole 

ABCD, 




•*^ ^ # **^# **>*■* ♦♦^^^ < 



ual distances from 
perpendiculars be 
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draum from these points to the radius ; the muctilinear 
space cut off*, shall be equal to the sector which stands on 
the arc between them. 

Let two points C, E he taken at equal 
distances from ^ and B, the extremities of the 
quadrant j4B ; and let fall the perpendiculars 
CD, EF on AO. Join CO, EO; the figure 
CDFE is equal to the sector COE. 

Since the arc AC^EB, the angle ^OC=EOJB = 
OEFj and the angles at D and F are right angles^ and 
CO^OE, .-.the triangle COD^EOF; from each of 
these take away OFH, .\ DFHC^OHE; to each of 
these add CHE, and CDFE =^ COE. 




(33.) If the arc of a semicircle be trisected, and 
from the points of section lines be drawn to either extre- 
mity of the diameter ; the difference of the two segments 
thus made, unll be equal to the sector which stands on 
either of the arcs. 

LfCtthe arc of the semicircle ACB be 
divided into three equal parts in the 
points C, and D. From A the extre- 
mity of the diameter draw AC, AD ; 
take O the centre, and join OC, OD ; the difference of 
the segments AC and ACD is equal to the sector COD. 

Since the angles CAD, DAB stand on equal cir- 
cumferences, they are equal ; but the angle DAO = ODA, 
/. CAE^EDO, and CEA^OED, .-. the . triangles 
CAE, EOD are equiangular ; and since OE is drawn 
bisecting the vertical angle O of the isosceles triangle 
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AOD^ it bisects the base, .*. AE=:ED; and conae- 
quently the triangle AEC is equal to the triangle DOE; 
add to each CED, and CAD =^ COD. 



f^^t^ ^ ^^^>^.^.*'^^*>*>^M 




(34.) If a straight line be placed in a circle, and on 
the radius passing through one extremity, as a diameter, 
another circle be described ; the segments of the ttoo 
circles cut off* by the above straight line will be similar, 
and in the ratio of Jour to one. 

Let EC be a straight line placed in the 
circle ABC. Take O the centre, and join 
OC'y and upon it describe a semicircle ODC. 
The segments EAC, DGC are similar, and 
in the ratio of 4 : 1 . 

Join OD, and produce it both ways to the circum* 
ference. Take F the centre of the semicircle ODC. 
Join OE, FD, Then ODC being a right angle, ED 
= DC, and OF=zFC, ,\ (Eucl. vi. 3.) DF is parallel 
to EO; 

and CE : EO :: CD : DF, 
and the segments EAC, DGC are similar; 

whence EAC : DGC :: EC^ : CD" :: 4 : l. 

CoR. The segment x4DC is bisected by the circum- 
ference DGC. 



(35.) If on any two segments of the diameter of a 
semicircle semicircles be described; the area include 
between the three circumferences will be equal to the 
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area of a circle^ whose diameter is the mean proportional 
between the segments. 

On AD^ and DC, segments of AC 
the diameter of the semicircle ABC 
let semicircles AED, CFD be de- 
scribed ; from D draw DB perpendi- 
cular to ABf and .*. a mean propor- 
tional between AD and CD ; the figure AEDFCB is 
equal to the circle described upon DB. 

Join AB, BC. Since ADB is a right angle, the 
semicircle on AB is equal to those on AD and DB 
together ; and the semicircle on BC is equal to those on 
BD and DC; .-. the semicircles on AB and BC, or the 
semicircle ABC which isT equal to them, will be equal to 
the semicircles AED, DFC and the circle described 
upon DB. From these equals take away the semicircles 
AED, DFC, and the figure AEDFCB is equal to the 
circle described upon DB. 



9 

(36.) If the diameter of a semicircle be divided into 
any number of parts, and on them semicircles be rfe- 
scribed; their circumferences wiU together be equal to 
the circumference of the given semicircle. 

Let AB the diameter of the semi- 
circle ACB be divided into any num- 
ber of parts in the points />, E; and 
on AD, DEy EB, let semicircles be 
described; their circumferences are 
together equal to ACB. 

For since the circumferences of circles are as their 
diameters. 
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ACB : JFD :: AB : AD 

ACBr. DGE :: AB : DE 

ACB : EHB :: AB : EJB, 

whence ACB : AFD + DGE + EHB :: ^B : AD^ 

IDE + EB, 
in which proportion the third term being equal to the 
fourth, 

ACB^ AFD + DGE + EHB. 



(37.) If tux) equal circles cut each other, andjrom 
either point of section a line be drawn meeting the two 
circumferences ; the area cut off* hy the part of this Kne 
between the two circumferences will be equal to the ar^ 
of the triangle contained by that part and lines drawn to 
its extremities from the other point of section. 

Let the two equal circles ADB, ACB 
cut each other in A and B ; and from A 
draw any line AC, cutting the circles in D 
and C; join DB.BC; the figure D b B c CD 
is equal to the triangle DBC. 

Take any points E, F in the circumferences AEB^ 
AFB; join AE, EB, AF, FB. Since the arcs ADB, 
AFB are equal, the angles ADB, AFB are equal. But 
the angles AFB, AEB are equal to two right angles, and 
.-. to ADB, BDC -, whence the angle BZ)C=^££rr 
ACB, and BD=BC; .\ the segment DbB \s equal to 
the segment BcC; to each of these add DbBC, and 
the triangle DBC is equal to DbBcCD. 

Cor. If AE is a tangent to ADB at A ; the area 
ADbBcCEA will be equal to the triangle ABE. 
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(38.) ^two equal circles touch each other externally, 
and through the point of contact another be described 
with the same radius ; the area contained hy the convex 
circumferences cut off* from the touching circles, and the 
part of the third without them, is equal to the area of the 
quadrilateral figure formed hy lines drawn from the 
points of intersection to the point of contact, and to the 
point where the third circle is cut by a tangent drawn 
to the point of contact of the two circles. 

Let two equal circles touch each other 
in A ; and through the point of contact let 
an equal circle JBC be described, cutting 
the former in B and C Join AB, Ad 
and to the point A let a tangent ^D.be drawn ; join BD, 
DC. The area contained by AEB, AFC and the inter- 
cepted arc BDC is equal to the quadrilateral figure 
ABDC. 

Since DA touches the circle AEB, the angle DAB 
is equal to the angle in the alternate segment, and •*• 
equal to the angle in the segment BCA, i. e. equal to the 
angle BDA, whence BA^BD\ .\ the segment BE A 
is equal to the segment BGD ; and AEBGDA is equal 
to the triangle ABD. In the same manner it may be 
shewn that AFCHDA is equal to the triangle ACD ; 
/. AEBGHCFA is equal to the quadrilateral figure 
ABDC. 




. (39.) If a straight line be divided'into any two parts, 
and upon the whole and the two parts semicircles be de- 
scribed ; and from the point of section a perpendicular 

oo 
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be drawn, on each side of which circles are described 
touching it and the semicircles; these c^les will be 
equal. 

Let jiB be divided into any 
two parts in C; and on AB^ AC^ 
CB let semicircles be described ; 
from C draw the perpendicular 
CD^ on each side of whicli let 
a 'circle be described touching 
the perpendicular and each of the semicircles. These 
circles are equal. 

Let EFGH touch the perpendicular in H, and the 
semicircles in F and G. Draw the diameter £ff parallel 
to^AB. Join FEy EA ; y^F will be a straight line (ii. 35.). 
Produce it to meet the perpendicular in />• Join FHf 
HB i FB will also be a straight line, and perpendicular 
to AD at the point F. Join EG, GQ HG, GA; EC 
and HA will also be straight lines. Produce AH to I. 
Join BI; it will be perpendicular to A I, and pass 
through Df since the perpendiculars to the three sides 
of the triangle AHB meet in a point. And since the 
angles AGCy A IB are equal> EC is parallel to DB, 

.-. AD : DE :: AB : BC; 
and ACy HE are parallel, 

/. AD : DE :: AC : EH, 
.-. AB : BC :: AC : EH, 

m 

whence the rectangle AC, CB is equal to the rectangle 
AB, EH. In the same manner it may be proved that 
the rectangle AC, CB is equal to the rectangle AB, KL^ 
KL being the diameter of the other circle drawn parallel 
to AB. Hence EH = KL, and the circles are equal! 



S«:^.9.] GEeMETRICAL PROBLEMS. 



291 



Sect. IX. 

(1.) Given one angle, a side at^acent to it, and the 
difference of the other two sides ; to construct the tri- 
angle: 

m 

Let CB be equal to the given 
side ; draw the indefinite line C^, 
making with it an angle equal to 
the given angle ; and cut off GD 
equal to the given difference. Join 
BD ; and make the angle DBA equal to BDA ; ABC 
is the triangle required. 

The angle DBA being equal to ADB, the side AD 
is equal to AB ; and the difl^nce between CA and AB 
is equal to CD, t. e. the given diflference. 




^^^^^•<»^i^<;^^>»»^i*»» n *^^^^^>#<y#» 



(2.) (riven one angle, a side opposite to it, and the 
difference of the other two sides; to construct the tri^ 
angle. 

m 

In any line CA, (see last Fig.) take CD equal to the 
given difference ; make the angle CDB greater than a 
right angle by half the given angle ; from C draw CB 
equal to the given side, and meeting DB in B; and 
make the angle DBA equal to BDA ; ABC is the tri- 
angle required. 

Since the angles ABD, ADB are equal, AB is equal 
to AD; .*. the di£ferencb between CA and AB is equal 



r, 
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to CDf i. e. to the given difference. Also the angle at 
A is equal to the difference between the angles CDB, 
DBA, or CDBf BDA, i. e. to the given angle. And 
CB was made equal to the given side. 



^^^«^^»^»^»^^«^>^^^»»^ ^ ^«^»»'^»* 



(3.) Given the hose and one of the angles at the 
hose ; to coTistruct the triangle, when the side opposite 
the given angle is equal to hodfthe sum of the other side 
and a given line. 

• 

Let AB be the given base^ and ABC 
the given angle; produce CB to D, 
making BD equal to the given line. 
Join AD; and from B to AD draw 
BE, equal to half BD. From A draw 
AC parallel to BE ; ABC is the triangle required. 

For AB and ABC are made equal to the given base 
and angle ; and since BE is parallel to AC^ 
AC : CD :: BE i BD :: I : 2. 




(4.) (riven the base of a right-wangled triangle, and 
the sum of the hypothenuse and a straight line, to toAtcft 
the perpendicular has a given ratio ; to construct the 
trianglci 

Let AB be equal to the given • 
base. From B draw BC perpen- 
dicular to it, and such that it may 
have to the given. sum^ the given 
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ratio. Join Cj4j and produce it ; and from B to CD, 
draw BD equal to the given sum. From j4 draw AE 
perpendicular to AB ; ABE is the triangle required. 
For AE being parallel to BC, 
AE : ED : : BC : BDy i. e. in the given ratio ; 
/. AE is equal to the perpendicular; and AB was made 
equal to the given base. 



^#»»>»^>»«»«»^^»^^^^i»»i»^^»i»»^i^ 




(5.) Given the perpendicular drawn from the ver^ 
tical angle to the base^ and the difference between each 
side and the adjacent segment of the base made by the / 
perpendicular ; to construct the triangle. 

From any point C in an indefinite line 
AB, erect a perpendicular CD equal to the 
given perpendicular; and take CE equal to 
the given diflferenoe between the side and ^ ^ ^ ' » 
adjacent segment on the opposite side of the perpendi- 
cular. Also take CF. equal to the other given difference. 
Join EDy FD; and make the angle FDA^DFA, and 
EDB==DEB; ADB is the triangle required. 

Since the angles ADF, AFD are equal, AD=^AF, 
.*• the difference between AD, AC is equal to CF, t. e* to 
the given difference. In the same manner the difference 
between BD and JBC is equal to C£, t. e. to the given 
difference. 



^«»^^»»*<»i#»»»^^^<^»^^»^^^^^< 



(6.) Given the vertical angle, and the base ; to con- 
struct the triangle, when the line drawnjrom the vertex 
cutting the base in any given ratio, bisects the vertical 
angle. 
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Let AB be equal to the ^ven base; 
and upon it describe a segment of a circle 
containing fin angle equal to the given an- 
gle ; and let the base * be divided in the 
given ratio in D. Complete the circle; 
and bisect the arc ACB in C; join CD, and produce it 
to E i join AEj EB ; AEB is tfhe triangle required. 

For AEB is equal to the given angle ; and since the 
arc AC=i CB, the line ED, which divides AB in the 
given ratio in D, makes the angle A ED £= DEB. 



^^i^«».^^<»«#^>i»^^^«^>^>«^>»^«» »^^i»^ 




(7.) Given the vertical angle, and one of the sides 
containing it ; to construct the triangle, when the line 
drawn Jrom the vertex making a given angle with the 
base, bisects the triangle. 

Let AB be equal to the given side ; and 
on it describe a segment of a circle containing 
an angle equal to the given angle made by the 

« 

bisecting line with the base; and make the 

angle ABC equal to the given vertical angle. 

Bisect AB in D ; and draw DE parallel to BC, meeting 

the circle in E; join AE, and produce it to C; ABC 

is the triangle required. 

Join BE. Since DE is parallel to BC, (EucL vi. X) 
AE is equal to EC, and /. BE bisects the triangle; and 
it makes with the base AE an angle equal to the given 
angle. Also AB is equal to the given side, and ABC 
to the given angle at the vertex. 



^^^<»<#^<#>»^0»i» f^^^^^^^^'^'^'*^-*-^ 
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(8.) CHv^% one angle, a side opposite to it^ and the 
sum of the other tv>o sides ; to construct the triangle. 

Let AB be the given side. Upon it 
describe a segment of a circle containing an 
angle equal to half the given angle ; and 
from A draw ^C equal to the given sum of 
the two sides ; join BC ; and make the angle CBD 
equal to BCD ; ABD is the triangle required. 

Since the angle DCB is equal to DBC, DB is equal 
to DC; •*. AD^ DB together are equal to the given sum. 
And the angle ADB is equal to DBC, DCB,, i. e. to 
twice DCBy and .\ is equal to the given angle. 





(9.) Given the vertical angle, the line bisecting the 
base, and the angle which the bisecting line makes with 
the base ; to construct the triangle. 

On any line AB describe a seg- 
ment of a circle containing an angle 
equal to the given angle. Bisect 
AB in C; and at Cmake the apgle 
BCD equal to the given angle which the bisecting line 
makes with the base ; produce it, if necessary, tilt CE is 
equal to the given line ; draw EF, EG respectively 
parallel to DA, DB; EFG is the triangle required. 

For FE and EG being respectively parallel to DA, 

DB, 

FC : CE :: (^C=) CB : CD :: CG : CE, 
.'. FC^CG, and EC, which is equal to the given line, 
bisects the base ; and the angles FEC, CEG being equal 
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to the angles ADC, CDB, FEG is equal to A DB, u e. 
to the given angle. 



»*»»<»^^«^#^'*»^»^^^^^«»i^^^^»»^^^i» 




(10.) Given the vertical angle, the perpendicular 
drawn from it to the hose, and the ratio of the segments 
of the base made hy it ; to construct the triangle. • 

Take any line AB, and on it describe 
a segment of a circle containing an angle 
equal to the given angle. Divide AB in 
C, in the given ratio ; and from C draw 
the perpendicular CD, from which cut off DE equal to 
the given perpendicular. Join DA, DB ; and through 
E draw FEG parallel to AB ; DFG is the triangle 
required. 

Since FG is parallel to AB, 

FE : EG :: AC : CB, i. e. in the given ratio, 
and DE is equal to the given perpendicular, and FDG 
to the given angle. 



^^^»»i^^«»^^^»^^«^^ 0'*^ ^i^^»i»i^i» 



(11.) Given the vertical angle, the base, and a Une 
drawn from either of the angles at the base to cut the 
opposite side in a given ratio ; to construct the triangle. 

Let AB be equal to the given base ; 
and divide it at D in the given ratio* 
On AD describe a segment of a circle 
containing an angle equal to the given angle ; and from 
B draw BE equal to the given line. Join AE, ED ; 
and from B draw BC parallel to DE, and meeting AE 
produced in C; ABC is the triangle required. 
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For AB is the given base ; BE is the given line ; 
and AE : EC :: AD : DB, i.e. in the given ratio; 
and the angle at C is equal to A ED, t. e. to the given 
angle. 




(13.) Given the perpendicular, the line bisecting the 
vertidlal angle, and the line bisecting the base; to con- 
struct the triangle. 

From any point C in the inde- 
finite line AB, draw a perpendicular 
CD equal to the given perpendicular; 
and with D as c^ntre^ and riidii equal 
to the two given lines describe circles 
cutting AB in E and F. Through . 
E draw 6£J7 perpendicular to AB; join DE, DF\ 
and produce DF to meet HJS in 6. Bisect DO in /; 
and draw /O at right angles to DO, meeting OH in O. 
With the centre O, and radius OO describe a circle 
cutting AB in K and L; join DK, DL; DKL is the 
triangle required. 

Join OD, OK, OL. Since Ol bisects DO at right 
angles^ OD = OG, and the circle passes through D. And 
since OE is perpendicular to KL, KE^EL, or KL 
is bisected by DE, which is equal to the given bisecting 
line ; and the arc KO = OL, and the angle KDF is 
equal to FDL, or the angle KDL is bisected by DF, 
which is equal to the given line ; and DC was made 
equal to the given perpendicular. 



r^i»^i^i^i»^^^#>^^^<'^^^^i»^ 



(13.) Given the line, bisecting the vertical angle, 

pp 
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the line bisecting the base, and the difference qf the 
angles at the base ; to construct the tfnangle^ 

Construct a right-angled triangle FDC, (see last Fig.) 
having its hypothenuse FD equal to the given line which 
bisects the vertical angle, and the angle FDC equal to 
half the given difference of the angles at the base. Pro- 
duce FC both ways; and to it from D draw DE equal 
to the given line which bisects the base. Draw HEG 
parallel to DC, meeting DF produced in G. Bisect 
GD in /; and from / draw 10 at right angles to Z>G, 
meeting GH in O. With the centre O, and radius OG, 
describe a circle, cutting FC produced in K and L ; join 
DK^ DL ; DKL is the triangle required. 

For KB = EL, i. e. the base KL is bisected by DE^ 
which is equal the given line ; and the angle KDF is 
equal to FDL, being on equal circumferences KD, DL ; 
I. e. the vertical angle KDL is bisected by DF, which 
was made equal to the given- bisecting line. Also (iii. 5.) 
the difference between the angles DLK and DKL is 
equal to twice the angle FDC, i. e. to the given angle. 



^^^■^^^^^^^^^^.^^^^■^'^•^^ 



(14.) Given the vertical angle ^ and the line draum 
to the base bisecting the angle and the difference between 
the base and the sum of the sides ; to construct the tri- 
angle. 

Let ABC be equal to the given 
angle, and BD the line bisecting it. 
Make BE and BF, each equal to 
half the given difference. From F 
draw FO perpendicular to BC, meet- 
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ing BD in O. With the centre O, and radius OF 
describe a circle, it will touch AB in E (Eucl. iv. 4.)- 
Through Z> draw a line ^C touching the circle in G; 
ABC will be the triangle required/ 

For (Eucl. iii. 36. Cor.) AE = AG, and GC=CF, 
.•. AC is equal to AE and CF together ; whence the 
difference between AC and the sum of the sides AB, 
BC is equal to BEy BF together, i.e. to the given 
difference. Also BD is equal to the given line, and- it 
bisects the angle ABC, which is equal to the given ver- 
tical angle. 



(15.) ^ Given .the line bisecting the vertical angle, 
the perpendicular drawn to it from one of the angles at 
the base, and the other angle at the base ; to construct 
the triangle. 

Let AB be equal to the given bisecting 
line; and upon it describe a segment of a 
circle containing an angle equal to the 
given angle. Draw BC perpendicular to 
AB, and make BD equal to the given 
perpendicular. Bisect AB in E ; join ED, and produce 
it to F; join FA, FB; and through />, draw GDH 
parallel to AB. In FB produced take BI equal to BH. 
Join AI; AFI is the triangle required. 

Join /6, cutting AB in K. Because GH is parallel 

to AB, and FE bisects ^rfJB, it also bisects GH, i. e. GD 

= DH; but HB also is equal to BI ; .*. BD is parallel 

to GI, and IK is half of /G,'and .-. equal to BD the 
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given per|)endicular. Also since AB bisects GI at right 
angles^ it -also bisects the angle //^O ; and it is equal to 
the given bisecting line. And AFI is equal to the other 
given angle. 



p^^»^<«^^^ ^^^^^^^>^>^-^^>^ 




(16.) Given the straight line bisecting the vertical 
angles and the perpendiculars drawn to that Knejram 
the extremities of the base ; to construct the triangle. 

On the indefinite straight line ABy take 
AC, CD respectively equal to the greater 
and less perpendiculars; and from C draw 
CE at right angles to AB, and equal to the 
given bisecting line* Take AB : BD :: 
AC : CD. Join BE ; and produce it to meet ^F, 
DG, drawn from A and D, perpendicular to AB. ^gia 
GC, CF; GCF is the triangle required. f^ 

Draw FI, GH perpendicular to CE. Then the tri- • 
angles. BGZ>^ ABF being similar, 

AF : GD :: AB : BD :: AC : CD, 
and the angle at A is equal to GDC; whence (Eucl. vi. 
6.) AFCj GDC SLte similar, and the angle ACF is 
equal to GCD ; and /. the angle FCE is equal to ECGy 
i. e. the angle FCG is bisected by EC, which was made 
equal to the given bisecting line. Also F/, GH are 
respectively equal to^C, C/), which were made equal to 
the given perpendiculars. 



(17.) Given the vertical angle ^ the difference oj 
the two sides containing it, and the difference of the 
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segments of the ba^e made by a perpendicular from the 
vertex ; to construct the triangle. 

Let AB be equal to the given differ- 
ence of the segments of the base. Draw 
BD, making the angle ABD equal to half 
the given angle ; and from A draw AD 
meeting it in D^ and equal to. the given difference of the 
sides; produce it, and make the angle DBE— EDB, 
and with the centre E and radius lEB describe the circle 
DBC meeting AB, AD produced in C and F\ join 
EC: A EC is the triangle required. 

•Join FC. Since BDFC is a quadrilateral figure in^ 
scribed in a circle (Eucl. iii. 22.) the angles ABD^ DFC 
are equail; but AEC is double of DFC (Eucl. iii. 20.), 
und .\ also of ABD, i. e. it is equal to the given angle. 
Ako since the angles EDB, EBD are equal, ED^EB 
=^C, /. AD is the difference of the sides AE, EC, 
which •'. is equal to the given difference; and AB is 
evidently equal to the difference of the segments of the 
base. 



»^i^^^^^^«»^^i»^i*>^»^^^^«»i»^^» 



(18.) Griven the base and vertical angle, to construct 
the triangle, when the square of one side is equal to the 
square of the base, and three times the square cf the 
other side. 

Let AB be equal to the given base. 
Upon it describe a segment of a circle 
containing an angle equal to the given 
angle. Produce AB to C, and make 
BC equal to BA ; and upon BC describe a semicircle 
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BDC cutting the segment in D. . Join AD, BD ; 
ABD is the triangle required. 

Let fall th^ perpendicular DE ; then (Eucl. vi. 8.) 
the square of DB is equal to the rectangle CB, BE or 
to the rectangle AB^ BE ; and (Eucl. ii. 12.) the square 
of AD is equal to the squares of AB, BD^ and twice the 
rectangle AB, BE, i. e. to the squai*e of AB and three 
times the square of BD. Also, by construction, ADB 
is equal to the given angle. 



■^ ^^^■^^^^^^■^^^■^■» *^»^^»^#>^^^»^ ^^ 




(19.) Given the base and perpendicular; to con- 
struct the triangle, when the rectangle contained by the 
sides is equal to twice the rectangle contained bjif the 
segments of the base made by the line hisecHng the ver- 
tical angle. 

Let AB be equal to the given base ; 
and draw the indefinite line ED bisecting 
it at right angles. Take CE, CD each 
equal to the given |)erpendicular ; and 
through the points A, D, B describe a 
circle. Draw £F parallel to AB meeting the circle in F. 
Join AF, FB\ AFB is the triangle required. 

Draw FG perpendicular to AB^ it is equal to the 
given perpendicular. Join FD. Since DC is equal to 
CE, DF is equal to twice DH\ and .'. the rectangle 
DF, FH is double of the rectangle DH, HF, i. e. it is 
double of the rectangle AH, HB, contained by the seg- 
ments of the base, made by DF which bisects the ah^e 
AFB. And AB was made equal to the given base. 



^»^S#^^<»i^^^^>»i^^^^< 
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(20.) In a right-angled triangle, having given the 
sum of the base and hypothenusey and the sum of the 
^base and perpendicular ; to construct the triangle. 

Let BD be taken equal to the 
sum of the base and hyppthenuse^ 
and BG equal to the sum of the base 
and perpendicular. At the point 6 
in the straight line GB^ make the* 
angle BGC equal to half a right angle; and let CG be' pro- 
duced to meet a perpendicular to BD drawn through Dy 
in F. Join JBF; and from G to BF draw GH^ GD. 
From B draw BC parallel to GHy meeting GC in C; 
and let fell the perpendicular Cj4 ; ACB is the triangle 
required. 

Draw CE parallel to AD. Because GH is equal to 
GDy BC is equal to C£, i e. to AD ; and .*. BC and 
BA together are equal to BD^ the given sum of the hy- 
pothenuse and base. And since AGC is half a right 
angle, and the angles at A right angles, AG is equal to 
ACy .-. BA and ^C together are equal to BG^ the given 
sum of the base and perpendicular. 



^^^^■^^^^^^^^^'i^^^^^^i^^^^^i^ 



(21.) Given the perimeter of a right-angled tti- 
angle whose sides are in geometrical progression ; to con- 
struct the triangle. 

Let AB he equal to the given peri- 
meter; and on it describe a semicircle 
ACB. Divide AB in extreme and meait 
ratio in D\ and from D draw DC at 
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right angles to j4B. Join ^C, CB. Bisect the angles 
C^B, CBA by the lines AE, BE, meeting in £ ; and 
draw EF, EG respectively parallel to AC, CB; FEG is « 
the triangle required. 

Since FE is parallel to AC, the angle FEA^EAC^ 
EAF, and /. AF=:FE. And in the same manner it 
may be shewn that EG = GB. Hence GF, FE, EG 
are together equal to AB the given perimeter. And the 
angles at F and G being equal to the angles BAC^ BCA, 
the angle FEG is equal to ACB, and is /. a right angle. 

Also since AB : AD :: AD : DB 
and (Eucl. vi. 8. Cor.) AB : BC :: BC : DB^ 

r.AD = BC; 
whence also AB i AC :: AC i {AD=z) BCi 
and since the triangles ABC, FGE are equiangular^ 

FG : FE :: FE : EG, 
i. e. the sides are in geometrical progression. 



(22.) Given the difference of the angles at ike base, 
the ratio of the segments of the base made by the per- 
pendicular, and the sum of the sides ; to construct the 
triangle. 

Take any line AB, and divide it in C, 
in the given ratio of the segments. On AB 
describe a segment of a circle containing an 
angle equal to the given difference. From 
C draw the perpendicular CD. Join AD, DB; and 
take DE : DA in the ratio of the given suno, to the 
sum of AD, DB ; and through E draw EF parallel to 
AB; and make the angle GDH equal to GDFy and 
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. . DHeqmX to DF, aod G^ equal to GP; DEH is 
the triangle required. 

For DE : DA :: DF : DB :: DE+Dff: D4 

'. DE+DH is equal to the given sum. Alao the angle 
EHD is equal to the two HDF, DFH, i.e. to HDF, 
DHF, and DEH is equal to the difference between 
DHF and EDH-, .*. the difference between EHD and 
DEH is equal to the «am of HDF and EDHy i. e. to 
BDF, or the given difference. 

Also EO : GH :: £G : GF :: AC x CB 
i. €. in the given ratio. 



# / >»^»^^»^i»i»^^O^P#^^^»^^#>»» 




(S3.) ^fMii fAtf difference of the angles at the ba$ei 
the ratio of the $ide$^ and the length of a ihhrd propor- 
tional to the difference of the segments of the hose modi 
hff a perpendicular Jirom the vertex and the shorter side i 
to construct the triangle. 

Let j4BC be «^[ual to the given difiejr^ 
ence of the angles at the base ; and take 
jiB : BC in the giveo ratio of the sid^. 
Join jiC; and produce BC to Z)^ so that 
BD may be to the given third proportional ii^ the ratio 
CA : CB. Through D drew EDF parallel to JC; 
and from B dray? BG perpendicular to it ; make 0^^= 
OD ; join BF; JSBFis the irian^le i^Mired. 

Since DO=OF, and the an^es at,0 are right 
angles; /. BF^ BD, and the angle BFD = BDF. 
Hence the difference between BFE and BSF is equal to 
the difference between BDF and BEF, i. e. to EBD or 
the given difference. 
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Also EB : BF :: EB : BD :: AB : EC, 

i. e. in the given ratio. And 
DE : BF :: DE : BD :: CA : CB :: (BD ^) BF : 
the given third proportional, whence DE is equal to the 
given difference of the segments of the base. 



■ ^^^^^^^^i^^^^'^^^^^'^^^ 




(34.) Given the base of a right-angled triangle ; tn 
construct ity when parts, equal to given lines, being ad 
off* from the hj/pothenuse and perpendicular, the re- 
mainders have a given ratio. 

Let AB be equal to the given base. 
From B draw BC ^t right angles to it^ and 
equal to the part to be cut off* from the 
perpendicular. Take CD to the given part 
to be cut off* from the hyppthenuse^ in the 
given ratio of the remainders j and from C to DA, draw 
CE equal to that given part^ and produce it. From A 
draw AF perpendicular to AB, meeting CE produced in 
F. Draw FG parallel to AB; CFG is the triangle 
required. 

Since AF is parallel to CD, the angles AFE, ECU 
are equal, and the angles at E are equal, .'. the triai^ 
AEF, CED are equiangular, 

and .-. FE : AF :: CE : CD. 

And since AG is a parallelogram, AF=:BO, 

.'. FE : BG :: CE : CD, 

i. &. in the given ratio of the remainders ; and FYS is equal 

to the given base ; iand CB, CE are equal to the given 

parts to be cut off*. 



'»'»^'^'»*S»»^»»^^i»^^#«»#S»^^^^^»^ 
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(25.) Given one angle of a triangle, and the sums qf 
each qf the si4eis containing it and the third side; to conr 
struct the triangle. • 

Let BAC be equal to the given an- 
gle; and ABj AC equal to the given 
sums. Join BC\ and draw any line 
DE parallel to it. Make CF, FG, each 
equal to BD ; join CG, and produce it 
to H; and draw HI parallel to GF. AHI is the tri- 
angle required. 

Since DG is parallel to BC, and GF to HI, 
BD : BH (:: CG : CH) :: GF : HI :: CF : CI, 
and since BD, GF and FC are equal, BH, HI and IC 
are also equal ; whence AH and HI together are equal 
to AB; and A I, IH are together equftl to ^C; and 
HAI is equal to the given angle. 




n^>^*>^<0^<*^^>0>*>^^^^>0>^'^^ 



(26.) Criven the vertical angle, and the ratio of the 
sides containing it, as also the diameter of the ^ircum^ 
scribing circle ; to construct the triangle, 

On the given diameter describe a circle ; 
and from it cut off a segment A^IB con- 
taining an angle equal to the given vertical 
angle. Divide the base AB in D, in the 
given ratio of the sides ; and draw the dia- 
meter EF at right angles to AB. Join EDy and let it 
meet the circumference in C; join AC, C^; ACB is 
the triangle required. 

Since AE^EB, the angle ACB is bisected by CE, 
.'. AC : CB :: AD : DB, i.e. in the given ratio. 




»^^^»i»<»»»i»i»»#i#»»«»^#.»»»«#^»»^»^ 
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(ST.) Given the vertical angk^ and the radii cf the 
inHribed ^md drdw^Bcribing circles; to fxmsiruci the 
friangk. 

• 

With the giWti radius dedcrib^ the 
circumscribing circle ; and from any point 
A in it take AB^ AC e^ch equal to the 
arc subtending at the centre to angle equal 
to the given angle. Join BC; and pa* 
riillel to it^ at a distance equal to the radius cf the in- 
scribed circle draw EF. Join AB ; and frofn A to EF 
draw AO^AB, and produce AO to 6. Join CO, BG; 
QCB is the triangle required. 

Por the angle CGB (Eucl. tii. 20.) id equal to the 
angle at the centre, which stands on AC^ and «^. is equal 
to the given angle. Also the angle COA^AOS. Join 
BO; and since AB^AO, the angle AOB^^ASO; but 
AOB is equal to the two OBG, 0GB; and AGB^ 
ABC, . . CBO= OBG, and BO bisects the angle CBG; 
whence O, the point of hfiter&ection of the bisectitig lines 
OA and BO, is the centre of the inscribed circle ^ and 
its distance from J^CMras made equal the given radius. 



»>»#»>^i»^^^j>^^»^^^i>^.^^^^^>^^>» 



(28.) Criven the vertical angle, the radius tjf the 
inscribed circte, and the rectangle contained by the 
straight lines drawn from the centre of that circle to the 
angles at tiie hose; to construct the triangle. 

Let the angle ABC be equal to the ^Pertical imgle, 
which bisect by the straight line BD. Let D (ii. 14.) 
he the centre of a circle which would touch BA and BC; 
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and let E and F be the points of con* 
tact ; join DE^ DF, and produce BD 
to G, 8o that the rectangle DE, DG 
may be equal to the given rectangle. 
On DG describe a circle cutting BA, 
BC in A and C;.and in H and /. 
Join AC (or HI). ABC or AHl ia 
the triangle required. 

Join AD^ DC; and draw DK per- 
pendicular to AC. Then since BA and 
BC make equal angles with BG which passes through 
the centre, the arcs AD, Dly which they cut off, are 
equal ; •*• the angle ACD is equal to DCI^ L e* ACB is 
bisected by CD^ or D is the centre of the circle inscribed 
in the triangle ABC; .*. K is the point of contact, and 
DK^DE. Bttt<Eucl. vi. C.) the rectangle AD, DC 
is equal to the rectangle DK, DG, i. e. to (he rectangle 
DE, DG, which is equal to the given rectangle. 




■^»»»»»»»^»#i»^»»»i^« 



>^^>»>»^i»^ 



(39.) Given the base, one of the angles at the base, 
and the point, in which the diameter^ the circumscribing 
circle drawn Jrom the vertex -meets the base; to con- 
struct the triasigle. 

Let AB be equal to the given base, 
and C the given point. Bisect AB in D, 
and draw DE at right an^es to AB. 
Upon AC describe a aegment of a circle 
^containing an angle eq«] to twice the 
difievence between the given angle and a right angle ; 
and let it meet DS in O. Join AO, OC; and prodnee 
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CO to F, making OF= OA ; join AF, FB ; AFB is the 
triaigk requi.^. 

Join OB. Because AD^DB, and DO is common, 
and the angles at D right angles^ .-. OBs^OAssOF; 
and a circle described from O as a centre, and radius OA, 
will pass through F and B^ and circumscribe the triangle 
ABF. And FOC produced is a diameter. Also the 
angles AOQ AOF are equal to two right angles, t. e. to 
AOC and twice the given angle; .'. AOF is equal to 
twice the given angle ; and since it is double of ABFy 
ABFmW be equal to the given angle. 



^«^»'<»^^^^^^^^«^^^^^^«^^^<»»^^i» 




(30.) CUven the vertical angles the base, and the 
difference bettueen two lines drawn from the centre (jf 
the inscribed circle to the angles at the base ; to construct 
the triangle. 

Take any line AB^ unlimited 
towards By and cut ofF^C equal to the 
given difierence; and at the point C 
make the angle BCD such that its 
quadruple together with the given 
angle at the vertex may be equal to two right angles, 
From A to CD, draw AD equal to the given base. At 
the point A make the angle BAE = BADy and at the 
point D make the angle CDB=:DCB, and BDE^ 
BDA ; EDA is the triangle required. 

For the angles EADy EDA being bisected by ABy 
BDy B is the centre of the inscribed circle. - And the 
angle BCD being equal BDC, BC is equal to JBJD, and 
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.\ the difference between BA and BD is equal to AC, 
i. e. to the given difference, Also the angles EiAD^ 
EDA are together double of the angles BADy BDA, 
i. e. of BCD and BCD, and /. are equal to 4 BCD ; 
whence the angle AED together with 4 BCD will be 
equal to two right angles ; and /. the angle AED is equal 
to the given vertical angle. Also AD is equal to the 
given base. 



^^^>^^i»^»»^»^i»^^^>»^^^^^»»^^» 



(31.) Griven that segment of the line bisecting the 
vertical angle which is intercepted hy perpendiculars let 
fall upon it from the angles at the base ; the ratio of the 
sides ; and the ratio of the radius of the inscribed circle 
to the segment of the base which is intercepted between 
the line bisecting the vertical angle and the point of con- 
tact of the inscribed circle ; to construct the triangle. 

Let AB be equal to the given s^- 
ment of the bisecting line ; from A and 
Bj on opposite sides, draw AC, BD at 
right angles to it. On AB^ as hypo- 
thenuse, describe a right-angled triangle 
AEB, whose sides are in the given ratio of the radius of 
the inscribed circle to the sentient of the base inter- 
cepted between the bisecting line and the point of contact 
of the inscribed circle. Divide i^JB in F in the ratio of 
the sides; and through F, draw CFD parallel to AE^ 
and meeting the perpendiculars in C and D. Make 
BGssBD. Join CG, and produce it to meet AB pro- 
duced in H ; join HD ; HCD is the triangle required. 

Draw CO bisecting the angle HCD. Since BG=z 
BD, and BH is perpendicular to GD, it bisects the 
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:.«agle OHD; whence O is the centre <^ the inscribed 
cirde. From O draw 01 perpendicular to CO^ and /. 
panJlel to BB ; whence 

OI : IF :: BE : EA. 
i. e. m the given ratio of the radius of the inscribed drde 
to the segment of the base intercepted between the bi- 
secting line and the point of oontact of the inscribed 
circle. Also from the similar triangles AFCy BFD^ 
AF : FB :: CF : FD :: CH : HD, 
/• CH : HD in the given ratio of the sides. 



i^»^i»*«» * »^»*>^^» #>#»*■■ i#<»^»o»i#^» 




(3S.) Given the line higecting the vertical angkj 
0nd the d%£erences between each nde and ike adfoeeet 
segment o^ the hose made hg the hisectimg Ume ; io oott 
struct the triangle* 

Let AB be equal to the given bisect- 
ing line. Produce it to C^ so that BC 
may be a fourth jN'oportioaal to AB and 
the given differences. On AC^ as dia- 
meter^ describe a circle ADE\ in which 
l^ace a line DBE^ passing through B, equal to the aum 
of the igiven difierences ^ and from A draw AF, AO to 
the oircumferences, each equal to DE ; and produce them 
to meet DE pi^oduced in ^and /; AHI is the triangle 
lequired. 

Snce DE is equal to -the sum of Isbe given difl^- 
encea, and the nectangk DB^ BE^ is equal to die rect- 
angle ABy BC. L e. to the rectangle contained by the 
given difierenees, DB and BE will be the ^iven 
differences. And since AFssAG, the aiKSs AF^ AG 



/ 
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equal and AC being a diameter, FCand^CG will also be 
equal, /. the angles FAC, ^CAG are equal, or HAI in 
bisected by AC. Also since FA^DE, AH and HE 
will be equal ; .'. the difference between AH and HB is 
equal to BE one of the given differences. In the same 
manner, AI=zID; and .•. the difference between AIwaA 
IB is equal to BD^ the other given difference. 




(33.) Given one of the angles at the base, the side 
opposite to i7, and the rectangle contained by the base 
and that segment of it made hf the perpendicular which 
is adjacent to the given angle ; to construct the triangle. 

Let AB be equal to the given side. 
Upon it describe a segment of a circle con- 
taining an angle equal to the given angle. 
Bisect AB in C; and from C draw to the 
circumference, a line CD such that the 
difference between the squares of CD and 
CB may be. equal to the given rectangle. Join AD, 
DB ; ADB is the triangle required. 

On AB describe a circle ABE. Join BE. Then 
the rectangle AD, DE is equal to the rectangle GD, 
DFy L e. to the difference of the squares of CD and CG 
or to the given rectangle. And BE is perpendicular to 
AD; AB is equal to the given side, ^nd ADB to the 
given angle. 



(34.) Given the vertical angle, and the lengths of 
two lines drawn from the extremities of the base to the 
points of bisection of the sides ; to construct the triangle. 

R R 



V;- 
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Let AB be equal to one of the 
ipven lines ; bisf^t it in C; and on /4C . 
describe a segment of a circle containing* 
an angle equal to the given angle. 
From BA cut off BD equal to one 
third of BA; and from D to the circle, draw DM equal 
to one third of the other given line. Produce £1}^ and 
make DF equal to twice DE. JomAE, JP'B; and 
produce them to meet in G. Join AF; AFG is the 
triangle required. 

Join CE. Since BD is double of DC, and DF 
double of DE; EC is parallel to FG; and .*. the angle 
AGF is equal to AEC, i . e. to the given angle. Hence 
also AE is equal to EG; and BF being double of EC, 
is equal to BG; .*. AB and FE^ equal to the given 
lines, are drawn to the points of bisection of the aides. 



tf^**-'***^*^^ 0>»^-* ^■^^■^•^^^^■^^ 



(35.) Given the lengths of three lines drawn Jrom 
the angles to the points of bisection of the opposite sides; 
tq construct the triangle, ^ 

Describe a triangle ABC whose sides 
are respectively equal to two thirds of 
the given lines ; and complete the paral- 
Mc^ram ABDC. Join AD; and pro- 
duce CB to E, making BE^BC. Join 
AE, ED ; AED is the triangle required. 

Produce AB, DB to F and G. Since the diagonals 
of parallelograms bisect each other, AH\% equal to HD, 
and BH to HC; .\ EH'n equal to EB and BH toge- 
llur, /. e. to BC and BH or to i BC ^nd /. is equal to 
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one of the given lines. Again, since GB is parallel to j4C, 
(Eucl. vi. 2.) it bisects ^£, AndBG=:^JCi but DBa 
AC, .\ DG^s^jiC, and .*. is equal to another of the 
given bisecting lines. In the same manner, ^Fmay be 
shewn to be equal to the other given line, and to bisect 
DE in F. 



^^^*»i^»^^i^»»^^»«^»^«»^i^*i*>^^^^» 




(36.) Given the segments of the hose made by the 
perpendicular, and one of the angles at the base 
the other ; to construct the triangle. 

Let ABf BC equal to the given 
segments^ be placed in the same straight 
line. Make BD=:BC; bisect ^D in 
E, and BE in F. On AD describe a semicircle ; and 
from Fdraw FG at right angles to" AD. Join AG, GD; 
and let AG meet the perpendicular BH in H. Join 
HC; AHC is the triangle required. 

Draw EI perpendicular .to AD ; join /)/, DH. 
Then AE being equal to ED and the angles at E right 
angles^ Al^ ID, and the angle IAD = IDA; whence 
the angle DIH is double of DAH. But since EF is 
equal to FB, and GF parallel to IE and BH, .\ IGzs 
GH; and the angles DGI, DGff being right angles, 
DI is equal to DH, and the angle DHI equal to DIH, 
and .*. double of DAH. Also since DB^BC, and the 
angles at B • are right angles, .* . the angle HCB is equal 
to HDB, i. e. to DHA, DAH together, or 'to three 
times the angle DAH. Also AB, BC, by construction, 
are equal to the given segments made by the perpendt- 
cular. 



^^N^^^^^^^^^^A^^^^i^t^^^^i^i^^^ 
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(37.) 7%e area and hypathenuse of a right-angled 
.triangle being given ; to describe the triangle. 

Let j4B' be equal to the given hy- 
pothenuse. Bisect it in C, and on CB 
describe a rectangular parallelogram CD 
equal to the given area. On AB de- 
scribe a semicircle AEB^ cutting the side parallel to AB^ 
in E. Join AE^ EB ; AEB is the triangle required. 

Join CE. Since AC ^ CB^ the triangle AEB is 
double of CEB (Eucl. i. 38.)» and /. equal .to the rect- 
angle CD, i. e. to the given area. 





(38.) Given otie angle, and a line drawn Jrom one 
of the others bisecting the side opposite to it ; to con- 
struct the triangle f when the area is also given. 

Let -^5 be the given bisecting 
line ; and upon it describe a seg- 
ment of a circle containing an 
angle equal to the given angle. 

Upon AB also describe a rectangular parallelogram 
ABCD equal to the given area; and let JDC meet the 
circle in E ; join EA, and produce it, making -^F= W^; 
join FB, BE; FEB is the triangle required. 

For BA bisects the side EF\ the angle BEF is equal 
to the given angle ; and the triangle BEF is double of 
BAE (Eucl. i. 38.) and .-. equal to ABCD, i. e. to .the 
given area. 



■'^^»^^^'^|^'^»^^S^^^^^^^^K^>^»^^P^^<^ 



(39.) In two similar right- angled triangles^ the 
sum of the base of the one and perpendicular of the other 



Seci. 9.] 



G£OM£tri<;al problems. 



317 



is given ; to determine the triangles such that their %- 
pothenuses may contain the right angle of another tri- 
angle similar to themy and the sum o^ the three areas 
may he equal to a given area. 

• 

Let AB be equal to the given sum ; 
and upon it describe a rectangular paral- 
lelc^ram equal to the given. area. On 
AD also describe a semicircle, cutting 
CZ> in ^; join AE, EB; the triangles AED, BEC, 
AEB are the triangles required ; as is evident from the 
construction. 




(40.) Given the vertical angle, the area, and the 
distance between the centres of the inscribed circle and 
the circle which touches the base, and the two sides pro- 
duced ; to construct the triangle. 

Let AB be equ&l to the given distance between the 
centres ; and make the angle BAC equal to half the 
given angle at the vertex. On AC let fall the perpen- 




dicular BC; and produce CA, till the rectangle AD, 
DC is to the given area, in the ratio of AC : CB. 
Complete the parallelogram DEFC; and from the cen- 
tres A and B, describe two circles touching EF in G and 
F. Draw HI, IE touching the two circles ; HIE is the 
triangle required. 
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For AB is equal to the given distance between the 
centres. The angle lEF is double of AEF^ t. e. of 
BACy and /. is equal to the given angle. And from the 
similar triangles ABC, AED, 

AC : CB :: AD : (Z>iB=) AG :: ADxJDC : AG 

IxEF. 
But since EF is equal to half the perimeter of the tri- 
angle EHI, the rectangle AG^ EF is equal to the tri- 
angle EHIi whence EH I is equal to the given area. 



r\ / 



(41.) Given the area, the line from the vertex 
dividing the base into segments which hove a given ratio, 
and either of the angles at the base ; to construct the 
triangle. 

On AB the given line, describe 
a segment of a circle containing an 
angle equal to the given angle. 
Describe a rectangular parallelogram 
ABCD equal to twice the given 
area ; and divide BC in the given ratio at F. Through 
/^'draw GH parallel to AB. Join BH, HA { and pro- 
duce HB so that IB may be to BH in the given ratio. 
Join lA ; lAH will be the triangle required^ 

. Draw IK perpendicular to AB. The triangles IKB^ 
BFH are similar, 

. . IK : BF :: IB . BH :: FC : FB, 
.-. IK=:FCi and the triangle lAB is equal to half of the 
parallelogram GC; and the tris^ngle ABH is equal to 
half of BG; .*. I AH is equal to half the parallelogram 
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ACy and .'• equal to the given area. And AB is equal 
to the given dividing line, and IB : BH in the given ratio. 




(42.) Given the difference between the segments of 
the, base made 'by the perpendicular i the sum of the 
squares cf the sides, and the area ; to construct the tri- 
angle. 

Take a line AB such that its square 
may be equal to the difference between 
half the given sum of the squares, and the 
square of half the given difference of the 
segments of the base. Upon AB describe 
a rectangular parallelogram ABCD equal 
to the given area ; and also on AB describe a semicircle 
cutting CD in E. Join AE, and produce it both ways ; 
and make AFy AG, each equal to half the given differ- 
ence of the segments, and make EH=:EG. Join BF, 
BH; BFH\% the triangle required. 

Join BG, BE. Since GE^EH and the angles at 
E are right angles, .•. GB=:BH; and the sum of the 
squares of FB, BH is equal to the sum of the squares of 
FB, BG, i. e. (iv. 30.) is equal to twice the «um of the 
squares of FA and AB, i. e. by construction, is equal to 
the given sum. Also the difference between FE and 
EH is equal to the difference between- FE and EG, 
I. e. to FGf which is equal to the given difference. And 
the area of the triangle FBH is double of the area of the 
triangle ABE, and .*. (Eucl. i. 41.) equal to ABCD, or 
the given area. 



/ 
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(43.) Givtn the base, one of t/ie angles at the hast, 
and the difference between the side opposite to it and the 
perpendicular ; to construct the triangle. 

Take an indefinite line AB; 
and from any point C in it draw 
CD perpendicular to it, and equal 
to the given difference. From D 
draw DA making the angle DAC 
equal td the given angle. Draw DE parallel to AB, and 
equal to the given base. Join AE ; to which from D 
draw DF=^ DC. Draw EG parallel to FD, and meeting 
AD produced ; EDG will be the triangle required. 

From G draw GB perpendicular to AB. Since DF 
is parallel to GE, and DC to GB, 

DC : GB :: AD : AG :: DF : GE. 

But DC being equal to DF, GB is equal to GE ; 
whence the difference between GE and GH is equal to 
HB, or DC, i. e. to the given difference. And the angle 
GDE is equal to DAC, t. e. to the given angle ; and 
DE is equal to the given base. 



^^^■*^^^^^^^^*«^^i^#«»^^^^<^^^ 



(44.) Given the vertical angle, the difference of the 
base and one side, and the sum of the perpendicular draum 
firotn the angle at the base contiguous to that side upon the 
opposite side and the segment cut off by it Jrom that 
opposite side contiguous to the other angle at the base; 
to construct the triangle. 

Let AB be equal to the given sum, and BC to the 
given difference ; and let them be placed so as to contain 



Sect. 9.] 



GEOMKTRICAL PROBLEMS. 



321 




an angle ^BC, which with the 

given vertical angle will be equal to 

two right angles. Through C draw 

DCE parallel to j4B, and through 

B draw DBF making half a right 

angle with it. Join /ID; and to 

it from B draw BO equal to BC; 

and parallel to these respfectively draw AP, FHi AFH 

will be the triangle requh^. *■ . ' " 

Produce FH to /; and let ftill the perpendtcnbr FK. 
Since BC is parallel to FI, and BO to AF, 

BC : FI :: BD : PD :: BO : AF, 
but BC^BG. .-. FI^AFi and HI^BC will be tKe 
difference between the base AP atid the side FH. Also 
since the angle JSFjRT is half a right angle, FKtsKB; 
and AB is the sum of the perpendicular FJP and the 
segment KA. Also BCIH beii^ ft parallelogram^ the 
angle AHFj or its vertically opposite IHB^ together with 
ABC will be equal to two right angles ; and /. A HP is 
eqaal to the given vertical angle. 



^^ »»^* * ^^»^ » ^^^^^^^ ^# 



(45.) Grtven ^^ &a^e, the differeme of the Hdes^ and 
the segtnent intercepted between the vertex amdaper-- 
pendictdar from one of the angles at the base upon the 
opposite side ; to construct the triangle. 

Let ^J3 be equal to the given seg- 
ment intercepted between the perpen- 
dicular and the vertical angle; BC 
equal to the given difference of the 
sides ; draw BD perpendicular to AB, 
and make BE=^BAi join AEy and 

S8 
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produce it; and from C to JE dMw CF such that its 
square may be equal to the given squares of the base and 
segment AB; draw FG perpendicular to jIB ; and raakc 
GH^BC. From H to BD, draw HD equal to the 
given base ; join AD; AHD is the triangle required. 

For AB is made equal to the given segment,' and HD 
to the given base. Also since AB = BE^ AG = GF^ and 
HB=GC; whence the squafes of GA and HB are 
equal to the squares of GA and GO, i. e. to the square of 
CF, or the squares of-HD and AB, by construction. 
But (iv. 39.) the squares of AD and HB are equal to 
the squares of HD and AB; .*. the squares of GA and 
HB are equal to the squares of AD and HB ; whence 
GA=AD', and .-• the difference between AH and AD 
is equal to HG, t. e. to BC, or the given difference. 



i^#»»i#>^<»^<N»»»^^^^^»»^^#^»<»»l»i»»^ 



(46.) CrtV^n Me vertical angle, the side of the in- 
scribed square, and the rectangle contained by one side 
and its segment adjacent to the base made by the angular 
point of the inscribed square. To construct the triangle. 

Let AB be equdl to a side 
of the inscribed sqviare; and 
upon it describe a segment of 
a circle containing an angle 
equal to the given angle. From 
A draw AC perpendicular and 
equal to AB\ and through C 
draw DCE parallel to AB. 

Fifid O the centre of the circle ; and from it to DJB, 
draw OD such that the difference of the squares of OD 
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and the radius of the circle may be equal to the given 
rectangle. Join DA, and produce it to F. Join FB, 
and produce it to £ ; DFE is the triangle required. 

From D draw the tangent DG. Join GO. Then 
the squares of DG^ GO are together equal to the square 
of DO, i. e. to the square of GO and the given rectangle ; 
and .% the square of DG, i. e. the rectangle AD, DF is 
equal to the given rectangle; •*• DF is a side of the tri- 
angle^ in which j4B is the side of an inscribed square. 
And DFE is equal to the given Vertical angle. 



APPENDIX. 



PLANE TRIGONOMETRY. 

1. Def. 1. Plane Trigonometry is that branch 
of Mathematical science which treats of the measures 
of angles and the relation between the respective sides and 
angles of plane triangleiB. 

Lemma I. 

(3.) If from the centre of a circle two straight lines 
be drawn to its circumference^ the included angle will be 
to Jour right angles, as the intercepted arc is to the 
whole circumference. 

Let BA, BC be two straight lines 
drawn from the centre B of the circle ADE, 
meeting the circumference in A and C; the 
angle ABC will be to four right angles as 
the arc AC is to the whole circumference. 

Produce AB till it meets the circumference again in 
F\ and through B draw DE perpendicular to AB^ 
meeting the circle in D and E. Then (Eucl. vi. 33.) 
the angle ABC : the right angle ABD :: the arc AC : 
AD; and quadrupling the consequents, the angle ABC : 
four right angles :: the arc ^C : 4 AD, or the whole 
circumference. 
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Lemma II. 

(3.) If from the common centre of two circles two 
straight lines be drawn intersecting the circumferences ; 
the intercepted arc of either circle wHl be to the inter- 
cepted arc of the other circle, as the circumference of the 
first circle to the circumference of the second. 

From B the common centre of two 
circles are drawn the lines BA, BC, inter- 
secting the circumferences in A^ Cj a^ c; 
the arc AC : ac :: the whole circumfe- 
rence of the first circle : the whole circumference of the 
second. 

For (2) the arc AC : the whole circumference (C) 
of which it is an arc :: the angle ABC : four right 
angles; which is the same ratio with that of a c : the 
whole circumference {C) of which it is an arc, 
/. (Eucl. V. 15.) AC : C :: ac : C, 
and alt. AC : ac :: C : C. 

(4.) CoR. 1. If the circumferences of any two cir- 
cles be severally divided into the same number of equal 
parts^ whatever number of such parts is contained in any 
arc {AC) of one circle, the same number will be contained 
in that arc {AC) of the other circle which subtends the 
same angle. 

(5.) CoR. 2. Any arc of a circle is the measure of 
the angle which it subtends at the centre. 

For (See Fig. 1 .) draw any straight line Bx to the cir- 
cumference; then (Eucl. vi. 33.) the arc AC : the arc 
A a: :: the angle ABC : the angle ABxy i. e. in whatever 
proportion the angle at the centre is increased, the sub- 
tending arc is increased in the same proportion *. 



* If the angle be not at the centre, but between it and the circum- 
ference ; 
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(6.) Angles at the centres of diflferent circles vary as 
the arcs which subtend them^ directly, and the radii of 
the circles inversely. 

For (2) the arc /1C : the circumference ADEA : : 
the angle ABC : four right angles. Hence the angle 

ABC == — jnW/l ^ ^^"^ "S'^' angles ; find since the 

circumference ADEA oc AB^ and four right angles is an 

AC 

invariable quantity, the angle ABCocjo' 

(7.) Till lately, Geometers almost unavdnumsly 
agreed to divide the circumference of the cirde into 36o 
equal parts called Degrees ; each degree into 6o equal 
parts called Minutes; and each minute into 6o equal 
parts called Seconds^ &c. This method appeared to the 
Greek Greometers to afford some facilities for calculations, 
in consequence of the great number of divisors of 36o 
and 60 ; but it is in reality subject to inconvenience from 
complicated numbers, and tediousness in operations. 
Upon the introduction therefore of a new system of 
weights and measures into France, in which they were 
decimally divided and subdivided, it was thought proper 
to make a similar division of the quadrant. The quad- 
rant is accordingly divided into 100 minutes, each minute 
into 100 seconds, &c. One great advantage of which 
method is its identity with the common decimal scale of 

ference; it will be measured by half the sum of the arcs intercepted 
between the sides, and the sides produced. If it be without the circle, 
it will be measured by half their difference (ii. 24.). 

If the angle be formed by a tangent and chord, it will be measured 
by half the arc subtended by the chord. If by a line cutting the circle 
and a tangent, or by two tangents, it will be measured by half the differ- 
ence between the convex and concave arcs intercepted between the 
lines. 
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notation; thus 6 deg. 15 min. 53 sec. would be repre- 
sented by 6.1553 deg. and 34 deg. 6 min. 9 see. by 
34.0509, 

The length of a degree then on that scale will be less 
than one on the common scalie in the proportion of 90 : 
100, or 9 : K) ; a minute in the proportion of 90x60 : 
100 X 100, or 27 : 50, and a second in the proportion of 
90x60x60 : 100 X 100 X 100, or 81 : i50. 

If then n = the number of degrees on the new scale^ 
' the corresponding number on the former scale will be = 

«x9 «.(10-1) n „ 4U r 11 • 

■■ ; ■ = — ^-rr = ^ - rr . Hence /• the following 

10 10 10 

rule, for reducing the new to the old graduation. 

Express the measure in decimals, and from it aub- 
tract -nrth of this number ; mark off the decimals in the 
remainder, which multiply by 60, and mark off the 
decimals again ; these again multiply by 60 and mark off 
as before, and so on ; the whole numbers so obtained will 
be the degrees, minutes, seconds, &c. on the common 
scale. 

Thus to determine how many degrees, minutes, &g: 
in the old graduation, correspond to 46 deg. 43 min. 
15 sec. in the new. 

From 46.4315 

Subtract 4.64315 



41 .78835 
60 

47.30100 
60 



18. 06000 
or 41 deg. 47 min. IS.oGsec. 
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(8.) Degrees, Minutes, Seconds, &c. are expressed 
by ^ ', "; thus 10^ 15^46^ represent an arc of ten 
degrees, fifteen minutes and forty five seconds. 

(9.) Arcs and angles are expressed without distinction 
in trigonometrical calculations by degrees, minutes, and 
seconds. 

(10.) A right angle is measured by an arc of 90® ; two 
right angles by 1 80®. ; half a right angle by 46® ; and 
each angle of an equilateral triangle by 60®. 

(11.) Def. 2. With the centre O and 
radius OA describe a circle, and draw the 
diameters AOQ BOD at right angles to 
each other. These will divide the circum- 
ference into four equal parts called Qundrants. 

(12.) Def. 3. The Complement of any are or angle 
is the difference between that arc or^ angle and a quadrant 
or 90®. Thus taking any point P in the quadrant AB ; 
the complement of the arc AP is the arc BP ; and the 
complement of the angle AOP is the angle BOP. If 
-rfP = 62®. 16', BP its complemented;^. 44'. Also the 
complement of 35®. 15'. 45" is an arc of 54''. 44'. 15". 
And in general A being any arc whatever, its comple- 
ment is 90® ^A; ox A- go®, if -^ be greater than go®. 

The two ac^te angles of a right-angled triangle, being 
together equal to a right angle, are complements to each 
other. 

(13.) Def. 4. The Supplement of any arc or angle 
is its defect from a semicircle or 180®. Thus, taking any 
point P, the supplement of the arc AP is PBC, and of 
the angle AOP is the angle POC; the supplement of 
ABF is CF, and of the angle AOF is the angle COR. 
The supplement of 32". 42'. 18" is an arc of 147°. 17'.42". 

TT 
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If ^ be any arc, its sappleroent is (180—^. Also 
the supplement of (90 — A) is (90 + A). 

In every triangle, the sum of the three an^es hea^ 
equal to two right angles, each angle is the supplement 
to the sum of the other two. 

(14.) Def. 5. The CAortf ofan arc is a straight line 
joining the extremities of the arc. Thus AP is the 
chord of the arc AP, AB is the chord of the quadrant 
AB. The diameter is the chord of a semicircle ; and 
the chord of the whole circumference is = 0. 

' (15.) If the chord does not pass through the coatre, 
as AP, it is the chord of two uneqnal arcs, AP and the 
remainingpartof thecircumference^DCBP. In speak- 
ing however of the chord of an arc of a circle, the less arc 
is generally meant. 

(16.) Cor. The chord of 60^= radius of the circle. 
For the triangle AOP is equiangular and .*. equilateral. 
The chord of a quadrant =R<^2. 

(17.) Def. 6. The Sine or Right Sine of an axe it 
a straight line drawn from one end of the arc perpendi- 
cular to the diameter passing through the other end of the 
arc. 

Thus, if from P, PE be drawn" per- 
pendicular to ACy it will be the sine of the 
arc AP less than a quadrant. Jf PQ be 
perpendicular to £0, it will be the sine 
of the an: BP. A\so PE', P'B", P"E"' 
are the sines of arcs AP, AP\ AP" measured from A 
and terminating in the second, third and fourth quadrants 
respectively. 

If fi^m At Ax be drawn perpendicular to OP^ it 
witl be the sine of AP, and be equal to PE. 
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(19.) To trace the changes in- magnitude of the 
Right Sine. 

The sine begins with the arc; when the arc is 
nothing, P coinciding with A, E also coincides with it. 
But as P moves from A towards B, PE continually in- 
creases, t. e. as the arc increases^ the sine increases ; and 
when P coincides with B, E coincides with O, and the 
sine of 90^ becomes radius. When the arc is greater 
than 90^, and terminates in the second quadrant, as the 
arc increases, the sine decreases, till it becomes =0, at the 
end of the second quadrant, P" and E' both coinciding 
with C. If the arp terminates in the third quadrant, the 
sine continually increases, till at the end of it, it becomes 
radius ; and if in the fourth quadrant, it continually de- 
creases again till it becomes = 0. 

Hence it appears that the sine never exceeds radius*. 

(19.) To trace the changes in the Algebraic Sign of 
the right sine. 

If the' right sines of arcs* in the first quadrant be 
reckoned positive, they will be positive or negative for 
arcs which terminate in the othei: quadrants, according as 
they are drawn in the same or contrary directions with the 
former, i. e. according as they fall on the same or con- 
trary sides of the diameter AC. Hence during the two 
first quadrants the algebraic sign is positive, and for arcs 
which terminate in the two next it is i\egative. 

(20.) CoR. The sine of an arc is equal to the sine of 
its supplement. 

For PE is equal to the sine of CBP which is the 
supplement of AP. Thus 48''. 15' being the supplement 
of 13 r. 45', the sine of 13 r. 45^ = the sine of 4 r. 15. 
Also sin. (180-^) = sin. A, and sin. (90 + A) =» sin. 
(90-^). 
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The exterior angle of a triangle being the supplement 
of its interior adjacent angle, their sines are equal. 

(21.) Def. 7. The Versed Sine is that part of the 
diameter passing through the beginning of the arc^ which 
is intercepted between the beginning of the arc and the 
right sine. 

Thus AE is the versed sine of the arc AP. AEj 
AE\ AE" are the versed sines of the arcs AP'j AF, 
AP" respectively. 

(22.) To trace the changes in magnitude of the 
versed sine. 

The versed sine begins with the arc, and when the 
arc is nothings the versed sine 3=0, E coinciding with A 
It increases with the arc, till the arc beconiing a semi- 
circle, the versed sine becomes the diameter ; after which 
it again decreases, whilst the arcs terminate in the third 
and fourth quadrants, till at the end of the fourth 
quadrant it becomes = O . But as it is always measured 
in the same direction from A, it is positive through all 
the four quadrants. 

(23.) CoR. Henctf (Eucl. vi. 8.) the chord of an arc 
is a mean proportional between the diameter and the 
versed sine of that arc. 

(24.) Def. 8. The Tangent of an arc is a straight 
line which touches the circle at one end of the arc^ and 
is terminated by the radius produced through the other 
end of the arc. 

Thus, if the line TAT touch the 
circle in A^ and AP be an arc less than 
a quadrant^ and OP joined ; since TAO, 
AOP are less than two right angles, OP 
and AT will meet above AO ; and AT 
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will be the tangent of AP. But if AP be taken an arc 
greater than a quadrant, and less than a semicircle, TAO, 
AOP are greater than two right angles, and ••. TA and 
jPO will meet on the contrary side of AOj or AT will 
be the tangent of ABR. In the same manner it may 
be shewn that AT is the tangent of an arc AT^CP" ter- 
minating in the third quadrant; and AT of one termi- 
nating in the fourth. 

(25.) To trace the changes in magnitude of the tan- 
gent. 

The tangent begins with the arc ; when the arc is 
nothing, P coinciding with A, T coincides with it also. 
Whilst the arc is less than a quadrant, as AP increases, 
the angle AOT^ and .*. AT increases, or the tangent in- 
creases ; and as the arc approximates to a quadrant, OP 
approximates to the direction OB which is parallel to 
ATf and •*. the tangent approximates to a line greater 
than any that can be assigned. But if the arc be greater 
than a quadrant, and less than a semicircle, as the arc in- 
creases, BP increases, .*. the angle BOR or DOT in- 
creases, and AOT decreases, /. PT intersects AT in 
points continually nearer and nearer to A^ or the tangent 
decreases, and at the end of the second quadrant, the 
tangent =0. In the same manner it may be shewn that 
the tangent of an arc terminating in the third quadrant 
continually increases till it approximates to a line greater 
than any that can be assigned ; and for arcs terminating 
in the fourth quadrant, it decreases till it be becomes = 0. 

(26.) To trace the changes m the algebraic sign of 
the tangent. 

If the tangent of an arc in the first quadrant be 
reckoned positive, it will be positive or negative for arcs 
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terminating in the other quadrants^ according as it is 
drawn in the same or contrary directions with the tan- 
gents of arcs ending in the first quadrant,- t • e. according 
as it falls on the same or opposite sides of the diamder 
jiC. Hence the tangents of arcs ending in the first and 
third quadrants have a positive sign, and those of arcs 
ending in the second and fourth, a negative one. 

27. CoR. 1 . The tangent of an arc is equal to the 
tangent of its supplement ; 

For the angle POC is equal to the vertically oppo- 
site angle AOP"; and (24) AT is the tangent of ADP' 
which measures AOP". As one of the arcs is less, and 
the other greater than a quadrant, they will be afiected 
with contrary signs. 

Hence if -^ be any angle, tang. (180—^) = — tang. A 
and tang. (90 + ^) = — tang. (90 - A). 

(28.) Cor. 2. Tang. 45''= radius. For in the tri- 
angle OAT, the angle 0^7 is a right angle and AOT^ 
46% /. ^7X)=45^ = ^Orand AT:=zAO. 

29. D£F. 9. The Secant of an arc is the line drawD 
from the centre through the end of the arc, and produced 
till it meets the tangent ; 

Thus, the construction remaining as 
in Art. 24. OT is the secant of the arc 
APi and the secant of the arc AP' 
terminating in the second quadrant is * 
OT. The secants also of arcs AP\ AF'/ 
terminating in the third and fourth quad- 
rants will be or, OT respectively. 

(30.) To trace the changes in magnitude of the se- 
cant. 

When P coincides with A, the secant coincides wiA 




PLANE TRIGONOMETHY. S3& 

tlie radius OA^ <\e. in the beginning of the circle the 
secants radius. In the first quadrant as AP increases, 
AT increases ^25.) •*• OT increases (Eucl. i. 47«) i- e. as 
the arc increases, the secant increases ; and when the arc 
approximates to a quadrant, the secant approximates to a 
line greater than any that can be assigned. But if the 
arc be greater than a quadrant and less than a semicircle^ 
as the arc increases, T" approaches nearer to A^ and the 
secant decreases, till at the end of the second quadrant, it 
becomes equal to radius. In the same manner, the se- 
cant of an arc ending in the third quadrant increases 
from radius till it approximates to a line greater than any 
that can be assigned; and for arcs terminating in the 
fourth quadrant, decreases again till it becomes ss radius. 

Hence the secant is never less than the radius. 

(31.) To trace the changes in the algebraic sign of 
the secant. 

If the secants of arcs in the firqt quadrant are reckoned 
positive, those of arcs ending in the other quadrants will 
be positive or negative according as they are drawn fix>m 
the centre through the end of the arc, or from the end of 
the arc through the centre. Hence the secants of arcs 
ending in the first and fourth quadrants have a positive 
sign; and of those ending in the second and third, a 
negative sign. 

(32.) Cor. l . The secant of an arc is equal to the 
secant of its supplement. 

For OT is the secant of ADP" which is the supple- 
ment of AP. As one of the arcs is greater and the other 
less than a quadrant, the secants will have contrary signs. 
If A he any angle, sec. (180--^) =— sec. -4, and sec. 
(90-^)= -sec. (90+^). ^ 

(33.) C:oR. 2. Sec. 45^ = /i^/ 2. 
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(34.) Def. 10. The Cosine of an arc is that part of 
the diameter passing throu^ the banning of the arc, 
which is intercepted between the centre and the right 
sine. 

Thus OE is the cosine of the arc 
AP in the first quadrant ; OQ the co- 
sine of the an: BP. Also OE, OE", 
OE"' are the cosines of arcs JP, AP", 
AP" respectively terminating in the 
second, third and fourth quadrants. 

(35.) To trace the changes in magnitude of the 
cosine. 

When P coincides with A, E also coincides with it, 
and in the beginning of the arc, cosine = radius. In the 
first quadrant, as AP increases, EO decreases, t. e. as the 
arc increases, the cosine decreases ; till at the end of the 
first quadrant, the cosine = 0. But if the arc be greater 
than a quadrant, and less than a semicircle, as AP" in- 
creases, OE increases, and .'. as the arc increases the 
cosine increases, till at the end of the second quadrant it 
= radius. In the same manner the cosines of arcs ter^ 
minating in the third quadrant decrease from radius, till 
at the end of the third quadrant the cosine =0, and in 
the fourth quadrant increase till at the end of it, cosine 
= radius. 

Hence the cosine is never greater than radius. 

(36.) To trace the changes in the algebraic sign of 
the cosine. 

If the cosines of arcs ending in the first quadrant be 
reckoned positive, those of arcs terminating in the other 
quadrants will be positive or negative according as they 
are drawn in the same or opposite directions with those 
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of arcs ending in the first quadrant^ i.e. according as 
they are measured on the same or opposite sides of the 
centre with the cosines of arcs in the first quadrant. 
Hence the cosine has a positive sign in the first and 
fourth quadrants, and a negative one in the second and 

third. 

(37.) CoR. 1 . The cosine of an arc is equal to the 
cosine of its supplement. 

For OE is the cosine of the arc CBP which is the 
supplement of AP. But as one of the arcs is less and 
the other greater than a quadrant, they will be affected 
with contrary signs. Hence if -4 be any arc, cos. (1 80 — ^ 
= — cos. -^; and cos. (90+-^=— COS. (90- i4). 

(38.) Cor. 3. The cosine of an arc is equal to the 
sine of its complement. 

For OE the cosine of AP is equal to PQ the sine 
of BP. Hence cos. ^ = sin. (90 — A) and cos. (90 — A) 
= sin. A. If -4=30^ COS. SO^'rrsin. 6o°, and cos. 6o* = 
sin. 30^. 

(39.) Cor. 3. Cos. 45^ = sin. 46** = -y^. (Eucl. i. 47.) 

(40.) CoR. 4. The versed sine of an arc less than a 
quadrant is equal to the difference of the. radius .and 
cosine ; and of an arc greater than a quadrant is equal to 
their sum. 

(41.) Def. 11. The Cotangent of an arc is a line 
touching the circle at the end of the first quadrant and 
meeting the radius produced through the end of the arc. 

Thus, if IBF be drawn touching the circle in B the 
end of the quadrant AB, BI will be the cotangent of the 
arc AP which is less than a quadrant. But if the arc 

u u 
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arc ABV be greater than a quadrant and 
less than a semicircle, BI' is its cotan- 
gent. Also the cotangents of the arcs 
AP", AP"' ending in the third and 
fourth quadrants are respectively BI and 
BF. 

(43.) To trace the changes in magnitude of the co- 
tangent. 

When P coincides with A, OP/ falls in the direction 
OA, and being parallel to BI, the cotangent is greater 
than any assignable line. In the first quadrant, as the 
arc AP increases, 01 intersects the line BIm points con- 
tinually nearer to B. Hence in arcs less than a quadrant, 
as the arc increases, the cotangent decreases, till at the 
end of the first quadrant it = 0. In arcs greater than a 
quadrant and less than a semicircle, aa the arc ABP" in- 
creases, BI' the cotangent increases ; till as the arc ap- 
proximates to a semicircle, the cotangent approximates 
to a line greater than any that can be assigned. In the 
same manner the cotangents of arcs ending in the tiiird 
quadrant continually decrease, till at the end of it, the 
cotangent = 0; and if the arcs terminate in the fourth 
quadrant, the cotangent increases again^ till it approx- 
imates to a line greater than any that can be assigned. 

(43.) To trace the changes of the cotangent io 
the Algebraic Sign. 

If the cotangents of arcs ending in the first quadrant 
be reckoned positive, those of arcs ending in the other 
quadrants will Be positive or negative according as thef 
are drawn in the same or contrary directions with those 
of arcs ending in the first quadrant, i. e. according as they 
fell on the same side of the diameter BD with the cotan- 
gents of arcs ending in the first quadrant or the contrary. 
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Hence the cotangents of arcs ending in the first and third 
quadrants have a positive, those of arcs ending in the second 
and fourth, a negative sign. 

(44.) CoR. I . The cotangent of an arc is equal to 
the cotangent of its supplement. 

For BI is the cotangent of CBP which is the supple- 
ment of AP. But these .cotangents have contrary signs. 
If /• A be any arc^ cot. (180— y^= -cot. A, and cot. 
(90+^)= -cot. (90-^). 

(45.) CoR. 2. The cotangent of an arc is equal to 
the tangent of its complement. 

For BT the cotangent of AP is the tangent of BP 
which is the complement of AP. If .*. A be any arc, 
cot ilstang. (90—-^) and cot. (90 • -rf) = tang. A. 

(46.) CoR. 3. Cot. 45 =: radius. 

(47.) Def. 1 2. The Cosecant of an arc is a straight 
line drawn from the centre through the end of the arc 
and produced till it meets the cotangent. 

Thus the arc AP being less than a quadrant^ OI is 
its cosecant. Also OF is the cosecant of the arc ABP 
greater than a quadrant and less than a semicircle. And 
O/, or are the cosecants respectively of the arcs AP\ 
AP" terminating in the third and fourth quadrants. 

(48.) To trace the changes in magnitude of the 
cosecant. 

When P coincides with Ay OP I falls in the direction 
of OA which is parallel to BI, and therefore at the 
beginning of the arc the cosecant is greater than any 
assignable line. In the first quadrant^ as the arc AP in- 
creases^ the line 0/cuts BI in points continually nearer 
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.i^ i^ i. <^. a» tbe arc increases, the cosecant descreases^ till 
a^ cihi ^ittdoftbe first quadrant it becomes equal to radius. 
.V the arc increases from a quadrant to a semicircle, TB 
iu<n:ases (42) and the cosecant increases^ till as the arc 
;MMM^aiates to a semicircle, the cosecant approximates 
U> a Kne greater than any that can be assigned. If the 
arc terminates in the third quadrant^ as the arc increases, 
^ cosecant decreases, till it becomes equal to radius ; 
and during the fourth quadrant it increases again, till it 
appvt)ximates to a line greater than any that can be 
assigned. 

Hence the cosecant is never less than radius. 

(49.) To trace the changes in the algebraic sign of 
the cosecant. 

The cosecants of arcs terminating in the first quadrant 
being, reckoned positive, and drawn from the centre 
through the ends of the arcs ; the cosecants of arcs end- 
ing in the other quadrants will be positive or negative 
accordii^ as they are drawn from the centre through the 
ends of the arcs, or from the ends of the arcs through 
the centre. And hence the cosecants of arcs ending in 
the two first quadrants have a positive sign, and those of 
arcs ehding in the two last a negative sign. 

(50.) Cor. l. The cosecant of an arc is equal to the 
cosecant of its supplement, and they have the same sign. 
If .'. A be any arc, cosec. (180 - ^) = cosec. A^ and 
cosec. (90 + -^ = cosec. (90—^). 

(51.) Cor. 2. The cosecant of an arc is equal to the 
secant of its complement ; for Ol the cosecant of the arc 
'AP is the secant of BP the complement of AP. Hence 
cosec. A=^^ec. (90—^) and cosec. (90-^) = sec. A. 

(52.) Cosec. 45^= fiv^i (33.) 
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(53.) In trigcMionietrical calculations, when the quan- 
tity required ie deduced in terms of the stae, the case is 
ambiguous, since the sine of any arc and its supplement 
(19) have the same algebnic sign. The anttbiguity may 
however be removed by some other consideration . But if 
an egression be deduced in terms of a cosine or a tan- 
gent, there will be no ambiguity, since a positive cosine 
(36) or tangent (s6) denotes -va arc less than 90°, and 
a negative cosine or tangent indicates an arc greater than 
' 90° and less than ISO'". In calculations arcs and angles 
are generally less than 180°. 

Prop. 1. 
(54.) 7%e fines, cosmes, tangents, Sfc. of the same 
angles at the centres of different dreles are proportionai 
to the radii of those drdes. 

Let AB, ai be two arcs described with 
the centre C and radii CA, Co, subtending 
the same angle at C Draw BS the sine 
and AT the tangent of AS; bs the sine 
and at the tangent of ab. Then the triangles CBS, 
Cbs being similar, 

BS : bs :: CB : Cb, 
i. €. the sines are proportional to the radii. 
Also CS : Cs :: CB : Cb, 
or the cosines are proportional to the radii. 

And since CS : Cs :: CB : Cb :: CA : Ca; 
.-. (Eucl. v. 19.) AS : as :: CA : Ca, 
or the versed sines are proportional to the radii. 
Again from the similar triangles ATC, atC, 
AT : at :: AC : aC, 
or the tangents are proportional to the radii. 



^ 
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and CT : Cl :: AC : aC, 
or the secants are proportional to the radii. 

(55.) Coa. 1. Hence jrp = t- pnd .-. if S and * 

represent the sines of the same angle to radii R and r, 

-„■=-, and S = — X s. If r= 1, S=Rs, and -k = *. 
K r r K 

And the same is true of any other corresponding lines. 

Hence if any expressions be calculated for rad. = 1 ; 

the corresponding expressions in a' circle whose radius it 

R will be determined by taking each line an R*-^ part of 

the former. 

(56.) Cor. 3. If a given radius be divided into any 

number of equal parts, and the sines &c. of every angle 

be given in such parts, the sines &c. of any given angle 

may be found, corresponding to another given radius. 

Prop. II. 

(57.) Tojind the relation between the sinesj cosines, 
tangents S^c. of the same angle. - 

Let AP be any arc, PE and OE its 

sine and cosine, draw the tangent AT, 

secant OT and cotangent BI. Then 

PE bang parallel to AT, the triangles 

OPE, OAT are equiangular, 

. . OE : EP :: OA : AT, 

or cos. : sine :: rad. : tang. 

, sine sine* .. -, 
.'. tane.=rad. x ■ — = , ifn=sl, 



' In the secoud quadiaat the sine is positive and the conoe negative. 

Hence 
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Also from the same triangles, OE : OP :: OA : OT, 

R^ 1* . 

or cos : R :: R : sec. .*. sec. = = - — if i?=l. 

-- cos. COS. 

Also from the similar triangles OPE, BOJ^ 

PE : PO :: OB : 07, or sin. : R :: R : cosec; 

.'. cosec. = — — = -: — (If Rsz 1). 

sme sme 

And from the same triangles, PE : EO :: BO : 57, 

or sin. : cos. :: R : cotang. ; 

. n COS. COS.t 'c n' 

.\ cotane. = /c x —. — = — : — * • if /c = 1. 
° sme sme 

Also from the similar triangles OAT, OBI, 

TA : AO :: OB : BI, or tang. : R v. R : cotang.; 

TP 1 
.*• cotang. = = , if /{ = 1. 

*• tang. tang. 

(58.) Cor. l. If either the sine or cosine of an arc 
A be known, all the rest may be found. 



Hence tanir.( ISO— ^]= 7 = '—-: = — tang. A, which 

^ ^ ' — COS. A cos, A 

confirms what was shewn in Art 26. 

When the sine and cosine have the same algebraic sign^ the tangent 
will have a positive sign, and when different, a negative one. Also 

since cos. 90^=0 and sin. QO^z^R, tang, 90^= - = 00, which con- 
firms what was shewn in Art. 25. 

* Hence the secant will have the same algebraic sign as the cosine. 

t Hence ^he cosecant will have the same algebraic sign as the 
right sine. 

t Hence the cotangent will have a positive sign, when the coiiiie 
and sine have the same algebraic signs, and a negative 
different ; or as also appears from the next equation, it wi| 
same sign as the tangent. 
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For (Eud. i. 47.) PO' = P£* + E0\ i.e. IP-= 

sin*. A + cos^.A, .'. sin. A = ^(iP- cos*. A), and cos. A 
= ^(i?*— sin*. A), which values may be substituted in 
the preceding expressions. 

(59.) CoR. 2. Since OT* = O^ + ^T*, sec*. ^= 
/t*+tang». A, and .*. sec. -4 = ^^ (il*+tang*. A)y whence 

. jR* J • ^ ^ X tang, -4 

^^•^ = ^(/P + tang*.^)^""^'^"-^=y(/^ + taV-^y 

(60.) CoR. 3. Also tang. A = ^(sec*. A—R^\ and 
cosec*. -^ = IP + cotang*. ^. 

(61.) CoR. 4. If the radius be represented by unitji 
the expressions become, sin. ^ = ^(1 — cos*. A)^ 

COS. A = ^(1 — sin*. A)f sec. -4 = ^(l + tang*. A)^ 

tang. A = a/ (sec*. -^ - 1), cos. -^ = — — - — ; — — 

^ ^, ^' ^(l+tang\^ 

and sin. A = ..., . f' — r — ^r , tang, ^x cotang. -4=1. 

^(1+tang*. ^)' ^ ^ 



Prop. III. 

(62.) 7%e sine of any arc is equal to half the chord 
of double the arc. 

Let the arc PB be double of PA. 
Join OAy PB intersecting each other in 
E. Since PB is double of PA, PA^ 
AB, and .-. the angles POE, BOE are 
equal, but OPE is equal to OBE^ and 
OE common to the triangles OPE, OBE, .-. (Eucl. i. 
26.) PE is equal to EB, and .'. is half of PB; and the 
angles OEP, OEB are equals t. e. each is a right angle ; 
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hence PE is the sine of the arc AP, and is half the chord 
of double the arc. 

(63.) CoR. 1 . Hence the sin. 30^ = | radius. For 
(16) the chord of 60"" = radius. 

AIsocos. 30^= V(^- "n'-30)=y^(iP-^) = ^^?^ ; 

tang. 30° = — rs- , and sec. 30* = -7=- • 
^ ^3 ^3 

Hence sec. 3(y is double the tang. 30^. 

(64.) Cor. 3. Sin.6o°=i5^/l(38),andcos.6(y'=^, 

Versed sine 6o* = - , tang. ^0° = ft V^, and 
sec. 60'' « 2/{. 

Prop. IV. 

(65.) The diameter is to the versed sine of any arc 
as the square of radius is to the square of the sine of half 
that arc. 

Let ABD be a semicircle, AD its dia* 
meter, ACB any arc, whose chord is AB and 
versed sine AE. Join DB, and from the ^ ^-^s-k 
centre O draw OFC perpendicular to the chord AB, and 
meeting the circumference in C; then (as was shewn 
above) AB is bisected in F, and the arc AB in C; and 
AF is the sine of | AB. Also the triangles DAB, OAF 
are similar, 

whence DA : AB :: OA : AF. 
But (Eucl. vi. 8. and v. Def. 10.) 

DA : AE :: DA" : AB*, 
.'. DA : AE :: OA* : AF*. 

XX A 
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(66.) Cor. l. Hence the rectangle contained by the 
radius and the versed sine of any arc is equal to twice 
the square of the sine of half that arc. 

(67.) Cor. 2. And the square of the sine of any 
arc varies as the versed sine of double that arc. 




Prop. V. 

(68.) Radius is to the cosine qf any arc as twice 
the sine of that arc is to the sine of double that arc. 

The same construction remaining, OF 
is the cosine of ^C; and the triangles 
OAFf BAE, having the angle at A com- 
mon^ and right angles at F and E, are equiangular ; 
whence OA : OF :: [BA^) 2AF : BE. 

(69.) CoR. 1. Hence the rectangle contained by the 
sine and cosine of any arc oc the sine of double that arc; 
for BE oc 2 AFx OFoc AF x OF, i.e. sin. 2Aoc 
sin. Ax COS. A. 

Also /{ X sin. A=^ 2 sin. iAx cos. | A. 

(70.) Cor. 2. If from O, OG be drawn perpendi- 
cular to DB, it bisects it, .-. DBcs2BOszaOFz=z2ct». 
I AB ; or the chord of an arc it equal to twice the cch 
sine of half the supplemental arc. 

Prop. VI. 

(71.) In any right-angled triangle, radius is to the 
sine of either qfthi acute angles^ as the hypothenuse is to 
the side opposite to that angle. 

Let ^jBCbe a right-angled triangle, having the angle at 
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A a right angle. With the centre C, and 

radius CZ) sth^ tabular radiu$, des^ibe 

an arc DE^ nKeeting CB produced in E } 

it will be a measure of the angle C 

Let fall the perpendicular EF, which will be equal to 

the tabular sine of the angle C. The triangles CEF^ 

CBA being similar, 

CE : EF :: CB : BA, 
or rad. : sin. C :: CB : BA, 
In the same manner^ \i fiA be produced till it be equal to 
the tabular radius, and a circular arc be described with 
J3 as a c^atre^ it maybe shewn that rad. : sin. B :: BC : 
CA. 

(72.) CoR. 1. Rad. : cos. C :: CB : CA\ 

and rad. : cos. B :: CB : BA. 

(73.) Cor. 2. If rad. = 1, BA^ CB x sin. C, or 
CBxcos. JB, 

and CA = BCx sin. J3, or BCx cos. C 

Prop. VII. 

(74.) In any right-angled triangle^ radius is to the 
tangent of either of the acute angles as the side adjacent 
to that angle is to the opposite side. 

Let CAB be a right-angled triangle, 
having the angle at ^ a right angle. With 
the centre C, and radius CD :s the 
tabular radius, describe a circula,r arc DE 
meeting CB produced in E ; then DE is the measure 
of the angle C ; and drawing DG perpendicular to DC 
meeting CE in O, DO will be the tangent of DE or 
of the angle ACB. Now the triangles DGC, 
being similar. 
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DC : DG :: AC : AB, 

or rad. : tang. C :: AC : AB, 

In the same manner it may be shewn that rad. : tang. 'B 
:: AB : AC. 

(75-) Cor. Rad. : sec. C :: AC : BC, 
and rad. : sec. B :: AB i BC. 




Prop. VIII. 

(76.) Having given two parts &f a right-angled 
triangle; tojind the other parts. 

This resolves itself into four cases. 

1 . Having given the hjrpothenuse CBy 
and the angle C ; to find the rest. 

Since (71) tabular radius : sin. C :: 
BC : BA^ and the angle C being given^ its sine may 
be found from the tables^ the three first terms in the 

r • ii. -*j 1 -D ja BCx sin. C 
foregoing proportion are known^ .*. BA = ^ 

n«, be i^u^ * 

Aho AC^^iBC^B A*) ^^{(BC+BA).(BC—BAj] 
may be computed, or three terms in the proportion (73) 

red. . COS. C :, BC I CA being known, CA=^^^^-^ 

may be abo determined. 

And the angle i3=90''-C. 

Ex. Suppose the angle Cs30^ and £C= 10 chains. 
Then sin. 30P=:^R, and cos. 30^ = ^ R, .-. BA^ 
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By the same method the triangle may be solved, if 
the hypothenuse BC and the angle B be given ; the 
point B being now considered as the centre. 

2. Having given one side AC and the angle C; to 
find the rest. 

. Since (74) tabular radius : tang. C :: AC : ABy 
and the angle C being given^ its tangent may be found 
from the tables ; the three first terms in the preceding 

proportion are known, and .•. BA = ^ ft — ^^^ 

be determined. 

Also (75) tabular radius : sec. C :: AC : CB, in 
which proportion three terms being known, the fourth, 

y^n ^O X sec. v/ • 1 . • • 

CJf = jz may be determmed. 

Or if in the tables the secants are not computed, 

tab. COS. C : J? :: AC : CB, .-. CB = ^^^j? , which 

' COS. C 

may be determined. . 

Also the angle J3=90^- C. 

Ex. If AC == 6 chains, and the angle C=6o^; 
tang. 6o* = V^. J?, .-. ^5 = ^^^-^^^^ 

Also sec. 6o* =2/1, .-. CB = — j^ — = 12, 

or COS. 60"= iR, .'. CB = -Jr = ^^ » 
and the angle jB = 90^ - 6(y = 30°. 
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In the same manner the triangle might he aolved, if 
AB and the angle B were given. 

If jIC and the angle B were given ; since the angle 
C^^yOP — B, C is also known^ and •*. this is reducible to 
the second case. 

3. Having given the hjrpothenuse BCj and one side 
AC\ to find the rest 

Here (72) BC : CA :: rad. : cos. C, in which pro- 
portion the three first terms being known^ cos. C = 

Rx CA 

H^ may be computed, and .*. the angle C determined 

from the tables. 

AI30 the angle B :;= 90^ - C and is .*. known. 

AnAAB^J{BC^^CA')^^{{BC+CA).{BC-CA)] 
which may be found ; 

Or since rad. : sin. C :: BC : BA^ .*. BA » 

BCx sin. C . ^ J 

f^ may be computed. 

In the same manner the triangle may be solved^ if 
BC and AB be given. 

4. Having given the two sides BA and ^C containing 
the right angle; to find the rest. ^ 

Here (74) AC : AB :: fad. : tang. C, in which 
proportion the three first terms being known^ th^ tang. C= 

— -37T— noay be computed^ and the angle C determined 

from the tables. 

Also the angle JB = go"* — C. 

And tabular radius : sec. C :: AC : CB, whence 

CB = g may be determined ; 
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or CB = 75- may be computed. 

COS. C ^. ^ 

(77.) By Case 3. the height of any object may be 
determined^ the base of which is accessible. From the 
base A, measure along the horizontal plane any length 
AC. At C let the angle be observed which the object 

subtends. Then its height BA = m^ ^' — . 



Prop. IX. 

(78.) The sides of any triangle gre to one another as 
the sines of the angles opposite to them. 

Let ABC be any triangle, BD a perpendicular let 
fall on AC, and 

1. Let it &I1 within the triangle, then 

(71) AB : BD :: rad : sin. A, . 
and BD : BC :: sin. C : rad. 
•*. ex asquoper. AB : BC :: sin. C : sin.^ 

2. But if BD falls without the triangle, 

AB : BD :: rad. : sin. A 
and BD : BC :: sin. l^CD : rad. 
.-. AB : BC :: sin. BCD : sin. A 
:: sin. BCA : sin. A^ since the 
angle BCA is the supplement of BCD (dO). 

(79.) In any rectilineal triangle, it is sufficient if 
three out of the six parts which belong to it are known, 
provided that one of these parts be a side ; for if only 
three angles be given, any triangle equiangular to the 
given one will satisfy the conditions. 
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Prop. X. 

(80.) Having given, in tony triangle^ a side and an 
angle opposite to it, and also one other angle or one 
other side, tlie remaining sides and angles may be found. 

]. Having given the angles at A 
and Cy and the side BC\ to find the 
rest. 

Since the angles at A and C are ^ 
given, their sines may be found from the tables, and (78) 
sin. A : sin. C :: BC : BA, in which proportion the 

three first terms being known, BA = : — --j — may 

be determined. 

Also the angle B = 180'' — (i4+C) and may .•. be 
found. 

Whence also sin. ^ : sin. B :: BC : CA, 

, ^. JBCxsin. A , . , 

and .*• CA = : — 5 — ,may be computed. 

sin* /« 

In the same manner, if the angles A and B and the 

side BC ; or the angles B and C and the side AC\ or 

the angles A and C and the side AC were given ; the 

other sides and angles might be found. 

Ex. 1. Hence may be determined the height of an 
object, the base of which is inaccessible. 

Let AB be the height; along the 
horizontal base measure any distance CD, 
and at C let the angle BCD be observed, 
and at D the angles BDC, BDA ; then 
in the triangle BDC, the angle CBD^ 
ISO'''- {BCD + BDC) and .-. is known; 
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and sin. CBD : sin. BCD :: CD : DB, 

.\ DB^CD X . ' ^y>w\ > which may r. becomputed» 

sm. CBD ^ * 

Hence in the right-angled triangle BADy rad : sin. 

BDA :: BD : BA, and . . BA - ^^ ^ "" ^^^^ 

' rad. 

which may •*. be determined. 

£x. 2. To determine the height of a 
cloud A or any object in the air ; let two 
observers C and D in the same vertical 
plane take the angles of elevation ACB^ 
ADB {^01" and V) and measure CD (= 
c yards) the distance between them ; the height and the 
distances from them may be found ; for the angle ADB 
being=4^, ACB^ce^^ ADC^lW.'-h, and CADs^ 

Hence in the triangle CAD, sin. CAD : sin. C :: 
CD : DA, 

or sin. d : sin. a :: c : DA=i-^. — V-, which is /• known. « 

sm. a 




And sin. CAD : sin. CDA :: CD : CA, 

f. e. sin. d : sin. (180 — 6) :: c : CA = -4 — :r»which 

^ ^ sm. d 

is also known. Hence in the right-angled triangle ADJS, 
rad. : sin. ADB :: AD : ^£^ 

^P _ AD X sin. ^DB _ c^sin. ax sin, fe 

which may be determined. 

Ex. 3. To determine the breadth of a river and the 
distance of an object .B by its side from another object A 

y Y ^ 
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on the opposite bank, let a line JBC be 
measured (=a yards) along its bank, and 
by means of a Theodolite let the angles 
CBA, BCA be measured (=6* and c*); 
then the angle BAC = 180--(fl+ C) = rf^ 

And sin. BAC : sin. C :: BC : ABy 

a sin. c , . a , 

— T-, which may be 

I. o "^ 



or sm. 



sm. c 



a 



AB = 



sm. 



determined. Whence in the right-angled triangFe ADB^ 

rad. I sin. B :: AB : AD^ 

jn — -^-B-sin> B __ a . sin, ex sin, b 
• "■ i? ^ /{ . sin. d ' 

which may be computed. 

Ex. 4. From B the top of a tower, the angle of 
depression of a vessel at anchor {HBS=a^) w^s observed, 
and at C the bottom of the tower, the angle of depression 
{ECS = b^) was again observed. The height of the 
tower (BC = c) being known ; to determine the hori- 
zontal distance AS, and the height CA of the bottom of 
the tower above the level of the sea. 

The angle BSC= BSA^CSA 
^HBS - ECS = a - 6 = rf and 
SBC = 90' HBS = 90^ a, 
.*. in the triangle SBC, 
sin. BSC : sin. SBC :: BC : CS 

or sin. d : cos. a :: c : CS, 

.'. CS = -A — '-r 3 which may be found, 
sin. d ^ 

And in the triangle C^-^, rad. : sin. CSA :: CS ; CA^ 

CS . sin. CSA c . cos. a x sin. b 




• • 



c^ = 



A 



ic X sin. </ 
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and tad. : cos. CSA :: CS : SA, 

CSx COS. CSA c . COS. a x cos b 



/. SA .= 



'S, R X sin. d 




2. Having given the angle at A and 
the sides AC, CB ; to find the rest. 

l^e angle at ^ being given^ its sine 
may be found from the tables ; and (78) 
CB : CA :: sin. A : sin. B; 

CA 

hence sin. B = ^^ x sin. A^ and may .*. be determined. 

But as the sine of an angle is equal to the sine of its 
supplement^ the angle B may be greater or less than a 
right angle^ unless BC be greater than AC and conse- 
quently the angle A greater than the angle J3*. 

The angle B being founds the angle Cs= 1 80 - (^ + J3), 
and may .% be determined. 

Also sin. A : sin. C :: CB : BA, 

sm i^ 
whence BA = CB x ■ . * . may be computed. 

sin* jii 

m 

In the same manner may be solved any case, wherein 
are given two sides and an angle opposite to one of them. 



* This ambiguity occurs id oblique-angled triangles whenever the 
side opposite to the given angle is less than the side adjacent to it. 

For if CB be less than AC^ from C draw CD 
perpendicular to AB, produced if necessary. 
Make DB' = DB, and join CB. (Eucl. i. 4.) 
CB' = CB and the angle CB'D is equal to CBDy 
which is the supplement of ABC. Hence thero 
are two triangles CBA, CB'A, which have one 
angle and two sides answering the conditions. 
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(81.) If all the angles of any triangle be given^ the 
ratio of the sides to each other may be found. 

For the angles Aj B aiid C being given, their sines 
may be found from the tables, 

and (78) sin. C : sin. A :: AB : BC, 
-sin. B : sin. C :: AC : AB 
sin. A : sin. B :: BC : AC^ 
in which proportions the two first terms being given^ the 
ratio of the third to the fourth in each is given. 

Lemma III. 

(8S.) If the semi-sum of two quantities be added to 
their semi-difference, the aggregate will be the greater 
of the two ; if the semi- difference be subtracted from the 
semi-sum^ the remainder will be the less of the two. 

Let AB and BC representing the 



A £ b A 



two quantities be placed in the same 
straight line, which bisect in Z>, and cut off AE = BC 
and .-. DE^DB. Then AB - BC= AB ^ AE ^ 
sAB, whence DBsz the semi-difference of the lines; 
and since .^D^the semi-sum, AD+DB =: AB the 
greater, and AD ^DB^DC-- DB^BC the less. 

(83.) Cor. If the semi-sum, be subtracted fix>m the 
greater quantity, the remainder will be the semi-differ- 
ence. 

For AB-^AD^iDB, the semi-difference. 

Prop. XL 

(84.) In any triangle^ if a perpendicular from the 
vertex be drawn upon the base ; the base uill be to the 
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sum of the sides iiifi the difference of the sides to the 
difference or sum of the seg/nents of the base made by the 
perpendicular i according as the perpendicular falls 
within or without the triangle. 

Let ABC be the proposed tri- 
angle^ C the vertex, and AB the 
base ; draw the perpendicular CD 
cutting the base or base produced 
in D. With the centre C, and 
radius CB the less of the two sides, •^ 
describe a circle cutting the side 
AC in Fj and the base or base pro- 
duced in G\ produce AC to H. 
Then AH is equal to the sum of the sides AC, CB ; 
and AF to their diflference. And because BD^DO^ 
(Eucl. III. 3.) AG is the difference of the segments 
ADj DB in one case, and their sum in the other. And 
(Eucl. iii. 36.) the rectangle AB^ AG is equal to the 
rectangle AHy AF, 

.-. AB : AH :: AF : AG. 

(85.) CoR. Hence if the three sides of any triangle 
are given, the three angles may be found. For the 
three sides being given, the three first terms in the pre- 
ceding proportion are given, and consequently the fourth, 
t. e. the difference of the segments of the base made by 
the perpendicular when it falls within the triangle, may 
be found ; and the base or sum of the segments is also 
given, .*. the segments themselves ADj DB may be 
found (82). Hence in each of the right-angled triangles 
ACDf BCD, the two sides being known, the angles at 
A and B may be determined (76), and .'. the remaining 
angle at C (13). 
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But if the perpendicular fall without the triangle, tfie 
fourth term in the proportion or sum of the segnEients, 
will be found ; and the base AB, which is their difier- 
ence, is given, /. the segments may be determined, and 
the angles as before. 

Prop. XII. 

(86.) In any plane triangle j the cosine of an angle 
is to radius as the difference between the sum of the 
squares of the sides which contain that angle and the 
square of the third side^ is to twice the rectangle coit- 
tained by the twojirst sides. 

Let ABC be any triangle ; from B 
let fall the perpendicular BD on AC; 
then (EucL ii. 13.) 

BC^==AB'+AC'-2ACx AD, 
ov 2 ACx ADDAS' ^AC^^BC. 
Now COS. A : rad. :: DA : AB :: 2ACxAD : 2ACx AB 

:: AB^+AC^^BC^ : 2ACxAB. 
Nearly in the same manner it may be shewn^ if the 
perpendicular falls without the triangle. 

(87.) CoR. 1 . Let a,b,c be the three sides oppo- 

b^+c^'-a^ 
site to the angles A, B, C; then cos. A = — -r , 

^m ^^ *^ 




% 



cos B = — , and cos. C = — - — r — . 

2ac ' 2ab 

Hence the sides of a triangle being given^ the angles may 

be found*. 



The preceding expressions not being easy for calculation, values 

may 
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Prop. XIH. 

(88.) In any triangle j the sum of any tioo sides is 
to their difference as the tangent of the semi-sum of the 
angles at the hose is to the tangent of their semi-difference. 

Let ABC be any triangle, 
whose base is AC. With the cen- 
tre By and radius BC the less of the 
two sides, describe a circle meeting 
the side AB in Fand AB produced in E and AC in D. 
Join BD, CE, CF-, and draw FG parallel to AC. 

Then since CBEj CFE are on the same base CEj 
(Eucl. iii. 20.) CFE = i CBE=^{CAB+BCA); and 
since BD=BC, the angle BCD^BDC, and .-. DBA 
is equal to the difference of the angles BCA^ BAC. 
Hence (Eucl. iii. 20.) FCD and .-. its equal CFG = 
J {BCA - BAC). If now with the centre F, and radius 
FC, a circle be described, 

CE : CG :: tang. CFE : tang. CFG. 
But FG being parallel to AC one of the sides of the tri- 
angle AEC, (EucK vi. 2.) 

CE ; CG :: AE : AF:: AB+BC:AB^ BC, 

.-. AB-^BC : AB^BC :: tang. CFE : tang. CFG 

:: tsing. ^{BC A + BAC) : t^ng. ^(BCA^ BAC). 

— TT ) 

and .•. sin. A = — -x >/ j (a+^+c).(a+*— c).(a+c— A).(^+c— a) J 

^ o c 

= f X ^ {P.(P-«).(P-A).(P-c)}, if2P=«+*+C. 



i 
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(89.) Cor. 1. Hence if the sides AB, BC of any 
triangle, and the angle ABC included between those 
sides, be given, the other sides and angles may be found. 

For, from the included angle ABC, its supplement 
EBC may be determined ; half of which is the semi-sum 
of the angles at the base ; and their semi-difierence may 
be found by the Proposition. Having /. the semi-sum 
and semi-difierence of the angles at the base, the angles 
themselves BAC, BCA may be found (83). The three 
angles and two sides, /. being obtained^ the third side 
may be found, (78)- 

Or the side may be calculated by means of a subsi- 
diary angle, thus 

(87)^ 6^ = a'+c*-2ac.cos. JB 

= (a— c)*+2flc . (1 — cos. B) 
= (a-c)»+4ac.sin*.^B(70) 
/ \ft f, . 4ac. sin*. ^B\ 

Now since tangents admit of every degree of magnitude, 

^ - 1 1 . ^- 2 s/ac. sin }-B , 
find an angle x whose tangent is , and 



a-'C 



.-. h = (a-c) . ^(1 + tang*. x) = (a - c) .sec. a? = 

or to radius R = ^ -^ — which (since x is known 

COS. X \ 

r 4.U *• .^ 2 s/ac . sin. ^ B\ 

from the equation tang, x = —^ 2 — i ^ may 

easily be computed. 

Ex. To determine the distance between two visible 
inaccessible objects. 

Let A and B be the two objects. Measure a given 
line CD ( = /7) along a horizontal base, from the extre- 
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mities of which A and B are visible. 
At C observe the angles ^CB^ BCD, 
and at D the angles ADC^ ADB. 
Then in the triangle ACD^ the angle 
CAD^\%W^{ACD+ADC)^h, 
and sin. DAC : sin. ADC:: CD : CA 

or sin. b : sin. c :: a : CAy 

m 

.'. C^ = — ^ — ^ , which may be computed. 

And in the triangle BCD, the angle CBD = 1 80- - [CDB 
'i-BCD)^dy whence 

sin. CBD : sin. CDB :: CD : CH, 
or sin. <{ ;^ sin. f? a : CB, 

.•. CB 5= -A — ^ , which may be computed, 
sin. CI , 

And iD the triangle ACB, AC+CB : AC-^CB 
:: tang. i(BAC+ ABC) : tang. ^{B AC ^ ABC) 

:: tang. ^ (180 - ACB) : t&ng. ^ (B AC ^ ABC), 

AC CB 
.\ tang, i (BAC^ABC) = ^^^ ^^ x cot. i^C5, 

which may be calculated. Hence from the tables the 
difference of the angles may be fbund^and the sum 
being known^ the angles themselves, may be determined 
(82). And sin. ABC : sin. ACB :: AC : AB 

.'. AD = . * .^^ X AC may be calculated, 
sm. ABC ^ 

• 

Or AB may be ascertained as before by means of the 
subsidiary angle x; and from the three sides being known 
the two remaining angles may be determined. 

(90.) CoRt.2. Hence also the sum of the sines of 
two angles is to the difference of the sines, as the tangtnt 

zz 
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of half the sum of those angles is to die tangent of haU 
their difference. 

For AC : BC :: sin. B : sin. A^ 

m 

:. AC+ BC : ^C^ BC :: «io. B+«in. A : fin. B-^sin. A 
and .'. sin. A-\-ivci. B : sin. .^'^sin. B :: tetig. •l-(^-l-.A) 



Prop. XIV. 

(9L) The gum of the tangents ^any ttoo angles is 
to their difference as the sine of their sum is to the sine 
of their dgfS^enoe. 

Let BAB, BAC be the angles, 
and through any point B in ABj draw 
DC perpendicular to AB. Make the 
angle BAc = 6AC; then will Ac = 
AC. From C and c draw CE, cF 
perpendicular to AD. 

Then CE 5 cF :: sin. CAD : sin. cv*Z> 
:: sin. (CAB+BAD) : 5in. (BAD^BAC). , 
And 5D : BC :: tang. S^D : tang. BAC, 
.-. CD : cD :: tang. JB.AD+l»ng. BAC : : 

[tang. B^D-^taag BjfC 
And cF, C.£ being. |!ierpendicular to ADi, are pacalM^ 

whence Cfi : cF r. CD : cD 

or sin. (DAB+BAC) : sin. {DAB^BAC) :: 

tang. O^B+tang. B^C: tang. DAB^img. BAC. 




Phop. XV. 

(93.) In any plane triangle, the rectangle contained 
hy any two sides is to the rectangle contained by the 
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excesses of half the perimeter above seek of tkem respec- 
tiveltf as the square of radius is to the square of the 
sine of half the angle contained by those sides. 

Let ABC be ao^ trian{^» BC 
its base^ AB the greater of the «ides 
and AC the less ; P « { the peri- 
meter of the triangle^ then AB x 
ACx (P- AB).(P^AC) :: /P 
: sin*. ^ A. 

In AB take AD = AC, join DC\ and draw AE 
perpendicular to DC, and EG parallel to BC, cutting 
AB in G. With the centre G, and radiu8 GJ5, detcribe 
a cirde cutting AB in L, and AB and EG produced in 
K and H. Join HB ; and produce AE, HB till they 
meet in M, 

Since AD = AC, and the angles at E are right angtes* 
the squares oK AE, ED are equal to the squares of AE, 
EC; and /. ED ^ EC, or DC^liDE. Hence by 
similar triangles DGE, DBC, BC'n^GE = EH, 
and BC is also parallel to EH, .: HBM is parallel to 
VED, and (Eucl. i. 39.) the angle BME—DEA, or it 
is a right angle ; and HE being a diameter, ^ is a point 
in the circle. 
Now {71) A B : BM :: rad. : (sin. DAE = ) sin. ^BAC, 

and ^2> : i>£ :: rad. : sin. i BAC, 

.-. con^i. AB X viTD : 53/x DE :: il' : sin*, i BAC. 

But from the similar triangles DGE. DBC, DB=:2DG, 

to each of these equals AD+AC=2AD, and BA+AC 

m3^6, to each of which equals add BC=s2GE=aGK, 

,'. AB + AC+BC:»2AK, . . AK=P. and BK=^AK- 

AB^P-AB, and BL = DK^ AK^AD^P-AC. 

And the rectangle B^/ xDE^BMx EC= BM x BH 
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= (Eucl. iii. 36.) BK X BL^(P - AB) . (P ^ AC), 
hence ABx AC: {P^AB).{P-- AC) :: /P : sin*, i BilC 

(93.) Cor. l. Hence ifthe three sides of any triangle 
be given, the angles may be found. For if the sides 
opposite to the angles A^ B, Che a, i, c, respectively, 

then sin*, i A = r^ x ^^ ii > ™*y ^ deter- 

mined, or the sine of half .the vertical angle, and conse- 
quently the vertical angle itself may be found. Hence 
tbe other angles (78). 

Ex. Three points Ay B, C 
being given in a plane^ to determine 
the position of a fourth D, where 
the angles ADB, ADC^ subtended 
by A and B^ A and C are a^ and h^ 
respectively. 

On AB describe a segment of a circle containing an 
angle a^, and on ^C a segment containing an angle h^\ 
the point of intersection D is the point required. Let 

sfcd 
which may be computed, p being sB4-.(c+<{-f-e). Draw the 
diameter AF^ and join FB. In the triangle BAF, AF^ 

-: — HTTT = "' inay be found. Draw thediameter AE. 

sm. BFA sm. a ^ 

and join CB. In the triangle ACE, the angle CAE^ 

ADC-ADE = 6 - 90*=^, and AE = ^^^^ = 

^ COS. CAE 

R . AC 

— • . Join DE, DFy they are in the same strai&rbt 

COS. g J t9 

line (ii. 5). Hence tn the triangle FAE, AE and AF 
having been computed^ and the angle FAE =: BAC+ 
CAE - FAB = K and tang. | (EFA ^ AEF) ^ 
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jp<, jifj, X cotang. FAE ; whence the angle AFE may 
be determinied. And in the right-angled triangle DAF, 
AD ^ -j^^ may be found ; which line and 

the angle BAD determine the position of D. 

(94.) Cor. 3. Also AB : AM :: rad. : cos. iBAC. 

and AD : AE :: rad. :cos. iBAC, 
..ABxAD : AMxAE :: iP :c(»\iBAC. 
and since AD^AC^ and AMx AE = AKxAL- P x 

[{P-BC) 
ABxAC: P.(P-BC) :: /T : cos».+B^C, 

.•.cos. + ^=r.v/{^^5^::^}. 

(95.) Cor. 3. Also AE ; £1> :: JR : Ung. ^ BAC, 

and .^lilf : MB :: R: tang. ^ BACy 

.'. AExAM : £Dx MB :: R* : tang». + B^C, 

or P . (P^BC) : (P-^B) . (P-AC) :: il» : tang*. 

[+ BAC, 

■■■u„g.,^,.V{ "';.VT' }- 

Prop. XVI. 

(96.) Having given the sines and cosines of two 
arcs ; to find the sine of an arc which is equal to their 
sum. 

Let j4B^ AC be the two ares; take 
ADi AE their doubles ; draw the diameter 
AF. Join AD, DF, AE, EF, ED. 
Then the chord AD ^2 . sin. AB (63) 

^£ = 3. sin. AC, 
DE^a.%\u. BC, 
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and DF= 2 C08. iAD^2 cos.AB (70), 
^F=3co8. AC. 
Now AFx ED^ADx FE+AEx FD (Euch vi. D.) 
or 2 rad. x 2 sin. BC= 2 sin; AB x 2 cos. i^C 
+ 2 sin. ^C X 2 COS. AB, 
.*. rad X sin. BCss sin. ^B x cos. ^C+sin. AC x oos. AB. 

(97.) Cor. I. If rad. = l,^fi = «, ^C=tft, 
sin.(a+i)^ sin. a x cos. i + sin. b x cos. a. 

(98.) CoR. 2. If a = 5, sin 2a = 2 sin. ax cos. a. 
Hence also sin. 3 a =3 sin. a — 4 sin^. a 

sin. 4 a = (4 sin. a— 8 sin"*, a) . cos. a 
sin. 5 a = 5 sin. a — 20 sin.^a 4- 16 sm^ a. 

Prop. XVII. 

* (99.) Given the sines and cosines of two arcs ; to 
Jind the sine of an arc which is equal to their difference. 

Let AB, AC be the tvto arcs ; take 
AD^ AE the doubles of them ; draw the 
diameter AF\ 

join AE, AD, FE, FD, DE. 
Then the chord AD =: 2 . sin. AB (62) ""^ 

AE:sz 2. sin. AC 

DE = 2 . sin. BC, 

and FD = 2.cw AB (70) 

jEF=2.cos. AC; 

and AFx ED = ADx EF-AEx FD (Eucl. vi. D.) 

or 2 rad. x 2 sin. BC = 2 sin. ^B x 2 cos. AC'- 

[2 sin. i^C X 2 cos. ilB, 
••. rad, X sin. BCzrsin. ^B x cos. AC- sin. -<4fC x cos. AB. 

(100.) Cor. If rad, = l, and JB = a, AC =: b, 
sin. (a — b) = sin. a x cos. (->-8in. bxcos. a. 
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Prop. XVIIl. 

(101.) Criven the sines and cosines of two arcs; to 
find the cosine of an arc wtuch is equal to their sum. 

Let AB, AC be the two arcs. Take 
AD^ AE the doubles of tbem. Draw 
the diameier AF, and make FG =7 AE. 0^ 
Join FG, GD, DA. AG, FD. Then 
GD is the supplement of DE, and /.its 
chord />6s2 COS. + DE =; 3 cos. BC (70). 
DF^ 2 COS. AB, 
and AG^ 2 cos. i^ FG =^2 cos ^AE ^2 cos. AC. 

AD — 2 sin* AB, 
and FG = 2 sin. ^FG = 2 sin. AC 
And AFxDG^FDx AG^AD x /?10 (Eucl. -vi. D.) 
or 2 rad. x 12 00s. BC ^ 2 cos. AB x 2 cos. AC ^2 sin. 

[-rffl X 2 sin. AC, 
.•. rad. X cos. BC = cos. -4B x cos. AC-- sin. ^ B x sin. AC 

(108.) Cor. 1. If rad-;=l, AB = a, AC^h, 
cos. (41+6) :^ eos. a x cos« 6-«<- sin. a x sin. h. 

(103.) Cor. 2. If a = ft, cos. I^a =s cos* a-<-«in*. a 

=E 2 cos*. «— 1, 
or cos. 2a z= l*— 2 0tn\ a. 
Also COS. 3 a s 4 cos^. a-*-3 cos. a 

COS. 4a ;= 6 cos^. a-08 cos', a+l- 

cos. 5 a = 16 cos*, a -r 20 cos^ a + 5 cos. a 

COS. 6a ^ 32 cos^ a - 48 cos^. a tMB cos\ a^ l . 

Prop. XIX. 

.(104.) Given the smes and cosines of two arcs ; to 
Jind the cosine of an arc which is equal to their differ- 
ence. 
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Let A By AC be the two arcs, take 
AD^ AE the doubles of them ; draw the 
diameter AGy and make GF (on the 
opposite side) = AE. Join AD^ AF, DF, 
DG, FG. The arc DGF is the supple- 
mentof DE, which .-. is equal ioAD-AE^2AB^ 
2 AC =2 BC, and .-. DF= 2 cos. ^DE = 3 cos. EC. 
DG—2CM. AB (70) AD^2. sin. AB (62.) 

AF ^2 COS. AC FG = 2 . sin. AC. 

Now AGxDF=zDGx AF+AD x GF (Eucl. vi. D.) 
or 2 rad. x 2 cos. ^C= 2 cos. AB x 2 cos. ^C+ 2 sin. AB 

[ X 2 sin. AC. 
\ rad. X cos. BC=cos. AB x cos. -^C+sin. AB x sin. AC, 

(105.) CoR. If rad. = 1, AB = a, AC^b^ 
cos, (a— i) = cos. a x cos. 6+sin. a x sin. 6. 

(106.) It may perhaps be objected that the preceding 
propositions are proved only when the arcs (a) and (b) 
or even (a 4- b) are less than quadrants. Assuming them 
to be proved within such a limit that (a) does not exceed 
a value a, and (b) a value /3, it may be proved by means 
of what has been shewn before, that the values of the sines 
and cosines of the sums are equally true, when (a) does 
not exceed 90^ + a and (b) does not exceed /3. 

For let fl = 90®-hin, .-. m = a— 90®, which is less than 
90^ 

Now sin. (90® + m + i) = sin. {90*— (m+6)} 
= cos. (m+i) 

= cos. m X COS. b — sin. m x sin. b 
=» sin. (90*— m) X cos. i— cos. (90* - m) x sin. b 
= sin. (180* - a) X COS. 6 -cos. (180* — a) x sin. b 
= sin. ax COS. 6 + cos. a x sin. b. 
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Also COS. (904-m+i) = — COS. {90— (m+ft)} 

=: — sin. (m + b) 

= — sin. m X cos. b — cos. m x sin. b 

=s — COS. (90 — m) X COS. b - sin. (90 - m) x sin. ft 

= —cos. (180»a)x COS. ft — sin. (180- a) x sin. ft 

=cos. aXcos. ft — sin. ax sin. ft. 

Hence .*. these expressions which were demonstrated 
for (a) less than a and (ft) less than jS, are also true when 
(a) does not exceed 90-ha and (ft) does not exceed /3. 
In the very same manner from the preceding, it might be 
proved that they are true, when (a) does not exceed 
90+a and (ft) 90+fti and so on, t. e. they are true • 
whatever be the values of (a) and (ft) The same is 
equally applicable to the values of sin. (a —• ft) and 
COS. (a- ft). 

(107.) Since sin. (30**+a) = sin. 3CP X cos. a 4-cos. 

po* X sin. a, 
and sin. (30® - a) =sin. 30® x cos. a— cos. 30® x sin. a, 
.•. sin. (30®+ a) +sin. (30® -a) = 2 sin. 30® x cos. a=:cos. a 

[(63). 
and sin. (30® + a) = cos. a — sin. (30® — o). If /. the sines 
and cosines of all arcs less than .30^ be known, the sines 
of all arcs above 30^ and less than 60° might be found by 
subtraction. 

( 108.) Since sini (6o®+a) = sin. 6o® x cos. a + cos. 6o* 

[ X sin. a, 
and sin. (60® - a) = sin. 60® x cos. a — cos. 6o^ x sin. a, 
.•. sin. (60® + a) — sin. (60® - a) = 2 cos. 60® x sin, a ssin. a, 
and sin. (6o^+a) == sin. a + sin. (6o^ — a). If .\jh^m^ 
smes of arcs less than 60^ be known, the sines off^ 
greater than 60® may be found, by additioiu 

3a 
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(109.) Letfl = yj//and b = A. 
Then «in. [{n + l) .A} = sin. nA x cos. -^-l-cos. nA 

|[ X sin. A, 

and sin. (w — l).^ = 8in. «-^x cos. ^ — cos. nA x s\n. A, 

.'. sin. («+l). ^+sin. (w — l).y< = 38in. n^xcos.-^*, 

and sin. (w-f I). A =2 sin. n^xcos. -4 -sin. (n- iJ.A. 

' Also sin. (n + l)..<4f=sin.(n - l).^4-2sin.^Xcos.9t^, 

and COS. (n + \).A=2cos.nAx cos. ^4 — cos. (n^l).A 

or= COS. (n— 1) . A ^2 sin. nAx cos. -^. 

(110.) If in the equations (97) and (100) 
a + ft = ^anda— i=S,thena=^-4+5)andA=:+(^-B) 

and sin. (a+i) = sin. a x cos. i+cos. a x sin. b 

sin. (a — i) = sin. a x cos. ft — cos. a x sin. 6, 

.'. sin. (a + 6) 4 sin. (a— ft) = 2 sin. ax cos. 6 

and sin. (a+ft) — sin. (a- ft) = 2 cos. ax sin. ft, 

.-, sin. -4 + sin. -8 = 2 . sin. ^(^+B) x cos, + (A—B) 

and sin. ^— sin. B=s2 .cos, +(^4-jB) Xsin. ^(-^--B) 

Hence also sin. -4-f sin. fi=: — " ; ^"* ^t x sin. (A+B). 

C08. + (-4 + JB) ^ ' 

and sin. ^- sin. B = . ' ^ ; ^ — bt x sin. (A+B). 
Hence also sin'. ^— sin*. £=sin. (-44--B) x sin. (-/4 — J8). 



* Hence if a series of arcs be taken in arithmetic progression, radios 
is to twice the cosine of the common difference as the sine of any one 
arc taken as a mean is to the sum of the sines of any two equidistant 
extremes. 

Also radius is to twice the cosine of the common difierence as the 
rcosine of any one arc taken as a mean Is to the sum of the cosines of any 
two equidistant extremes. 
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And in a similar manner, 
cos*. B — cosV ^=sin. {A+B)x ^in. (A-^B), 

(111.) To find the sin. (A + B+C). 
Sin, (A+B+ C)=:s\n:(A+B) x cos. C+cos. (A + B)x 

(^sin. C 
^ sin. Ax cos. B x cos. C+sin. B x cos. A x cos. C 
+ sin. Cx COS. ^xcos. A — sin. ^x sin. Bx sin. C 




A P 



Prop. XX. 

(112.) Having given the tangents of tivo arcs; to 
determine the tangents of two arcs which may he equal 
to their sum and difference. 

Let AB^ BC be the given arcs, 
AB being the greater, (hen AC is 
the sum of the arcs (in Fig. 1.) and 
their difference (in Fig. 2.); ^Tthe 
tangent of their sum (i) or difference 
(3), BP, BO the tangents of the 
respective arcs AB^ BC. 

Draw OD perpendicular to SA cutting SB or SB 

produced in Xy /. the triangle OBx is similar to SxD 

and .-. to SBP; hence OB : Bx :: SB : BP, 

.'. OBx BP = SBx Bx. Also by the similar triangles 

TAS, ODS, 

AT : OD :. SA : SD 

OD : OP :: SD : Sx, 

by the sim. triangles SxD, ODP^ 

.-. AT : OP :: SM : Sx 

:: SA : SB^Bx (fig. l) 

-SA^ : SB'^SBxBx 

:: .9^' : SA-^OBxBP. 
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Again (in Pig a.) AT: OP 
'.: SA : Sx 
:: SA : SB-\-Bx 
:: SA': SB'+SBxBx 
iiSA^iSA'+OBxBP. 




Hence AT = SA' x 



= SA" X 



OP 
SA" T OB X BP 

OB ± BP 
SA'T OB X BP' 

(113.) Cor. l. If rad. = i, AB = a, BC = b, 

tang. (a± e) s= . _ j* = — -= — j *. 

* 'IT tang, a x tang, o 

(114.) Cor. 2. lfa = b, tang. 2a = . \ , . 
^ ' » B 1 _ tang*, a 

Tang.3a = ^'^"S-^-^^"«'^ 
^ 1-3. tang*, a ' 

4 . tanc. a — 4 tang^. a 

tang. 4a = a ,^ ^ , , ^^ — . 

° 1 - o tang*, a + tang*, a 

5 tang, g — 10 tang\ a -h tang^. a 

tang. ^— 1 — JO tang'. a + 5 tang*, a ' 

^ ' -. 6 tang, a - 20 tang'. a-hS tang^. a 

tang. 6a = - — — -s ^ , ,^^^ . ^^^ 

^ 1 — 15 tang'. a+ 15 tang*, a— tang®, a 

(115.) If (in Art. 113.) a = 45% 

• . 1 +tang. b 



- , &C. 



Ting. («+*) = 



sin. (a+^) ^^n* ^ X COS. ^4*co6. a x sin. & 
COS. (a+^) COS. a x cos. ^-^ sin. a x ain. b 



siq. a sin. & 



cyy, a 



COS. b 



I - 



sin, tf X sin, b 
cof. a X cos.^ 



tang, g+tong. 6 ^ 
1— tang, ax tang, b 
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and tang. (-45- 6) = i^^; 

.-. tang. (45« + 6) - tang. (45« - j^)^ l +tang. ft 1 -.teng.ft 
^^ ^ ^^ ' 1 -tang. 6 1+tang. 6 

2 tane. b ^ ^ , 

= 2 . -- — ^ ^ ^\ = 2 tang. 2b, 
1— tang*, ft ^ 

and tang. (45 + ft) = tang. (45 — ft) + 2 tang. 2 ft. 

If .*. the tangents of arcs less than 45° be known, 
the tangents of arcs greater than 45"^ may be determined 
by addition. 

(116.) Tang, a+cotang. a=s2 cosec. 2a. 

-p . , ^ sin. a COS. a 

tor tang, a + cotans:. « = + = 

^ cos. a sm. a 

sin*, a+cos*. a 2 

— : = -; — -— = 2 cosec. 2a. 

sm. ax COS. a sm. 2a 

In the same way it may be shewn that 

cotang. a — tang, a = 2 cotang. 2a. 

and sec. a + tang, a = tang. (45®+ 1 a) 

t_ ^ ^ sin. 2a ^ sin. 2a 

that tane. a = -— . cotang. a = — ~ , 

® 1+cos. 2a^ ^ 1- COS. 2a 



cos 



1 — tang^ a , 

. 2a = r — ^ — J ^nd sec. 2a = 



sec*, a 



1 + tang . a 1 — tang . a 



Prop. XXI. 

(117.) 7%^ base and altitude of a triangle being 
given ; tojind its area. 

(Eud. I. 41.) The area of the triangle ABC ^ 
^JCx BD, (See next Fig.). 

(118.) CoR.^l. If a = thealtitudc JJAand A«th^ 
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base AC. the area 5=-— and a = "T" aoid b = -r- ; any 
two of the terms .*• being known, the third maybe found. 



Prop. XXII. 

.(119.) Two sides of a triangle^ and the included 
angle being given ; tojind its area. 

Let AB, AC and the angle BAC be 

given. Let fall the perpendicular AD^ 

AB : BD :: rad. : sin. A, 

ABxfm. A Ar% ' A ^ 
— = ABy. sm.^, 




JJZ) = 



R 



(if/l = i), 

.-. the area = -i-i^Cx JJZ) = + -4Bx-4Cx8in. A. 

(120.) Cor 1. Hence the areas of triangles which 
have one angle in each equal, are as the products of the 
aides containing those angles. Which is also true of 
parallelograms. 



ACx %\xi.A' 



Prop. XXIII. 

(122.) Given tux> angles and a side of a triangle ; 
to find its area. 

Two angles being given^ the third is also known. 

Let AC be the given side. 

ACx sin. C 



Then sin. B : sin. C :\ AC : AB =z 



sin. B 
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and BD=AB x sin. A = — . : „ ; 

sin. a 

whence the area = t ^C^ x = — a • 

^ sin. B 

(123.) Cor. If the angles ABC, ACB be equal, 
the area will be = | AC*x sin. A. If the angles A and 

C are equal, the area will be = 4 AC x . ' „ . 
^ sin. B 

But since the angleB=i80*-3^, 

sin. Bz*sln. 3^ = 3 sin. .<4x cos. A, 

whence the area = i AC' x -■ 3—^ 3 

sin. yfxcos. A 



(134.) Given the three angles, and the altitude of 
a triangle; to find, its area. 

Since (133) BDx sin. B = ACx sin. j4xsin. C, and 

AC=-^^, .: 25xsin. ^xsin. C=SD'x sin. B, 
JiU 

— nru sin. B 

or 5 = + Biy X 



sin. .f^ X sin. C ' 

Prop. XXV. 

(135.) Given the three sides of a triangle ; to find 
its area. 

The area of the triangle ^£C=area.<4i>C+area BDC 
= AExDE+MExDE, (Bylf being parallel to DC) 
= AMxDE. 
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But by similar triangles ADE^ 
AMB, 

AE : ED :: AM : MB, 
. . AE X AM: EDxAM :: EDxAM 
: EDxMB, 

I. e. the area of the triangle is a mean 
proportional between AE x AM and ED x MB. 

Now (92.) EDxMB=:{P^AB).{P-AC), 

mdAExAM^ALxAK=:Px{P-BC), 

.-. the^?;il' = (P~y^J?).(P-^C).P.(P-5C) 
ovS^ ^{P.{P'-AB).{P^AC).(P-BC)}. 

(126.) If AB^BC^AC, S=z^AB\^, the area 
of an equilateral triangle.' 

l{BC=CA,S=iAB.^{{2BC+BA).{2BC^BA)l 
the area of an isosceles triangle. 

(137.) To construct the trigonometrical canon. 

It has been proved (103) that 2 coa*. A=z 1 +cos. 2A; 
and therefore if the cosine of any arc be known, the 
cosine of half that arc may be determined. Now the 
sine of 30° has been found to be = +, (/i= l), and the 

x/3 
cosine = ^^ ; if then in the formula cos. A = 

2 
^{+.(l + cos. 2^)}, A=zi5^, COS. IS"" may be deter- 
mined. In the same manner from cos. 15^ the cos. 7^ 
30' may be deduced ; and so on, till after 1 1 divisions, 
COS. 52" 44'" 3*'' 45"" is found ; from which the sine of 
this arc may be determined. But from the nature of the 
circle, when the arc is very small, the ratio of the arc to 
the sine approaches nearly to a ratio of equality, ,\ 52" 
44'" 3*'' 45" : \' :: the sine of the former arc : the sine 
of T; which .•. may be determined. 
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The sine and cosine of 1' being ascertained, the sines 
of 2', 3', 4', &c. may be determined (I09) by making 
n= 1, 2, 3^ &c. and the cosines from (58). In this 
manner the sines and cosines of arcs as far as 30^ may be 
computed. When the arc exceeds 30^, the sines may be 
computed by Art. (107)^ and the cosines as before, till the 
arc is 45^ And since the sine of an arc is equal to the 
cosine of its complement, the sines and cosines of arcs as 
tar as 90^ are determined. Also since the sines and co- 
sines of arcs are equal to the sines and cosines of their 
supplements ; the sines and cosines of all arcs up to 1 80^ 
are known. 

Since tang. A =* — ^— j, the tangents of all arcs may 

be computed. When however they exceed 45^, they are 
more readily computed from ( 1 1 5) by addition. And the 
tangent of an arc being equal to the tangent of its sup- 
plement, the tangents of all arcs may be determined. 

Hence also the cotangents (45). 

Also the sec. A = ^ , and .*. the cosines beine 

cos. A ^ 

known, the secants may be determined. And the secants 
being known, the cosecants are also determined. 

Also the versed sine ( = 1 + cosine) may be deter- 
mined. 



3B 




Page 17. line 3, for finite rtad indefinite. 
19. — 3, for ACB nod ACE. 
VI. — 20, for parts read poinU. 
88. — 20, /w centre read centres. 

45. — 14, /or circle read circlet. 

46. In the figure join DE. 

47. — 18, for circuuference read circumference* • 
Its. — 6 from the bottom,/or 63 read 62. 

64. — 13, /or 63, read 62. 

— line 4 from the bottom, /trr OC read OB. 

76. In the figure join DB, 

78. — 11, for made by the perpendicnlars read cut olT 

by the perpendiculars. 
BO. In the figure join BC. 
108. — 7, far AFC read AFG. 
lOB. — 0,/or A read B. 
112. — 12, for Bl read BL. 
118. In the figure join KG. 
122. last line, /or a side produced read a side and a aide 

produced. 
123. — 7, for AG read AC. 

140. line 3 from the bottom, /or rectangle read rectangles. 
164, — 10, /or 2 read 62. 
217. Join CG in the figure. 
346. rig. 2, Join DB. 
252. — 1, /or C read O.' 
— line 10, for AD read CD. 
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